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Instanton and SW solution

- |In 4d N=2 theory, the Seiberg-Witten prepotential determines
an exact low energy effective action in the Coulomb branch. [Seiberg Witten]
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+ |t receives non-perturbative instanton contributions.

« |t can be systematically obtained via microscopic instanton counting.
[Nekrasov] [Nekrasov,0kounkov]
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. SUSY partition function on Euclidean R* deformed by €1, €2
« (oefficient Z : integration over the k-instanton moduli space.



R* X T? partition function

. This talk: 6d SUSY partition function on Q-deformed R* X T2

Z(CL,Q,ﬂ,Z) IO G, {4, % (1+ZZK a,q, < )

. 6d Yang-Mills instantons = BPS strings wrapped on T?

+ (Coefficient Ik captures the BPS spectrum made of k winding modes
and an infinite tower of left-moving momentum modes.

Ik (CL, q, Z) — Tr’Hk [(—1)FQHL (jHR 627Ti€+(J?“‘|’JR)627T73€—J1 627Tia-G€27m'z-F}

- Existence of BPS strings is a characteristic of 6d SCFTs and LSTs,
even without gauge symmetry. Different types of strings can exist.

Z =1y (1 + Dy g .I{kz’})



R* X T? partition function

4 =1 - (1 + Z{ki}“lfl eyl 'Z{ki})

 Tensor branch observable: all BPS strings acquire non-zero tension.
n; ~ exp (—27TR' <<I>Z>) + 1

circumference string tension

- The factor lp is the partition function of pure momentum sector,
decoupled from stringy excitations.

- A specialty of 6d partition function: each coefficient Ix behaves as
a weak Jacobi form of weight O and index i(z). [Huang Katz Klemm]
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 Properties of 6d string elliptic genera

Modular property, Casimir energy, Pole structure,
Ring of Weyl invariant Jacobi forms, Known examples.

« LST partition function and T-duality
T-duality of LSTs, Bootstrapping the LST partition function.

« Conclusion



Elliptic genus

« 6d BPS strings are generally described by 2d CFT with (0,4) SUSY.
 The k-string coefficient Ix should be the elliptic genus of (0,4) SCFT.

Ik (7‘, Z) — TrRR (_1)F€27T7:(7-HL—7_'HR) 627m'z-F

+ complex structure: 7= 4= (u+i) g=e>"

» z collectively denotes all background
U(1) gauge fields including €1, €2

« Reducing the temporal circle, the effective 1d CS action is determined

by 2d anomalies under large diffomorphism & global symmetry.
[Di Pietro, Komargodski][Golkar, Sethi][S.Kim, Nahmgoong]

mi (cr — ¢r, (mod 12)) / iBn, /
+ A, D,
6 g st Z 3

High temp. free energy is obtained LM dx n 2wz pdx b — 2z
by inserting background field values. 14+ p2 7 g 14pr ° B




Modular property & Casimir energy

 Taking the limit on the S-transformation property of elliptic genus:

lim 7 (—+,%) = lim [8 exp ( L ~i(2)) Z(r, Z):

; ) :
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the Casimir energy and the index can be identified.

i(z) = —an-zz, by = —CRl_QCL (mod 1)

coefficients appearing in the
anomaly polynomial of 6d strings [Benini-Eager-Hori-Tachikawa]

 The elliptic genus of 6d BPS strings takes the form of
I(r,2) =nq(T)** - N(7,2)/D(r, )

- weight (+12 Eo) and index 0  « weight (-12 Eo) and index i(2)
. g-expansion starts from qt® < g-expansion starts from g°
[Del Zotto, Lockhart] (q = 627”7)



Pole structure

- Elliptic genus of 6d string is expected to have various poles,related to
the bosonic zero modes lifted by background chemical potentials.

. Zero modes for the center-of-mass motion along R* ¢ R* X T?

- Divergence (re)appears if we turn off the requlators €1,e2 — 0
« Degree of divergence: the 6d single-particle spectrum index

should have a simple poleat ¢; =0 and e; =0 [Gopakumar, Vafa]
€1.,€ F >
fsingle — PE~! [Z} = 2_>O> N with PE|[f(7,2)] = exp (Z f(n, nz))
€1€2 n=1 "
- Denominator of k string elliptic genus: [Del Zotto, Lockhart]

[Gu, Huang, Kashani-Poor, Klemm]
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Pole structure

- Zero modes of the reduced instanton moduli space

« Since the same zero modes must exist regardless of dimension,
we examine various known 5d instanton partition functions.

