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Quantum Statistical Ensembles

Classical objective reality

Objective reality: Objects are in a definite state.

e The bit ¢ is in the state c =0 or c = 1.
e The particle is is in the state (q(t), p(t)) at time t

Ideal measurement:
Read off all information without disturbing the experiment.

Deterministic dynamics:
Principle of least action, leading to equations of motion

p(t) = —0gH.  4(t) = 0,H
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Realistic Measurement in Classical Physics

Partial
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Quantum Statistical Ensembles

Subjective lack of knowledge: Classical probability theory

Incomplete knowledge caused by imperfect measurement:

e The bit ¢ is in the state ¢ = 0 or ¢ = 1, but we don’t know
exactly in which one.

e The particle is is in the state (g(t), p(t)) at time t, but we
don’t know exactly where.

Classical probability theory:

e Think of an ensemble of identical systems

e Imagine a repeated uncorrelated measurement

Relative frequencies = limy_. = Probabilities



Quantum Statistical Ensembles

Subjective lack of knowledge: Classical probability theory

Concept of probabilities
e The bit ¢ is in the state ¢ = 0 or ¢ = 1, with probability
p(0), p(1) normalized by p(0) + p(1) =1

e The particle is in the state (q(t), p(t)) at time t with
probability

p(p, g, t) with /d3q/d3pp(q, p,t) =1

= Deterministic equations of motion for the probabilities
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Quantum Physics

What shall 1 ask?

What should 1 answer 7

No objective reality any more.



Quantum Statistical Ensembles

Quantum states

Classical mechanics:

e Of all possible configurations Nature selects the one with the
minimal action S = 0.

Quantum physics:

e All configurations “exist in parallel”.

e Each configuration is weighted by a complex number erS

e The probability of a measurement result is proportional to the
squared absolute value of the sum of all weights of those
configutations which are compatible with the result.



Quantum Statistical Ensembles

Quantum states

The catalog of all phases at a given time with respect to a
measurement basis (e.g. position x) is summarized in a wave
function 1 (x), or equally, as a vector |1) in Hilbert space.

o Normalization [ |1(x)[2dx = [¢)(¢| = 1
e Deterministic evolution equation ih0:|1)) = H|)

Two aspects:

Probabilities represent a subjective uncertainty about facts.

Quantum amplitudes represent an objective uncertainty:
Reality is only produced in the interaction / measurement.
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Perfect Measurement in Quantum Physics
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Quantum Statistical Ensembles

Quantum Ensembles

W, %: —~l
Probabilistic ensemble of quantum states: %fg*wdf -+
b
|1)) occurs with probability p(v). 474‘ LFJF -+
Rt

(M) = | p(¥)(@|M[)

/
J

’ p()Tr[ M) (]

= Te[m [ prl] = T

N————

All information is encoded in the density matrix p.
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Quantum Statistical Ensembles

Different ensembles may correspond to the same density matrix.
Example: p = [dap(a)|ta)(Wal, [¥a) =cosalt) +sinall)

p(e) = 1/2/m = const p(a) - sin'(3e2)

plor) ~ d(o)+d(0—T/2)

) in all cases.

N O



Quantum Statistical Ensembles

Quantum Statistical Ensembles

The density matrix p characterizes equivalence classes of
statistical ensembles of quantum states that cannot be
distinguished by measurements.

p=p", Trp=1

Spectral decomposition:
p= Z pili) (il = Z Pipi

1 The eigenvalues p; are probabilities.



Quantum Statistical Ensembles

Time evolution

Schrodinger equation: 0¢|¢) = ,hH|1/))

Oep = Zpﬁt\w Zp,( V)] — *|¢><¢\H>

Solution: Unitary evolution

p(t) = e i1 p(0) \e i

U(t) U-1(t)



Quantum Statistical Ensembles

Density matrix formalism

vector formalism:

1)

(Yly) =1

iat’¢> - HW)
(M)y = (Y[ M)

coherent superposition

V) = aly1) + Blv2)
laf? + 18] =1

operator formalism:

p =) (Y| (pure)

p =i pilvi) (il (mixed)
Trlp] =1

i0ep = [H, p]
(M), = Tr[Mp]

convex probabilistic mixture

) = p1p1 + p2p2
p1+p2=1



Quantum Statistical Ensembles

The smallest quantum system: The qubit

Classical bit: Configurations 0,1

Quantum bit: Amplitudes ¢(0) and (1) with
[W(0)1 + [¥(1))? = 1.

