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The aim of this talk is to
introduce an attempt to relate
string theory to relatively a
realistic electron system



In 1976, Douglas Hofstadter
considered an interesting 2d
electron model in a magnetic field
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He predicted a novel electron
spectrum, which is now known as

Hofstadter’s butterfly
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Hofstadter, Phys. Rev.
B14 (1976) 2239.




40 years later, Katsura,
Tachikawa and myself found
that the completely same figure
appears in the context of
Calabi-Yau geometry

YH, Katsura & Tachikawa, arXiv:1606.01894
“Hofstadter’s butterfly in quantum geometry”

| would like to explain its idea



Consequence

YH-Katsura-Tachikawa
New J.Phys. 18 (2016) 10, 103023
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YH-Katsura-Tachikawa
New J.Phys. 18 (2016) 10, 103023

Moduli of CYs
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p(E;q) = — Im

\\ 27 __ a%f_

Magnetic effect = “Quantum?” parameter
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1. Hofstadter Model



2d Electron in Magnetic Field
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2d Electron in Magnetic Field

1 1
H = (p+eA)” = —(II2 + I1?)

om / 2m

Vector potential TB
II . =p+eA

[0, 1T,] = 6(0 A, — 0,A,) = —iheB |
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2d Electron in Magnetic Field

® This Hamiltonian is the same as that for the
harmonic oscillator

E,, = hw, (n\ ;) |

el3

We = — Landau level —
m B

® The spectrum of the 2d electron is quantized
by the magnetic effect
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An Electron on 2d Lattice

In this case, the spectrum is // //
obtained by the tight-biding o
approximation L L

E = 2cos(kya) + 2cos(kya

The allowed range of the energy:

| Single energy band
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The Hofstadter Model

® An electron on a 2d lattice 15 ——
] - s
with a magnetic flux /{2://

F B hQ k2 k2 i H_L(HZ _I_HZ)
ree — %( T y) — Iy, F J
II . =p+eA

Lattice

E — 6@'1{:930, 4+ e—ikma 4+ eik:ya 4+ e—ikya
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The Hofstadter Model

® An electron on a 2d lattice 15 ——
] - s
with a magnetic flux /%//

h? 5 1 o o
o g y) - H:%(Hx_l_ﬂy)

II . =p+eA

Free [ =
2m
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The Hofstadter Model

® By fixing the Landau gauge A = (0, Bz,0),
the eigenvalue problem finally leads to
Harper’s equatlon Hofstadter 76

' zp(frH— 1) - w(n — 1) + 2@08(27?7104 + )w( ) *”

a eB
Oé p—
2mh

o If o« = P/Q (rational), the spectrum of this
equation gives () energy bands
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Hofstadter’s Butterfly

41
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2. Toda Lattice



The Toda Lattice

® The Toda lattice is the well-known guantum

integrable system Toda 67
N p2
n—

® There are N mutually commuting operators
[Hna Hm] =0

® The eigenvalue problem

H/{:\Ij(xlw“vaj]\f) — Ek\lj(mla'“ax]\f)
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Generalized Toda Lattice

® There is a one-parameter deformation of the

Toda lattice Ruijsenaars 90
N
Hyi = Z (1 + q_1/2R26x”_w”+1) e tPn
n=1

q=2=¢

17



Generalized Toda Lattice

® There is a one-parameter deformation of the

Toda lattice Ruijsenaars 90
N
Hl _ Z (1 4 q—1/2R2€xn—xn+1) ean
n=1
l R—0 1= QZRH
N
Hi=N+R) p,
n—=1

N 2
_I_RQZ(an I exn—xn+1) _I_O(RS)
n=1

17



N=2 gToda

® Let us consider the case of N=2

H = eftPr 4 oBir2 | 2 (eazl—werRm 4+ ezvz—azlJerz)
p1 +p2 =0 (Center of mass frame)

p:= Rp1, x:=x1— 22+ Rp;

18



N=2 gToda

® Let us consider the case of N=2

_ Rp1 Rpo 2( x1—x2+Rp1 ro—1+Rp2
H =¢e"Pt 4 e"P2 + R%(e + e )

p1 +p2 =0 (Center of mass frame)

p:= Rp1, x:=x1— 22+ Rp;
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N=2 gToda

® The eigenvalue equation is thus a difference
equation

' Y(x + 1Rh) + ¢(x — iRA) + 2R? cosh x Y(x) = Ey(x) ‘;\

® This equation is very similar to Harper’s
equation, but their spectra are quite
different

Harper —» Continuous (Bands)
Toda — Discrete

19



3. Relation to Calabi-Yau



So far...