- For SU(2) k instantons, the simple poles are located at
ne; + mes + a(a) = 0 for positive integers (n,m) such that nm < k.

SU(2) 04 (7261 + meg oz(a))
reduced({ } k) llk 776 o: SU(2) root
n,m>0

« Generally for simple, non-Abelian G, k instanton solutions can be
constructed by embedding SU(2) BPST instantons into G.

[Bernard, Christ, Guth, Weinberg]



Pole structure

- Zero modes of the reduced instanton moduli space

« For simply-laced G, all roots equally embed SU(2) instantons.

[Del Zotto, Lockhart]
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« For non-simply-laced G, a short-root embedding solution
carries a doubled or tripled instanton charge of SU(2) solution’s.

~SU (2 SU(2)
nguced H Dreduced { } k H Dredl(lced U{/CJ)
€A asEAg
° C=2 for Bn, Cn, F4
match with various 5d partition functions. - c=3 for G

» Summary: Z(t, z) = n(7)***° - N(1, 2) /D(7, 2)
:2500 (k) Dreduced(A k)



Ring of Jacobi forms

- Numerator of the 6d string elliptic genus
« a weak Jacobi form of certain weight & index
- Invariant under the Weyl group of the global symmetry.

« Itis in the finitely-generated ring of Weyl invariant Jacobi forms. [Wirthmuller]
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for explicit expressions of generators: [Bertola], [Sakai]

- This determines the numerator up to a finite number of coefficients,

which can be fixed through comparison with initially given BPS data.
[Huang, Katz, Klemm] [Del Zotto, Lockhart]




Examples

« Let us reproduce 1 string elliptic genera in various 6d SCFTs.

. M-string: N = —%?ﬁofg,l + 1—129%2%,1 [Haghighat, Igbal, Kozcaz, Lockhart, Vafal

° S U (2) With 4 ﬂaVO r: N = % (541534,1213,19%42l - 36E§f4’1g§71%§9{3 + 9Eff27193719{§%0 - 48E3f4,190,192,1m§9%0 - 6E2f4,19%,1m3
. — 9E}f2,100,192,1R5 — 32E4E6f4,193,1m39{0 — 16 E4Egf4,180,102,1R3 — 2E4f4,19§,1mé + 3E4f2,19§,1%2%3
[Haghighat, Kozcaz, Lockhart, Vafa] — 16Eaf41001021 MRS — 12E4f4 102, R2R2 — 108 Eafo 102 RERE — 3E4fs 102, MERo + T2E4f0 180,102,1 RE
+ 36E4f0,1051Rs — 64E¢f4,105 1R3 — 16E6f4,105 1 RoRG + 12E6§2,195 1 R3RG — 48E6f4,100,102,1R5R7
— 16 Egf4,195.1R5%R0 — 96E6fo,195 1R5R0 — 8F6f2,100,192,1R5R0 — 4E6f2,1851R5 + 96 Efo,180,192,1R3

+ 24,195 1980 + 120,105 190 + F2,100,102,1R5 — F2,185.1R2R5 + 24f0,100,192,1R2R; — 36fo,193,1%§9‘i3>-

