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Introduction
1. Hamiltonian of system-+environment
H(t) = Hs(t) + Hsp + Hg

where time-dependence is considered only in Hg(t).

2. The density matrix (DM) of total system

For pure state
p=1U)(¥| and p(t)* =1

For mixed state

p=>_ pile)(al

Time-evolution of DM:

p(t) = U(t,00p(0)U (1)
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where

U(t,O) _ ?6—7213 dTH(T)’ UT _ ?e—i—ifot drH(T)

where the time-ordered product of A(ty), B(t2),C(t3) for t1 < t2 < t3 is defined
as ?(ABC) = C(t3)B(t2)A(t1) and T (ABC ---) = A(t1)B(t2)C(t3). One has the
time-evolution equation for DM

dip = —ilH, p] (3)
where h = 1 is used for simplicity.

. The time-average
For single operator A(t),

(A(t)) = Trp(t)A(t) (4)
Write a time-evolution superoperator: V(t,0)(-) = U(t,0)(-)UT(t,0).
p(t) = V(t,0)p(0)
The correlation functions at different times:
(A(t3) B(t2)C(t1)) = TrA(t3)V(ts, t2) B(t2)V(t2, t1)C(t1)p(t1) (5)
A simplest two-time correlation function:

(A(t)B(0)) = TrA(1)U (£, 0)B(0)p(0)U (¢, 0) (6)

. Von-Neumann entropy:
S =—-Trplnp (7)

Time-invariance of von-Neumann entropy:

$ = —Trlp(t) In p(8)] = —Tr(p(0) In p(0), ®)
which can be shown by using Inp = In(I + (p— 1)) = (p —I) — (1/2)(p — I)* +
(1/3)(p— 1) — - and p(t) = U(t, 0)p(O)U1(£,0).

For pure state, S = 0, which can be shown by using p?> = 1. The von-Neumann
entropy of the total system is time-invariant.

. Reduced DM
ps = Trgp, pg = Trgp (9)

For large reservoir, it is assumed

= 10
=7 (10)
The system von-Neumann entropy Sg = —Trpgln pg is not time-invariant. Is it

involved in thermodynamic second law? dySg + Q > 07.



6. Open classical system: a colloidal particle immersed in a liquid reservoir

H = Hg(x,p,t) + Hsp(x,{X;}) + He({X;,P;})

where i =1,..., N for N — .

N
Hsp =) Vi(lx—Xi]) (11)
i=1

Energy relations by interpreting heat as energy transfer or work done by interaction
force:

dHpg = > ox,Vi- X =Y Vi X,
Qr heat absorption rate into bath
diHs = OH— Zaxv; ‘X (12)
W (3

Qs heat dissipation rate out of system

Note Qp # Qs!

First law for system and reservoir:

&Hp = Qg (13)
dtHs = O0:H — (d; Z Vi— Zaxi‘/; -X;) =0 Hs — di(Hg + Hsg)

diHg
= W-Qg (14)
which gives

di(Hs + Hg + Hsg) = W (= 8,H,) (15)

7. Fluctuation theorem (FT) for work for closed quantum system provided that
p(0) = Zale_B(HS(O)‘f‘HE-‘rHsE) _ Zale—,BH(O)

(e PW=AF)y " — 1 (Jarzynski identity or integral FT (IFT)) (16)
Pp(W) B(W—AF) .
— e detailed FT (DFT 17

The work can be found from two-time projection measurement:

Using H(t)|a(t) = Ea(t)|a(t)) and H(0)[v(0) = E,(0)[7(0)),

(W) = Te[H(t)p(t) — H(0)p(0)]
= Te[H(®)|a(t))(a(®)[V(# 0)p(0) = V(2 0)H(0)|7(0)){v(0)[p(0)]



> Ea(t){a(t)] V(t,0)p(0) |a(t))
a(t) U(t,0)p(0)U* (t,0)