® The Hofsdater model (Harper’s equation)

‘ n—+1)+¢Y(n—1)4+ 2cos(2mna + v)ip(n) = Ev(n) ’

® The generalized Toda lattice

r — ih — By ()

'. r +ih) + + 2 cosh x ¢ (x)

® The situation is similar to the difference
between the Mathieu (cos) and the modified
Mathieu (cosh) potentials

21



To Calabi-Yau

F — eikxa

€

€

zkya

E=e'4+e P +e"+e "

X+ X111 vya+vyt=F

l

-—zkya

This equation defines a genus one
Riemann surface

22



To Calabi-Yau

® The complex 3d space
VW =X+X'4Y+Y ' —FE
describes a Calabi-Yau manifold

® The Riemann surface has enough information
to describe this CY manifold

® In this way, one can see a connection to the
CY geometry

23



Mirror Symmetry

® The Calabi-Yau geometry has a remarkable
hidden duality, called mirror symmetry

Calabi-Yau A _ Calabi-Yau B
Moduli ¢ - Moduli E

“Mirror map”

A : Local CP! x CP?
B:VW=X+X'4Y+Y'—FE

24



Spectral Solution 1

® The spectral problem of the N=2
generalized Toda lattice is solved by the
exact version of the quantization condition

in terms of string theory
Grassi, YH & Marino ’14; Wang, Zhang & Huang 15

O 11 O 11 o~ 1\ |
FIP) X [P . I NFI[D X [P . _ 2 | - \
Ot NS (t7 h) ot NS (t7 h) T\ n 9 .;’.

t=t(E;q) a=¢" f="" h=-—

o [Sciarp’ tk

25



Spectral Solution 2

® On the other hand, the spectrum of the
Hofstadter problem is encoded in the

quantum deformed mirror map
YH, Katsura & Tachikawa 16

26



Schematic Similarity

Local CP"'xCP’ Square lattice
Toric diagram

27



Local Bs Triangular lattice

YH, Sugimoto & Xu ’17 Claro & Wannier ’79
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4. Weak Magnetic Expansion



@ Weak Coupling

® In the weak magnetic regime, the band width
of the Hofstadter model is extremely narrow,
and one can see Landau level splitting




@ Weak Coupling

® This fact is easily seen by the Hamiltonian
analysis

— %Hm _%Hfﬁ %ny _%Hy
e + e + e + e
a2

— 4 ﬁ2(

2 2
117 + Hy)
4

o a 4 4
| 12h4(H‘U+Hy)+.”

31



@ Weak Coupling

® This fact is easily seen by the Hamiltonian
analysis

1Q

— o7l — % 1z T 1Ly — 7 11y
e + e + e + e

a2

_ 2 2

4

o a 4 4
| 12h4(H‘U+Hy)+.”

N2 +2n+1

E,=4—(2n4+1)¢ 1 2

¢° + O(¢°)
(¢ = 27ax)

31



@ Weak Coupling

® This fact is easily seen by the Hamiltonian
analysis

= e ~ il F 1L, — 211,
€ —|—6 _|_6 —|—€

CL2

2

__ 5 ,
=4 Ha:_|_Hy)

4

I a 4 4
| 12h4(H:C—|_Hy)—|—...

2n® + 2n + 1
8

¢2 _I_ O (¢3) ol Ei'iilflj;,, lil
(¢ = 2mav)

Bn=4-(2n+1)¢-

|
N
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@ Weak Coupling

® There is a systematic way to compute the
weak magnetic expansion

MATHEMATICA package: Sulejmanpasic & Unsal ’16
Extension: Gu & Sulejmanpasic ’17

¢2 ¢3 | ¢4 | 67¢5 653¢6

Ey=4— ¢- | | |
V *+ % " 102 T 768 T 245760 T 5898240

32



@ Weak Coupling

® There is a systematic way to compute the
weak magnetic expansion

MATHEMATICA package: Sulejmanpasic & Unsal ’16
Extension: Gu & Sulejmanpasic ’17

¢2 ¢3 | ¢4 | 67¢5 653¢6

Ey=4— ¢- | | |
V *+ % " 102 T 768 T 245760 T 5898240
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@ Weak Coupling