L]
» Sp(1) with 10 flavor: [k Skim,KLlee] <« pure SU(3): [H:C.Kim,SKim,JPark]
1 - . P E . . ~ ~ o~ -~ o~ o~
= s (— 30103 REES + 371010249803 5 + 310,008 RS + 310,103 1 M¥3001 R0 = W( — 24E3R302105 , + 24E;RoR3 02,103 1 + 3ETR3R005 , — 288E7R5R0g0,103
+ 31101031001 RG E + 3%F10,102.1R205 1 RGEL — 2°3%4105 1R300,1 B4 + 223" 10,1 Eo03, 1 R500.1 Ef 23 2 P26 2 %3 2 %73 .3 %3 2
R o ’ o : ’ : : + 36EM500,105 1 + 24E4EgR5R0g2,195 1 — 961 EsMR500,195 1 + EaRpes 1 — 96ELRGg0,19
+ 31f10119%§g&19‘§0Ej‘ + 203354 195 1 REROE] + 223" 10,1 Eo3 1 RIN0 ES + 59" 10,1 E5 g5 RIS 4 5 2 - 2’ 2,1 ) ~22 N ’2 31 ~23 z’)} 3,1 b 30 21 ) O~ 3’ 3’12
— 29825, 1 N300 L B + 2'Fr01 EeR3al 1 B + 20324 103 \ REES + 2'f10,1 Eegd 1 RO ES — hr0.100 , REES — 36E4R2NG00,102,1 — 432E4R5R000,102,1 + 1728E4R595 1 + 32E5R502,103 1 + 8E6NRp02,105 1
= 2'3%2,1021 300, B + 237,103, Mo B + 237141031 Rogo1 RGBS + 2'3%10,1 o031 Rago1 R 14 +4EsRoR305 | — 288EsR2M000,105 1 — DT6EcRIg0 1021 — 1440505 1921 — 1728R.R5a5 ).

- 2534?0.,19%,19‘390,1192 + 2534f01193,19‘3§9‘§0E§ — 203%4 19219305 \ RO B + 2132?10,1E692,19R§Q%,1WOE2
+2°3%0,1R395 1 B7 — 2°3%0,103 1 RGBT — 2°8%fu,102.100 1 RO BT + 2'3%2,103 1 00,1 R0 B

— 3%110,1 55 02,1500 1 B — 2°3%T a1 Es 90,1300 1 7 + 2°3%f41Rogg 1 RGET — 3°F10,1 B 051 MR B
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« LST partition function and T-duality
T-duality of LSTs, Bootstrapping the LST partition function.

« Conclusion



Little string theory

- UV-complete, non-gravitational string theory in 6 dimensions. [Seiberg’97]

1) It depends on a mass scale Ms;, determining the string tension.
2) Its density of states grows exponentially. [Aharony et al.’98]

p(E) = B~ PP

3) It exhibits T-duality upon toroidal compactification.

- Example: type [l NS5-branes in the limit gs — 0, o' = (finite)
[Dijkgraaf et al '96] [Seiberg '97]

l[IA NS5-branes [IB NS5-branes
A1 T A4

|| | exchanging winding
A & momentum modes
0




T-duality of LSTs

- T-duality: equivalence between two circle compactified LSTs.

- BPS partition functions for dual LSTs are expected to agree, with

a proper identification of winding and momentum fugacity variables.
[J.Kim, SKim,K.Lee] [Hohenegger et al.] [IK, K.Lee]

« Example: [J.Kim, SKim, K Lee]
Modes SU(n) type (2,0) LST SU(n) type (1,1) LST
n fractional strings a fully wrapping string
winding wrapping the circle |
Ny, Ngy, =0, Ny ﬂ/
a full circle momentum n fractional modes
momentum by SU(n) holonomy

ZE0 (i, q, 2) = 20D {g}iny, 2) if n=q, ¢ =mn



Bootstrapping 6d partition function

 T-duality relation provides a sufficient amount of initial BPS data
to construct the full LST partition function.

- Example: (2,0) and (1,1) LSTs of SU(2) type

70 =1y (14 Y afnd? - Ty, 1)) 700 =7 (143w 7))
k1,ko k

(1) Pure momentum sector index can be obtained
by counting the single trace operators. t = e*™, u = ™~ v = *™'™

2t (v+vt—u—ut) g¢ SU(2) x SU(2) = SO(4). SU(2) c SO(4)r

To = PE
° A —tw(l—tul) 1-—g

Il _ PR t(vtot =t =t ¢ + b+ 2(11(1&] expand in g1, g2’
’ (1 —tu)(1 —tut) 1 — ¢} q5 read the coefficients at g1, g2, 9192’



Bootstrapping 6d partition function

(2) Using the BPS coefficients from lg, one can determine

1°(F5R0f2.1 — 15R2f01)  O1(mEey)

Tvor = Lo = =
{1,0} {0,1} 91 (e_l_ 1 6_) 91(€_|_ + 6_)