= > By 0)(a®)] V(t,0)[7(0)){+(0)lp(0) |e(t))

a(®)(0) U (,0)1(0))(v(0)|p(0)U (¢,0)

e By (0)
> (Balt) — B,(0) a0, 0) b O)—, — (18)
0
a(t),7(0)
Pla(t),7(0)]
—_——
transition prob
In a similar way, one can find the generating function for work as
Gr(N) = (€)= TreHOY(t,0)e>H0) p(0)
= eMEOBOPa@0)]  (19)
a(t),7(0)
from which one find the moments of work
871
————Gr(\ = (") (20)
A(=AB)" ) A0 <
and the probability distribution
dA
Pp(W) = %QF(A)NW. (21)

The quantum Jarzynski identity (integral fluctuation theorem) can be derived for
a special case with A = 3:

(")

Tr |e PHsO+Ho+Hse) (¢ ) P Hs O +Het+Hse) 50) Ui(¢, 0)

zyt
Zy

Tr {UT (t,0)Z; e BHsOFHe+Hsp)y (¢ 0)]
0

1
Zt , ~ABFs(t). (22)

A

In the derivation, usual assumption of product state:

¢—BHs(0)  ,—BHE

pl0) = Zs(0) @ ZE

is not used. It is more reasonable to assume that the total system is initially in
equilibrium rather than the product state, as may be in real experiments.



DFT for work can be derived from the property of Gr(1 — A):

Gr(1—2X) = TreP"DBHOY (¢ 0)e~A-DBHO) ;YU (¢, 0)

Z \ \ BH(t)
= 2l MOyt 0)MHEO S (4, 0)
A Zy
Z
ALY (23)

where Gr(A) is the generating function for work in the time-reversed process. Then
the DFT can be found

Pp(W) = //Bd/\gF( )(1—/\)BW
_ ?eﬁWPR(—W):eﬁ(W_AF)PR(—W) (24)
0

. Second law for entropy production under the assumption of initial product state:

e PHE

p(0) = ps(0) @
Entropy production: 3 = A(—In pg(t) + SHE)

S = (£) = Tol(~ Inp(t) + BHE)p(t)] — Tr[(~In p(0) + BHE)p(0)] >0 (25)

which is composed of the von-Neumann entropy change of the open system and
the heat absorption by the reservoir.

IFT for entropy production:

<e—i> = Trers-BHey (4 () e~ mrs(0)+BHE ps(0)Z5te PHE U1 (1, 0)
p(0)
77
= TeU'(t,0)ps(t) Z5 e PHEU(1,0) = 1 (26)

which gives ¥ > 0. Note that ¥ is not necessarily positive! Non-monotonous
(oscillatory) behavior of ¥ in time can be observed. From a recent work of Esposito
et al ( NJP 12, 013013 (2010))

S = Dlp(t)llps(t) ® pE] 2 0,  pil =%/ Zp (27)

where D[p1]|p2] = Trpi(In p; —In p2) is the relative entropy that is always positive.
> is measure for distance from the product state.



2 Quantum master equation: the Lindblad (LB) equation

The theoretical results from the perspective of total closed system seem to be plausible,
but are useful for applying to experiments or theoretical calculations because it is not
tractable to deal with infinite-size reservoir except finite-size numerical calculations. A
proper approach is to use the quantum master equation (ME) for pg.

Consider a special form of Hamiltonian that can be applicable to quantum optical

systems
Hg => e®(e(t)) + Y ha(t)Sa, Hsp = SaRa (28)
e(t) e} e}
where TI(e) = |e)(e| is the projection operator. S, = S}, are hermitian operators for

system and R, = fo for bath. Only the system Hamiltonian Hg depends on time such
that €(t) and external field h,(t) may depend on time ¢.
For simple examples as follow. One can consider a two-level system (qubit):

t
Hg = V(2)O'Z + Q cos(wgt)os (29)

where 0, . are Pauli matrices. An harmonic oscillator is another example:
Hs = w(t)a'a + h(t)(a + a') (30)

where a and a! are annihilation and creation operators and the second term describes
the dipole interaction with an external field.