® There is a systematic way to compute the
weak magnetic expansion

MATHEMATICA package: Sulejmanpasic & Unsal ’16
Extension: Gu & Sulejmanpasic ’17

¢2 ¢3 | ¢4 | 67¢5 653¢6

Ey=4— ¢- | | |
V *+ % " 102 T 768 T 245760 T 5898240

4+ 4+ 6.79 X 1()39¢99 + 4.59 x 1O4O¢1OO + O(qﬁlm)

® Obviously, this expansion looks divergent

® One needs a resummation method

32



Borel Sum

® The standard way to resum a factorially
divergent series is the Borel sum

® Let us review it briefly

® Consider the following formal divergent
series

f(Z)ZanZna Jn ~n!
n=0

33



® Borel transform

Z C Convergent series!

® Borel sum

SIE) =+ [ dce B

® The Borel sum gives a meaning to a
formal divergent series

® One has to be careful about singularities
of the Borel transform

34



Borel(-Pade) Singularities




i larities
de) Singu
Borel(-Pa

Im ¢
100 E(gn) Cn )
Ps0(¢) N |
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Borel(-Pade) Singularities

100 E(n) tm
BE()(C) — Z 72' Cn 150 -
n=>0 . 7

100 - ®

-100 - ®

-150 -




::EO .=
¢ Ct

1

d¢ e ?BEy(¢)
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Borel(-Pade) Resum

Im ¢

Re(



1

SiEy:=— [ dCe “/?BEy(()

:¢ Ct

Fo = 2.935649214 -

Borel(-Pade) Resum

Im ¢

Re(

N | N N
o I3 o o o
S S o s} o
—_———
[ J (]
(] ([
[} (]
qd
([ (]
(] [}
[ J L (]

36

- 0.0003788671



Borel(-Pade) Resum

Im ¢

SLFy:= 1 d( e_C/quEO(C)
5 Jo, N
o 1 @$ﬁRC
¢ = = (04 = g) of . '
S+ FEq = 2.935649214 4+ 0.0003788677

/

This ambigui

ty should be canceled

by “nonperturbative” corrections
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What does this value mean?

37



Observation

YH, in progress
® The Borel resummed value is very close to
the energy at the Van Hove singularity

p(E)
4
Bands Gaps
o / \
_2 3 E
~2[ Van Hove

fOT| =

j / singularities
_4




Observation

® For a = 1/5, the positions of the Van Hove
singularities are analytically determined by

39



Observation

® For a = 1/5, the positions of the Van Hove
singularities are analytically determined by

Evms = £2.935648819, =1.175570505, 0

39



Observation

® For a = 1/5, the positions of the Van Hove
singularities are analytically determined by

Eyng = £2.935648819, £1.175570505, 0

S+ By = 2.935649214 =+ 0.0003788674

39



Observation

® The coincidence is probably not accidental
o =1/10

a=1/15

40



Observation

® The coincidence is probably not accidental
o =1/10

EP2x — 3.41997695020118566
S+ Ey = 3.41997695020118576 + 4.0 x 10774

a=1/15
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Observation

® The coincidence is probably not accidental
o =1/10

EP2x — 3.41997695020118566
S+ Ey = 3.41997695020118576 + 4.0 x 10774

a=1/15

Evis = 3.602714983890327032980205
S1FEp = 3.602714983890327032980207 + 3.6 x 10~ 1%

40



Summary

® The Hofstadter model (2d electrons) and the
generalized Toda lattice (integrable system)
has a nontrivial relation to the Calabi-Yau
geometry

® The weak magnetic expansion in the
Hofstadter model is not Borel summable

® The resummation seems to reproduce the
value at the Van Hove singularity

41



Open Questions

® The full weak magnetic expansion must be a
transseries expansion

e P/NP (Dunne-Unsal) relations?

® If o is irrational, the spectrum is much more
involved

® What does the Borel resum for the irrational
case mean?

42



Thank you!