T " (52,180 — 1—12f0,1£2)2 ~ Oi(m=Ee_)? expand in g,
thiy = 01(e, £e_)?  Oi(eyp +e)? read the coefficient at g

(3) Using the BPS coefficients from lo, 10, one can determine
I/ _ 1 91 (m + €_|_)
L 27340 (ey £ e_)01(—2¢4 + afa))
— 3E4f0.180,1R5 — 12E6f2,192.1R3R0 — 8E6f2,100.1R5 — 4E6f0.192.1 75
— fo.182.10R5 + 3f0.180.1R2RE — 3F4fo0.192.1R5R0 — 9E4f2.190.1R5R0 + f2,190,19%8)

(— 9E7f2,192,1R5 — 3E4f2,192,1 R

(4) This procedure can be repeated as much as wanted.



Results

- We worked out the 6d partition function for SU(3), SO(4), SO(6) cases.

- This procedure does not depend on 2d UV gauge theory descriptions

of 6d strings, usually induced from the brane engineering of LSTs.
[Atiyah, Drinfeld, Hitchin, Manin] [Haghighat, Kozcaz, Lockhart, Vafa]

SO(8) LST E6 LST

i 8, (m + €. )0, (m + ¢ ) ! 0, (m + €,)0; (m + ¢_ )
oco N 01 (e € _)° e B 01 (€ e_)7
o ( + + ) oooec ( + + )

- We compare the elliptic genera of single SU(2), SU(3), SO(4), SO(6)
Instanton strings with those of 2d ADHM gauge theories.

» SU(2) and SU(3): in agreement with U(1) ADHM gauge theory. [).Kim, S.Kim, K Lee]

* S0(4) and SO(6): U(k) and Sp(k) ADHM gauge theories.
Our results agree with U(1) ADHM gauge theory, not Sp(1) gauge theory.



Results

« The difference between Sp(1) and U(1) elliptic genera:
extra BPS states for string configuration away from 6d spacetime.
1 Oi(mEe_)0i(—er £m)
21136 01 (e +€_)01(—2¢e £ 2m)
SO(4); angular — 15E4f%,1f61,1 — 32E623fg,1 — 40E6f§,1f8,1 T fg,l)

momentum tower for an SO(6) instanton

(27E375,1 — 45E4f5 1751 — 24E4Fsf3 1fo.1

It only carries a tower of full (non-fractional) circle momentum.

* Such comparison suggests that the Sp(k) ADHM elliptic genera
are reliable in fractional momentum sectors.

- Imposing the suggested pole structure, one can naturally excise them.

- However, it is not always the case, e.g., SO(8) case & heterotic LST.

The bootstrap procedure fails with the suggested pole structure.
cf. [YHwang,JK, S.Kim] for 5d instantons



Results

We continue to study the elliptic genera of fractional string chains in
all SO(2n)-type (2,0) LSTs.

7 _ 1 N80 (mE£e )0 (m+Eey)

(112108 = 91739 0, (e, & € )30, (2e4 + 26_)

+ 3R2Raf0.112 1 L5 — 3R0RET2 1 F2.1 L5 — 185 L2MR3F5 | €0 — 366 LaMRoNafs 1 L5 —
0~'2]0,1/2,1 0~%2]0,172,1 4~27V2 )21 6~210~12]2 1~0

— 6L2M0f0,1f5.1 L0 + 12e6L2M3 50,131 L5 + 18e4L2RoR3f0,173 1 £5 — 15e4 L3R T

; _ 1 201 (m e )0 (mtep)d
{2.2,1,1,0} = 596314 01(ex e )20, (2, 4 2¢_)2
+ 3B, L0 L3Ra 1 + 283R0M3f0 1 + 20E6 L3RMR3f0 1 + 18E4L0 L3R R3f0 1 + 187770