2.1 Interaction picture

It is convenient to use the interaction picture.
p(t) = U (2,0)p(t)To(t, 0)

where
t ) t .
Up(t,0) = ?exp [—1/ dTHS(T):| e et Ug(t,O) = ?exp [z/ dTHS(T)] etist
0 0

Time evolution:

dip = iHop— ipHy —iUJHU poU Uy + iU U poUT HU
where .
Hsp = U(;rHSEUO

Therefore

dip = —i[Hsp(t), p(0)] — /0 “ar (Fsp(t), [Asp(r), 5(r))] (32)



The reduced DM for system pg(t) = Trgp(t):

dips(t) = —i Trg[Hgp(t), ps(0) ® p]

assumed to zero: TrgR =10

~ [ ar sl w0, Fss(r), )] (33)

Assuming the correlation time 7 of bath is much smaller than the time scale 7g of the
system, the correlation functions of bath operators decays very fast as t — 7 > 7. One
can then replace p(7) = p(t) and extend the lower integral limit to —oo

Further Born-Markov approximation is used for 7 ~ ¢, giving dominant integration:

p(7) =~ ps(t) ® pg (34)

Then we have the master equation:
t . -
dips(t) = —/ drTrgp[Hsp(t), [Hsp(T), ps(t) @ pE]] (35)

2.2 Eigenoperators

We define eigenoperators:

Sa(w) = 3 T(w)SLII(W). (36)

€ —e=w

Note Si(w) = Sa(—w). We separate Hg into HY = 3, ell(e) and HE = 3, haSa-
Then, we find

[HS, Sa(w)] = —wSa(w), [HS,SH(w)] = +wS(w) (37)

For time-independent case, the eigenoperators in the interaction picture are given as
eSS, (w)e st = TG, (w) (38)
ez‘HgtSlé (w)e—ngt — €+Mt,5':£ (w) (39)

However, this simple relations cannot be used for time-dependent case.

Note
Sa = Salw) = Sh(w). (40)
Finally, we find

[Hs, Sa(w)] = ~wSa(w) + ha(t) , [Hs, SL(w)] = wSk(w) + ha(t) (41)



2.3 Lindblad equation

First, note

HSE—ZS Ra:ZST (42)
The master equation (35) is rewritten as

dips(t) / drTrp{Hsp(7)ps(t)p% Hsp(t) — Hsp(t) Hsp(T)ps(t)p} + . (43)
We can write

Hsp(t) = ZS 7,w) R ( (44)

f{SE(t) = ZST (1w (45)

where in the interaction picture

Sa(T,w) = ?eifoTdt'HS(t/)Sa(w)(Te*ifoTdt'Hs(t’) (46)
~ et , e /
Z’(tﬂﬂ/) = Tl dHs(t )Sg(w/)Te*zfo dt' Hg(t') (47)
(48)
and ) | |
Ro(7) = €7 RoeMeT. (49)

Using the correlation function for reservoir:
Lag(t = 7) = TrpRa (1) Ra(t) (50)

we can find

dips(t) Z Z/ drTop(t — 1)

ww' o,
X [Sa(r,w)ps(B)Sh(t,0) = Sh(t,w)Salr,w)ps(t)] +he.  (51)
Assuming that the integral is only dominant near 7 = ¢, we can write
Su(rw) ~ Tl N dt'Hs(t’)e_i(t—T)Hs(t)Sa(w)ei(t_r)Hs(t)éfei [y at' Hs(t')
~ Teilo WHsW) (Sa(w) — i(t — 7)[Hs(t), Su(w) }?eift dt' Hg(t')
~ T I WHSW) (g () (1 = it — 7)) — i(t — 7)ha(t)} Tei Jo #Hs@)
~ e D8 (1 w) — iha(t)(t — 7) (52)

Then we have

dips(t) ZZraﬁ ) [Salt;w)ps(®)Sh(t,0) = Sh(t,0)Salt,w)ps()] + e (53)

ww' a,B



where h,(t)-dependent terms are exactly cancelled and the one-sided Fourier transform
is introduced as

Top(w / dre” @I 5t — 7) = / dse™ 5T 5(s) (54)

Now, the master equation becomes local in time. For time-independent case, equa-
tion (39) gives
Sh(t,0)Sa(t,w) = e ESE (W) S (¢, w). (55)