Bloch ball representation:
p= %<1+xo’x—|—y0y—|—zaz)
The vector (x,y, z) on the

Bloch ball can be interpreted as
expectation value of & = (0%, 07, 0%).

Points on the sphere represent pure states. 1)



Quantum Statistical Ensembles

Positive operators

An operator p is called positive if one of the following equivalent
statements holds:

o p=pland (p,9) = (Y|ple)) >0
e p=p! and all eigenvalues of p are non-negative.

e p can be written as p = ATA.

Density matrices are positive normalized operators.

Positive maps are functions mapping positive operators to other
positive operators.



Quantum Statistical Ensembles

Von-Neumann entropy

Statistical mixture of quantum states:
p= ZP,W, (i = Zp,p,

The von Neumann entropy quantifies the uncertainty in the
ensemble:

—ZPHHP:‘ = —TF[P“‘P}

Pure states p = [¢) (1| have entropy zero.
Mixtures have a positive entropy.

0<5(p) <Ind



Quantum Statistical Ensembles

Entropy “units”

e Physicists: S(p) = —kgTr [plnp

—

[S]=J/K
e Mathematicians: S(p) =—Tr [pln p] [S]=1

e Information scientists: ~ S(p) = —Tr [plog2 p} [S] = bit



Quantum Statistical Ensembles

Properties of the von-Neumann entropy

iy
\ X _
R
N -|

+
+ U

S(p) = —Tr[pln p}

e Concavity under probabilistic mixing:
S (Z PiPi) > Z piS(pi)
i i
e Invariance under unitary transformations

S(p) = S(UpUT)

= Unitary transformations are information-preserving.
= Schrédinger time evolution does not change entropy.



Quantum Statistical Ensembles

Thermostatics:
Isolated quantum systems: Microcanonical ensemble

Entropy should be maximal.
Classical physics: S = In|Q|

Quantum physics: S(p) = IndimH

1

= P= dimAH

(identity matrix normalized to trace 1)

1/2 0>

Example: Microcanonical qubit: p = ( 0 1,2



Quantum Statistical Ensembles

Systems in a heat bath: Canonical ensemble
If energy is exchanged with a heat bath, the entropy is maximised
under the constraint that the energy average E = (H) is constant.
0S[p] = dTr[plnp] =0, dTr[p] =0, 0Tr[Hp] =0
Introduce Lagrange multiplyer «, (3:

= 5<Tr[p|n pl + aTr[p] + BTr[Hp]) =Tr [5p(|np+ a+ BH)} =0.

1
Solution: p = e @ PH = fe_H/kBT; Z:Tr[e_BH]

Tr[He PH]

E = (H) = Tr[pH] = Te ] —0gInZ
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Quantum Measurements

Von-Neumann measurement postulate

A Measurement is represented by a Hermitean operator

M =M'=>"m|m)(m|

m

If a system in a pure state [¢) is measured by M it is
instantaneously projected onto one of its eigenstates |m)
with probability |(1)|m)2.

p = o =Y |m)(m|p|m)(m|

m

A measurement usually generates classical randomness (=entropy).



Quantum Measurements

Realistic measurements

A realistic measurement has a finite precision.

Simple model for a non-perfect measurement:

Classical
randomness

System state
P= Zi Pi |1Pi>< wi|




Quantum Measurements

Realistic measurements

Usual projective measurement (von Neumann):
M= Anlm)(ml = p—= =) |m)m|p|m)im|
m m

Generalized measurement (take M; with probability g;):

p— o = ZCIJZ \mj)(mj| p|m;) (my]|

J

e cannot be written as a projective measurement

e is a legal quantum operation (p’ is again a density matrix)
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Kraus Theorem

University of Wiirzburg
e Nobel prize for X-rays
e Nobel prize Quantum Hall effect

e Karl Kraus: Important theorem in QI

Er



Quantum Measurements

Kraus Theorem

Let H1 and H> be two Hilbert spaces.