+ 12E6£0 L3RR f2,1 — 6E4£5L2R0Mof2.1 + 36 B L3RERTFo.1 + 36 E6 Lo L3R5 0

(BELL3R 0,1 — 3ELL2Mfo,1 + LoRGfo,1 + 4E6 L

(R355.1L0 + RT3 €0 — 4esR3f3 1 £) — 6esRoR3f5

+ 9e4 CINTF3 | £ — 24eaec CIR3F3 | €5 — 54eF L3RM3T3 | €5 — 3666 E3RTNRaf3 | €5 T 9607 —RoR3T5 1 — 12E,£3R2IN2f0 1 + 24 B4 Bs L3RIR2F21 — 36 B L2LaMIMNf2 1 — 6ELLIRINR0f0.1 + 24
+ 54e3 L3R F0,1f3.1 L6 + 108e6.L3RM3f0,175.1 £5 + 9ea L3RIMRofo,1f5 1 L6 + 6LIRTE 1 2, + 18 E3 L0 L3RR 0fo.1 — 12F6 L2LaM3N0f0.1 — 206 LoRINR0fa1 — SAEFLIRINR0fa 1 + RENRo]
— 1266 E3R75 12,1 €5 + 27e4 L3RoR355 1 F2,1£0 — 2E3R70 1 L5 — 36e6 E3RIFY 1 €5 + 6ea L5R0MN3fG 1 €0 — 24E,Es £0L2RIMN0fa1 — PAE2 L2LoRINRoFar — 4B LIRo1 — 2TEILIRMo1 + 32E2L3R 0.1 — 9.

+ 3666 L3Ma 15,1 £0 + 54 LINF3 1 £F — 64eg L3R5 1 L5 — 2deaes L3RN3f5 1 L5 — 18e1LIRTNT3 1 £F — 9E3E3RYfs 1 + B1ES0CIRef0 1 — 96EZL0 L3Rt — 244 B L2 80Mb21)?
+ T2e4e6 £59R5f0,175 1 £5 + 162e3 £5R0R570,1f3.1 L0 — 1266 L3R5 Rof0.175,1 £ — 54e3 L3R3FG 172,10

+ 1266 L3R0R5f3 1 F2,1 £ — 54es L3RFRaf 12,1 L0 — 275 L3R5 1 £5 + 36e6L3R0MN5f5 1 L6

+ 18e4 £3RGRafg 1 £F + 45e5 L3M0f5 1 L5 + 1266 L3R f0,1f3.1 L5 — 162€3 L3R5 F0.1f3., L5

+ 1926%24% f() lfg 120 + 72@466£4m0m§f0 1f2 120 8163249‘{29%2&) 1f2 1,22 — 1864»24% fo 1f2 120 a n d m a ny Oth e rS eeo e

— T2e4e6 £3R3f5 1721 £5 — 2Te3 L5R0M555 12,1 L5 — 108e6L3RGRf5 1 F2,1€5 + 6e4L3RTS 1 Lo

+ 543 L5RN3f] 1 Lo + 36e6L3RGRaf5 1 Lo + 24ese6 L3RGT3 1 L0 — T2e4e6 L3RG Raf0,175 1 Lo @ @
— 1266 E5R75 12,180 + 162€3LIR3fF 152,180 — 19265 E3RIFG 12,180 — 54 LIRGRafG 12,1 L0 @0@ @@@
+ Aeg SR | — 27eS LIMIF | + 3262 LIMII | + 2deses CERMIF | + 182 L3RR, 3 | @ o

- 2762285}{8&,1 + 32€§£g%gfz,1 + 8162239‘{8%2%’1&1 - 9666239‘%9‘{2%,1)“2 | — 81e3 £5RR3 fo 1F2.1)



Conclusion

- We discussed the properties of 6d string elliptic genus:

- A weak Jacobi form of weight O and index set by anomaly.

- (Casimir energy; Pole structure expected for 6d BPS spectrum;
Numerator in the polynomial ring of Weyl invariant Jacobi forms.

« Using T-duality of LSTs, we studied the observables in LSTs.

 6d partition functions for (1,1) and (2,0) LSTs of SU(2), SU(3), SO(4),
SO(6) types; Elliptic genera of fractional string chains in (2,0) LSTs
of SO(8), E¢, E7, Eg types (cf. fractional strings in heterotic LSTs)

- For full winding modes, the elliptic genus inevitably captures the
extra BPS contributions carrying a tower of transverse SO(4)

angular momentum. = How to properly obtain the 6d spectrum?

We found it in (1,1) and (2,0) LSTs of SO(8) type & heterotic LSTs.