If the relaxation time 7 is much smaller than system time-scale~ (w—w’)~!, e7/@ =) jg
fast oscillating for considerable elapse of time ¢t > 7r. Therefore, one neglect the terms
with w # w’ in the summation. This is called the rotating wave approximation (RWA).
We expect that the RWA also holds for the time-dependent cases if the modulation of

energy level €(t) or effective field h(t) is much slow over 7. Using the RWA, we get

dips(t) = 3 3" Tap(w) [Salt,w)ps ()5t w) = St w)Salt,w)ps(t)] +he.  (56)

w aiﬂ

Note that the form of the master equation for time-dependent case in the interaction
picture remains the same as for time-independent case. It is interesting that the time-
dependence of external field is not explicit while the time-dependence of level spacing
w = w(t) between transitions is explicitly shown.

It is convenient to write

Pw) = 37(w) +iA) (57)
Using I' = (' + ') /2 + (I' = I'*) /2 Then, the master equation leads to
dtﬂS Z Z'Ya,b’ |:‘§ t W)PS( ) g’(ta w) - %{S}(t,w)ga(t, w)v ﬁS(t)}
w ap
—iY Y Agp(w) SB (t,w)Sa(t,w), ps(t)] (58)
w a,B

The first line is the desired form of the Lindblad equation and the second line describes
the unitary evolution due to the renormalized Hamiltonian, called the Lamb shift Hamil-

Hps =% > Aap(w)Sh(t,w)Sa(t,w) (59)

w a,p

tonian, given as

2.4 Schroedinger picture
Writing Up(t,0) = U§(t,0)UF(t,0)
ps = Teply (LOUGT(10)  plt)  UF(LOUF(1,0)
Sch picture
= U1t 0) [Trup(t)] US (1, 0) (60)



dips = U0 (t 0)iHgs(t)ps(t)US (t,0) — US(t,0)ps (t)i Hs (£)US (¢, 0)
51 (,0)ps(t)US (t,0)
= Uo (, 0) [i[Hs(t), ps(t)] + deps (t)] Ug (¢, 0) (61)

The system DM in Schroedinger picture:

dips(t) = —ilHs(t), ps(t)] + U (¢,0)(t, w) Uy (1, 0)
= —i[Hg(t), ps(t)] (62)

t - ~
- / drTrpUs (t,0)[Hgg (t), [Hse(7), ps(t) ® pi11US 1 (t,0)
Therefore, we have

dips(t) = L(ps) = —i[Hs + His, ps(t)] + D(ps) (63)

where

Dips) = 33 [rasle) (Sa(wlps(®S}w) - 3{S}@)Salw). 51}

w>0 a8
Frap(—) (SLpsSa(w) ~ 3 S@SI@.es})| (o0
L is the total Linblad superoperator and D is called the dissipator.
2.5 Equilibrium
For time-independent cases, we expect that the system reaches equilibrium with DM
ps o e PHs (65)

First note that [Hg, S}, (w)Sz(w)] = 0 by using (37) and [Hg + Hps,e #Hs] = 0. From
the relation (39), we get

ePHs S (w)e PHs = PG (W), PHsST (w)e PHs = etPv ST (). (66)
Therefore, we can show
D(e PHs) =0 (67)
if the following condition is met:
Y(-w) = e Fy(w). (68)

In fact this condition is the property of equilibrium bath.
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3 Perspective from the Lindblad equation

Let us drop the subscript S denoting open system for simplicity. We can simply write
the Lindblad (LB) equation:

dip = L(p) = —i[H. p] + D(p) (69)
The formal solution is given as
plt) = V(£,0)p(0) = Telo 7 (0) (70)

1. First law
Energy E of the system can be found from F = TrpH. Then, we can get the first
law of thermodynamics:

& E = TrpH + TrHdp

= TrpH +TrHL(p) (71)
—Y —
W -0

where W is work production rate and Q heat production rate dissipated into the
reservoir.