Let ® : H1 — H, be a quantum operation
(meaning that ® applied to a density matrix is again a density
matrix).

Then ® can be written in the form

pl=o(p) = BupBj
k

with 3, B,Bl = 1.
The operators {B} are called Kraus Operators.
They are unique up to unitary transformations.



Quantum Measurements

Classical
randomness

o
System state i — W Output
=2, plb><w] — W
—

p=p =D @ Im)(mjlp|m;)(m|

J mj

Applying the Kraus theorem this can be written as

P =o(p) = BupB]
p

A measurement described by a set of operators {B}
with >, BiB,f =1 is called a
positive operator-valued measurement (POVM).



Quantum Measurements

von Neumann measurement as a special case

p = o =Y |m)(m|p|m)(m|

p = ®(p) = Z BmPBm]L

= B, = |m)(m| are projection operators.

Von-Neumann measurements are projective measurements.
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Bipartite systems

AB

Hilbert space Hag = Ha @ Hs
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Bipartite systems

There are two different types of correlations
between the two subsystems:

- Quantum correlations (entanglement)

- Classical correlations (probabilistic)



Classical and quantum correlations

Classical correlations

m=mw

. . . w M
Classical correlations are simply due i I

to the composition of the ensemble:

p = 3N T+3 DA




Classical and quantum correlations

Quantum correlations (entanglement)

W) v
W) 1w
. (W)
Quantum correlations are due ) )
to a superposition of amplitudes ) W) 0
) [w)

) = Sl + 55 W)
p = [)¥

Quantum correlations can be
present in pure quantum states.




Classical and quantum correlations

Cartoon of correlation landscape

maximally entangled

maximally classically
correlated

Quantum correlation

7? o—>

uncorrelated

Classical correlation



Classical and quantum correlations

States of maximal classical and quantum corrleation

Two qubit system:

Maximal classical correlations:

1 000

1 110 0 0O

pane = 3110011+ 110001) =210 5 0

0 001

Maximal quantum correlations:

1 001
1 1{o 0o 0O
pene = 3 (110 + 1) (11 1) =5 (5 5 5 6
1 001



Classical and quantum correlations

How to distinguish classical and quantum correlations

Two qubit system:
Measurement questions: 11 or 1) or |1 or || 7
Measurement operator: 0% ® o*

Measurement projectors: Py = [ ) (1 |, Py = | T (1) ],
Pie=INAT ] Py =D)L

Tt[pctassPrtl = TrlpquantPry] = 1/2
Tr[pclassPry] = TrlpquantPry] = 0
Tr[pcrassP11] = TrlpquantP1y] = 0
Tr[peassP11] = TtlpquantPyy] = 1/2

In both cases we find only 11 and ||, each with probability 1/2.



Classical and quantum correlations

How to distinguish classical and quantum correlations

In order to detect quantum correlations, we have to measure several
observables (different analyzer orientations):

<UZ ® O'Z>¢/ass = Tr[pclasso'Z ® Uz] =1

<Uz ®Uz>quant = Tr[pquantaZ ® Jz] =1

<UX & Ux>class = Tr[pc/assUX & UX] =0

(0" ® 0™ ) quant = Tt[pquanto™ ® 0*] = 1

To see the difference between classical and quantum correlations,
one has to use several kinds of measurements (rotate the analyzer).



Quantum correlation

Classical and quantum correlations

If classical and quantum
correlations are mixed,
they are hard to
distinguish.