2. Fluctuation theorem for work
Classically, work W performed over period ¢ is equal to fg drH (7). The fluctuation
theorem (FT) (e#W) = 1 can be proven to hold if initial distribution is Boltz-
mann for Hamiltonian H(0). Then FT leads to (W) > 0, which can be shown by
using the inequality (e™*) > 1 — (z). Quantum mechanically, the corresponding
exponentiated work can be written as the multi-time correlation function:

<€—,8W> _ <€—,BH(t)dt.e—ﬁH(t—dt)dt__.e—,BH(dt)dt>

= Tre PO — dgp)ePHE—ADdyy _ qp ¢ — 2dt) ...

e P AL, 0)p4s (0) (72)
The initial DM p45(0) is Boltzmann for H(0) as needed for FT. For the first time
slice,
H (dt)dt ianae” "
e PHEANAY (1 0)pes(0) = e PHE) —
0
—BH@) 5 .
= & _Zl,.(dt) onlyif [H,H]=0 (73)
Zy Zy

Note that the last line only true for [H, H] = 0, which repeatedly produces
(Z1/Z0)(Z2/Zy) - - - and finally leads to FT: (e™#W) = ¢ PAF which is equal
to 1 only if [H, H ] = 0. It is not generally true and the FT for work in quantum
mechanics does not hold in strict sense.
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We can define the instantaneous stationary DM as pgs(t) = Z~1(t)e PH®) with
the property: L(pss) = 0. Note that it is not a solution of LB equation. Consider
time series t,, = nAt for n =0,1,... N and At =¢/N in N — oo limit. Let V), be
V(tn+1,tn) and ply = pss(tn). Then, we have equality:

1 1 1
1 = TrVN—1p§§ 1 s eV pr—— V19 1 e
55 s8 Pss
2 1 1 1 0
T VstsTvlpssTVOpss (74)
Pss Pss

where V,p?, = p, is used. The inserted factors can be rewritten as

1

Pist = Phalpls — At(depl)] ™
= [1 - At(dtp?s)(p?s)il]il
eAt(dipls) (pEs) (75)
Therefore, we obtain
(e[
= (ex —_—. .
p 0 T ar Pss
If [H,H] =0,
dpss L o S
D ps = BF — )P p ot = B(F — H) (77)
Equation (76) leads to
(7o 4rMly = e=Ar, (78)

which is the quantum Jarzynski equality. One may refer to equation (76) as the
FT (Jarzynski equality) for modified irreversible work rate

mod — dt " Fss

. dpss _
irr _ P 1 (79)

. Entropy production:
Define the entropy production rate using Eq. (71) as

Y = —diTrplnp + BQ
—TrL(p)Inp — BTrHL(p)
= —TrL(p)[lnp — In pss] (80)

where the positivity of Y will be proven below. Let define the instantaneous sta-
tionary DM as pgs = Z~ ' (t)e PH®) satisfying

£(pss) =0 (81)
Let us define the relative entropy or Kullback-Leibler divergence as

D(pllo) = Trp(lnp—no)

12



For any CPTP (completely positive trace conserving) quantum map V(t,0): p(t) =
V(t7 O)pO

D(p(t)llo(t)) < D(p(0)[|o(0)) (82)
which says that the relative entropy always decrease in time-evolution. For the
t
Lindblad equation, V(¢,0) = Telo i, Letting 0 = pss(t) and using Lpss(t) =0,
1
0 < == [DV(t+dt,)p(t)||pss()] = Dlp(®)][pss(t)]
1
= —h [p(t +dt) Inp(t + dt) — p(t) In p(t) — p(t + dt) pss(t) + p(t) In pss(t)]
— —TL(p(1))(In p(t) — In ps(t)) = 5 (83)
where used are dyp = Lp and

diTrpln p = Tr[(dip) Inp + pp~tdsp] = TrL(p) Inp

There, ¥ is always non-negative, which is not guaranteed for the total closed system
where only AY. > 0 provided initial DM is of product state, p ® pg.

Postface

This is the end of the lecture note, but not the end of the story. Further study will
be pursued in future. I hope I would sometime be able to make a complete and helpful
lecture note.
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