_é

«—>

Classical correlation



Quantum correlation

T. Christ / H. Hinrichsen

First consider pure states

Classical correlation




Classical and quantum correlations

Pure states

e Pure states p = |¢) (1| are always classically uncorrelated
(no classical statistics involved).

e A pure state is said to be separable if it factorizes:
V) = [¥a) @ |vB)
p = [Ya)(Wal ® |[vB)(Ys|

e A pure state is said to be entangled if it is not separable.
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Measurement on subsystems

Measuring subsystem A with Mp = MZ\
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Measurement on subsystems

M,®1

Measuring subsystem A with Mp = l\/I,TA
is the same as measuring the combined system with M = Ma ® 1.
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Partial trace

M,e1

(M) = Tr [pl\/l} — Tr [p(MA ® 1)} — Tr [w MA]

f
partial trace over B

Reduced density matrices: pa = Trg[p], pB = Tralp]
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Partial trace

M,®1

Pure state entanglement, seen from the perspective of a
subsystem, looks like classical randomness.

1/1 0

S
I
N -
— O O
o O O o
o O O O
— O O
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Partial trace

M,®1

In quantum physics, subsystems may have a higher entropy
than the composite system.



Classical and quantum correlations

Measuring the entanglement of pure quantum states

Sa = S(pa) = —TrlpaIn pa]
Sg = S(pe) = —Tr[ps In pg]
Sa = Sg

Undisputed unique entanglement measure for pure states:

E=5r=S8
For a maximally entangled state:

pauane = LMD+ 1L (1404l . E=In2[1 bit



Classical and quantum correlations

Measuring classically correlated states

Classically correlated

Quantum correlation

—?

Use mutual information: /4.5 = Sa + Sg — Sag

Classical correlation

For a maximally classically correlated state:

pant = 3(110 4 140) (114 G41)+ =2 1 big



Classical and quantum correlations

The Problem

no correlations (pure & separable)
maximal classical correlations

State | las
maximal quantum correlations

= = olm

0
1
2

“supercorrelated”

Problem: These measures cannot be combined to distinguish
quantum and classical correlations for general mixed states. =

Different entanglement measures needed.
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The Problem

Mixed states with
both classical and
quantum correlations

Quantum correlation

Classical correlation



Classical and quantum correlations

Separable quantum states

e Factorizing density matrix:
Neither classical nor quantum correlations:

P = pa X pB

e Mixtures are said to be separable if they can be written as
convex combinations of factorizing density matrices:

p= Zp, Vopy)



Classical and quantum correlations

Schmidt decomposition

Every pure state |1)) of a bipartite system can be decomposed as

) = Zan‘”h ® |n)g
n=1

with r < min(da, dg) and Schmidt numbers «, > 0 obeying

Za%zl
n



Classical and quantum correlations

Schmidt decomposition

r
= Zan\n)A ® |n
n=1

For the density matrix of a pure state:

= p =)l = Y anam|n)(mly@n)(mlg

n,m=1

For reduced density matrices:

pa = Trelp] = Za M nlas e =Tralp] = Za

The a2 are just the probabilities in the reduced state.

)(nlg



Classical and quantum correlations

Purification

Take an arbitrary mixed state pa on the Hilbert space Ha:
pa =Y pPalm)(nla
n

Extend Ha by an auxiliary Hilbert space Hg of the same
dimension.

Define an orthonormal basis |n)g in Hg.

Define the pure state

[¥) = v/Palm)a ® |n)g

= [l =D v/PaPm [n)(mlp @ n)(mlg



Classical and quantum correlations

Purification

= W)l = /PaPm|n)(m|p ® [n)(m|g

e Take the partial trace over the auxiary space Hg

Tra[lV) (W] = > > VPobm|n)(mls (klln)(m|lk)g

k n,m
:6kn6kn

= > pulk)(kla = ra

k

The reduced density matrix is just the original mixed state.

In a suitably extended Hilbert space a mixed state
can be represented as a pure state.
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Entanglement criteria

Recall definition of entanglement
e A pure state [¢)) is said to be separable if it factorizes:
[V) = [Y)a @ [¥)g
= p=P)(Yla @ Y)Y

e A mixed state p is said to be separable if it can be expressed
as a probabilistic combination of pure separable states:

p=_piln) (il [¥;) separable.

e One can show that a state is separable if and only if it can be
written in the form

p—Zp, Yoy, o0<p<1t, Y op=1
i

e entangled = non-separable



Entanglement criteria

Entanglement criteria vs. entanglement measures

Entanglement criteria are simple checks which provide a
sufficient condition for the existence of entanglement.

e PPT criterion
e CCNR criterion

Entanglement measures are quantitative measures which tell us
how much entanglement is there.

Entanglement distance measures

Entanglement of formation

Quantum discord



Entanglement criteria

PPT criterion

Definition of the partial transpose T, Tg:

For a factorizing operator C = Ca ® Cg the partial transpose is
defined as the transposition of one of the tensor slots:

C’™a .= CioCg, C'®.=Ca®Cgi.

A non-factorizing operator can be written as a linear combination
of factorizing ones. So the partial transpose is also well-defined on
general operators.

TpaoTg=TgoTa=T, ToTa=TpaoT=Tg.



Entanglement criteria

PPT criterion

Observation:

Transposition is a positive operation:
If p is a density matrix, then p' is also a valid density matrix.

Peres-Horodecki-Criterion (positive partial transpose, PPT):

If p is separable, then p™ and pT® are positive operators, that is,
they are both physically valid density matrices.

Or the other way round:

If pTA or p'® are not valid density matrices, then we know that the
subsystems A and B are entangled.



Entanglement criteria

PPT criterion

Example:

Maximally entangled state (Bell state):

1 0 01
1 110 0 0O
p = s(m+rm) (- w) =310 8 6 o
1 0 01
1 0 00
1{0 0 10
Ta — T8 — =
T PTTP T 5l01 00
0 0 01
Eigenvalues of p : {0,0,0,1}

Eigenvalues of p™a = pT8 : {0, 7%7 %, %}



Entanglement criteria

Interpretation of the PPT criterion

e Classical mechanics is invariant under time reversal

(a(t).p(1)) = (a(=1),—p(~1))

e Schrédinger unitary evolution is also invariant under time
reversal

P(t),H  —  (-t)", H*

which is the same as taking

p(t) = p(=t)=p"(-1)

Transposition ~ Time reversal
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Interpretation of the PPT criterion

PPT: If this is not a physically valid scenario,
then there must be entanglement between the two parts.



Entanglement criteria

Side remark: Completely positive maps

o Completely positive maps ® : p — ®(p) are physically
realizable positive maps.

e Not all positive maps are physically realizable.

Example: Transposition p — p' is positive but not physically
realizable because it could be entangled with another
unknown external object.

e Definition: ® is called completely positive on H if d ® 1 is
positive on H ® Haux for every external Hilbert space H ,ux.



Entanglement criteria

CCNR criterion

Operator realignment:

Let |/), und |i), be a basis of the bipartite Hilbert space
Hag = Ha ® Hg and let C be an operator with the matrix
representation

C=> Gjuli)K.

ijkl

Define the realigned Matrix CR by

CcR = Z Cka,yik><jl| = Z Cik,j/|/j><k/|

ijkl ijkl

R
G = Cikgi

U




CCNR criterion

Entanglement criteria

Operation Components | Exchanged indices
Normal transpose T CU o= Cuii | (12) < (34)
Partial transpose Ty | C.. % = Cyji | 1+ 3

Partial transpose T, C%’,i, =Gy |2+ 4
Realignment R Cu,kl Cikji | 24+ 3




Entanglement criteria

CCNR criterion
Operator Schmidt decomposition:

The vector Schmidt decomposition

,
) = Zan‘”h ® [n)g
n=1
works also for operators

C=) aCraCy,

where «, are the singular values of CR
. . T
(the positive square root of the eigenvalues of CR" CR)

IIClls :Z@n
n

Induced trace norm:



Entanglement criteria

CCNR criterion

Computable Cross Norm or Realignment Criterion (CCNR):

Consider a separable pure state:

p=[0) W= [V)¥]a® ) (Ylg

= Only a single Schmidt number a; =1 =lplls =1

Consider a separable mixed state. Then p is a probabilistic
combination of pure separable states py:

lplls = HZPkPkHs < ZPkHPkH

=1

meaning that >, a, < 1. In opposite direction, we have CCNR:

Z>1 = non-separable <  entangled
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Entanglement measure E(p) — List of desired properties

No o b=

Separable state < E(p) = 0.

EPR / Bell states < E(p) is maximal.

Pure states: E(p) = S(pa) = S(pB)

E(p) should be invariant under local unitary transformations.
E(p) should not increase under LOCC operations.

Symmetry A <> B.

Convexity on probabilistic mixtures:

E(Z Pkpk) < > peE(pr)
P p

Er
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Entanglement measure based on distance

[ Separable States State \

p,®p~©

Ep(p) = inf D(p,0).

O separabel



Entanglement measure based on distance

Entangled states

Actual
Separable States State

O
(3
p.8p~©

Example: ©
Relative entropy Dg(p, o) = Tr[p(Inp —Ino)]
(Quantum-mechanical version of Kullback-Leibler divergence)
This allows us to define the

e Quantum mutual information: Sa.g = Dr(p, pa ® pB)

e Relative entanglement entropy: Er(p) = infy ceparabe Dr(p,0) -

Er(p) < SA:B

Er



Er

Entanglement of formation

e A mixed state is represented
by a collection of pure states.

e Each pure state has a
well-defined entanglement.

e The representation is not unique.

plo) = 112/ = const

plcr) = 800 +8(a-12)




Entanglement of formation

The entanglement of the representing pure states may be higher
than the entanglement of the mixture.

Example:
1
)= (110 =14)
1 0 0 +1
1 0 0 0 O
= BE=510 00 o
+1 0 0 1
1 00O
1 110 0 0 O
p=s(MEH+H1) =315 0 0 o
0 0 0 1

(no correlation, no entanglement)

Er



Entanglement of formation

Main idea:

Find the representation of the ensemble for which the averaged
entanglement of the representing pure states is minimal:

Er(p) = inf{ 3 pi E(i) (i) | o = 3 pilu) (vl }

= inf{z Pi Spia|p = Z pi |¢i><¢i!} -

...very hard to compute!

Er



Er

Entanglement of formation

Exact formula for Ef for a 2-qubit system:

Exlp) = s[FH Y]

where
S[x] = —xlogyx — (1 — x) log,(1 — x)

C(p) = max(O, )\1 — /\2 — )\3 — )\4)

Here \; are the decreasingly sorted square roots of the eigenvalues
of the following 4 x 4 matrix:

A= p(c” ®0¥)p* (0¥ @ 0¥)



Er

Main message of this last part

Separable state: . ,
p= pioy) @pY

1

A bipartite system in a mixed state is defined to be entangled if the
state is non-separable.

entangled < non-separable

But, as we will see:

QUANTUM CORRELATIONS CAN BE PRESENT IN SEPARABLE STATES.
'NON-ENTANGLED’ DOES NOT AUTOMATICALLY MEAN 'CLASSICAL’.



Er

Separability vs. quantum correlation

Consider the following two-qubit state

p= (@00 + |-l ® (L
10001 @ [-) -] + ID{L ® [+){+)

where [0), |1), |[+), |—) are four non-orthogonal states of each
qubit.

Even though p is separable (i.e. non-entangled),
we will see that the quantum correlation is non-zero.

Dakié¢ et al., PRL 105, 190502 (2010)



Definition of the quantum discord

Consider two subsystems A and B.

Classical information theory:
Let us define

e [(A:B)=H(A)+ H(B)— H(A,B)
e J(A: B)=H(B)— H(B|A)
with the Shannon entropy H(X) = — ZPE(i) log pgé).

1
Thanks to Bayes rule these expressions are identical, i.e. we have
two equivalent descriptions of the mutual information.

Er



Er

Definition of the quantum discord

Quantum information theory:
Analogously to the classical case we have defined the quantum
mutual information as

Zag = S(pa) + S(pB) — S(p)
with the von Neumann entropy S(X) = —Tr[X log X].

The quantum mutual information Z is a measure for
the total correlation between A and B.



Definition of the quantum discord

How does J transform under a measurement?

We use a complete set of orthogonal projectors {I1;} to take
measurements on subsystem A. After applying I1; to A
the state of subsystem B will be

1
PBlj = ;TFA[(HJ ® 1)p],
j

where p; = Tr[(M; ® 1)p].



Er

Definition of the quantum discord

How does J transform under a measurement?

We use a complete set of orthogonal projectors {I1;} to take
measurements on subsystem A. After applying I1; to A
the state of subsystem B will be

1
pelj = — Tra[(N; ® 1)p],
pj
where p; = Tr[(M; ® 1)p].
This allows us to write

Jm; H(A:B) ZPJ PBlj)-

Note: J(n,y depends on the chosen set of projectors {I1;}.
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Definition of the quantum discord

How does J transform?
Our aim is to cover all classical information in 7, so we take the
maximum over all complete sets of orthogonal projectors {I1;}:

J(A:B) = maxJin;)(A: B) = S(pe) - ?_Ii.?ZPJS(PBIj)
J J _/
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Definition of the quantum discord

How does J transform?
Our aim is to cover all classical information in 7, so we take the
maximum over all complete sets of orthogonal projectors {I1;}:

J(A:B) = maxJin;)(A: B) = S(pe) - %i.?ZPJS(PBIj)
J J _/

Unlike the classical case Z and J do not coincide!



Definition of the quantum discord

Total amount of correlation:
Z(A: B) = S(pa) + S(p8) — S(p)

Classical correlation: Quantum correlation:

J(A: B) = D(A:B)=TI(A: B)—J(A: B)
S(ps) — min > piS(psy)

D(A : B) is called the quantum discord.

Er



Properties of the quantum discord

The quantum discord is not symmetric: D(A: B) # D(B : A).
The quantum discord is always non-negative: D(A: B) > 0.

The upper bound of the quantum discord is the von Neumann
entropy of the measured subsystem: D(A: B) < S(A).

The following equivalence holds:

D(A,B)=0 <« 3 complete set of orthogonal

projectors {My = [Wi) (Wil} - Y (M@ V)p(Me @ 1) = p
P

Er
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Separability vs. quantum correlation

Let's get back to the introducing example:

1
p= (IR @00 + [=) (=@ [1)(1
+10)0] @ [=){=] + [D{1] @ [+){+]).
The state p is separable (i.e. non-entangled), but computing the
quantum discord gives D(A: B) = %Iog% = 0.311 > 0. Hence:

QUANTUM CORRELATIONS CAN BE PRESENT IN SEPARABLE STATES.
'NON-ENTANGLED’ DOES NOT AUTOMATICALLY MEAN 'CLASSICAL’.
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Werner states

Consider the two-qubit system

1—~z

4
where 0 <z <1 and |W>:M.

V2

pe =~ 214+ 2 W)(v,

One can show:

e pyis forz <

W= W=

e pyis forz>
2
BUT W{Mi}, z€[0,1]: > (M @ 1)pz(My @ 1) # p.
k=1
= D(A:B)#£0
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Werner states

Consider the two-qubit system

1—~z
4

1+ z[W)(V],

-1
where 0 <z <1 and |W>:w.

V2

Pz =

One can show:
e p, is separable for z < %

e p. is non-separable for z > %
2

BUT W{Mi}, z€[0,1]: > (M @ 1)pz(My @ 1) # p.
k=1

= D(A:B)#0
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Entanglement of Formation vs. Quantum Discord
in a Werner state

EF / Dischord

0.7F
0.6:—
0.5;
0.4F
0.3
o.2f—

0.1F




SUMMARY

There are two types of correlations, namely classical and
quantum-mechanical correlations.

States are defined as entangled if they are not separable.
There is no unique entanglement measure.

The entanglement of formation is the standard choice, but
hard to compute.

Quantum correlations may even be present in non-entangled
states.

The quantum dicord is probably a better measure for quantum
correlations.

Er



Thank you !

T. Christ / H. Hinrichsen
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