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Classical thermalization

energy shell [E,E + 0F]

phase space phase space

infegrable non-integrable

1
thermalize with P = N(E)



Quantum system

Hilbert space

svwall ku,ge
Hamiltonian

H=H,+ Hg+ H won-integrable
no degeneracy assumed

restricted Hilbert space

Hr C H spanning |n) ; E, € [E,E 4 ¢E]

Hln) = E,|n)
pure state |¢)) € S(HR)
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Equilibrium Hilbert space

von Neumann (1929)
Macroscopic observable on subsystem |+~

M energy defined on
magnetization

number density

spectral decomposi’rion

M =Y m,|a){a| rounding off " ;
Z Ll corse-graining Hr = Do Ha

overwhelming majority Heq mMeq
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Macroscopic thermalization

Goldstein et.al. (2010, 2015)
Definition: if (Y|MY) ~meq OF (Y| Pug|t) ~ 1
pure state [¢) € S(Hr) is thermal equilibrium
typical pure states [V) € S(Hr) thermalize

: 1 e i)
v trPeq = 2 ~
{MP eqMLD d(HA A ~
uniform average . ’
means (¥|Peq|t) =1 for almost V) Z et

even for |Y) = |n)

If initially out of eq.

time average ((y, Pt =3 |enl2(n|Pogln) = 1
(| Pog 01} = 1 B D e )

thermalizes in long time limit &) = ()




Macroscopic vs Microscopic

Goldstein et.al. (2015)
pure state p¥ = [i) (1)

macroscopic but local M, ».
on sys'l'em S PSR ON—

due to overwhelming majority
tr {Mspw} ~ tr {Msﬁmc} N Mg, for almost p¥

d(HR) ﬁw ~ ﬁmc
“f ﬁ;b = trp /0 ~ trp ﬁmc
tr{Mspw} —= i1 {M (trB pw)} %tr{MsﬁmC} mzq

,OQ’D ~trB P means mwros&opm thermalization



Canonical typicality

Popescu et.al. (2006)
random |¢> = S(HR) dr = d(HR) o — d(?‘[s) dp — d(HB)

distance between ,5;” — trp ﬁw and g = trp o
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1 rank(p°) o 2

In < In

i &
dr/ds < dp" = tr(pme)2 = tr(pEe)? rank(pg™) < dj




Canonical typicality

Goldstein et.al. (2006)
rank(p?) = rank(ﬁB) =°d:

Canonical fYPica“fy bath is not thermal A5 # puc
pw — trg p¥ ~ trp p"¢ almost all pure states drp > 1
- . e small d
weak interaction limit ||H|| <« 1 o)
@) = D Leyls)B;) Y N
4 peneray S SEERe with normalization
gaussian random H. . Hp 2
Cij # 0 Ef—I—E;B = [E,E—|—5E] :
partial trace (D) =) G - g} 1;
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(@[0)% 6 Ni Bl = S,

~ g 2o Nilsi)(si)= trB p™% trp(1/dr) T, 5:) 1] ® |B;) (B



Equilibration
Linden et.al. (2009) o) = o) ® |op)
Although pure states are not thermal eq. initially,
almost ;) = >, che”"*'|n) will be thermal in long time:

time averaged
WY = p¥t =" |cn|?In)(n| assuming nondegeneracy

distance between /Y and @Y = trg w?

. 1 N N v
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Pl W‘Qms hu,ge '

weak subadditivity Aluctuation with €
of Renyi entropy o o—Cletde (o)

i.ev:j’s Lenma

Therefore vt ~ ¥ ~ po¢
ps M Eﬂtﬂ' QMC&@.F«‘QV\C{@,M& "'ypicali'l'y



Eigenstate thermalization
Goldstein et.al. (2015) thOEkQSLS

abtypical
A single”eigenstate is thermal equilibrium?

recall macro thermalization

1 S ; d(H. e
L tr Brg= = Y ) Puglny = THea) o
dR dr

n) ~ 1

(n|M|n) = meq

enerqgy eigenstate [N f
gy eig ) overwhelming ma jority

Microscopic ETH
et |[¢) = |n) trp(p" = n)(n]) ETH means| " ~ jm
numerically supported
ETH not always holds < S z@:hzaz +%:Jij6i G

M&Wj bodv localizakion
Nandkishore & Huse (2015) g 0 X0 ® - -



Macro vs Micro ETH

Goldstein et.al. (2015)
m&&ros&opi&
Even though eigenstates with MBL do not thermalize,
m&&rasaopw thermalization

1 £ 1 425 d e % ~
—tI'Peq o <n|Peq|n> i (H Q) A ] e <n|Peq|n> il
dR dR dR

fa nothing to do with
energy eigenstate n) destiny operator

system with MBL H=> h67+ ) Jij6:-6; random h;

( 1)
Jij = 0 eigenstate has a form |n) = |0]) ® |0]) @ -
Ps 7 Ps
within energy shell

measuring magnetization on S

almost all (n|M;|n) ~ Mgy overwhelming majari&v

mMamo Eh. eq. does ok mean micro kh, qu




Entropy in a closed system

Hamiltonian system
Liouville theorem works

classical closed system
system entropy = Shanwnon ev\%rctpj

Hi=— ZP@ In p;

"System entropy is invariant for time evolution”

quantum corresponding

vol Neumanin entropy S(p) = —trplnp
for pure states S(|¢)(v]) =0

entropy change in closed quantum system

AS = 5(pr,) = 8(pr,) =0 trivial!
pro = Ulta;t1)p, UT(t25t1)  unitary evolution



Subsystem decomposition

Esposito et.al. (2010); Sagawa (2014)

bipartite quantum system general situakion

A E i pA =1trp pan
PAY . PB pPB = 1tra paB

PAB

initially, p48(0) =pa(0) ® pp(0) S[p(t)] = —tr[p(t) In p(t)]
S1paB(0)] = S[pa(0)] + S|pB(0)

at time ¢ pap(t) #\pa(t) @ pp(t) 4 not additive S[pap(t)
positive N\
enfropy production,

quantum matual information ~ { (@8
pure state AS4=ASp entanglement



Canonical heat bath

Esposito et.al. (2010); Sagawa (2014)

If initial bath pp(0) =e #fe/zg  PB(0) =1:(0) ®n(0)
 SI(O] = ~trlp(t) In ()

enerév change in bakth quantum relative entropy

AS;+80Q = tr | peg(t) In Ospit)y . o posiﬁva ;

ps(t) @ pu(0)] = °

c.f.) general form initially product state
AS; HASE)= Ig(s:B) =0

quantum mutual info.

entropy change in bakh



Pure state heat bath

Iyoda et.al. (2016)
%vpmat dg > 1

If initial bath PB(0) = |¢B)(pp| PB(0)=:(0)® pB(0)
AS,+ASp >0 okl, but AS,+5Q>0? yes

at the beginning macroscopic
 " A S ~INC
B PB, ~ B, PR
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weak int. between B; & B

¥ oL b
< - ho . “‘f
] N8 b
o~ ] ; g R\
"1 n-.-'. ‘ J * .r 3
R R th K 9 .‘ .
SRR o oo erp e L ca e a aee A Lo S e e e L Gl e o Aep B Lo baa Z
" Wil S _ X - - 5 B - -
3 %
: ; |
o Y 3
.o <

i locally coupled
Effectively system feels canonical bath 6-5?131/2131

until it is aware of the reminder B
nobk Ehermal d&ns&%v op.



Summary

1

classical thermal p = NE)

energy shell

B, E + 6E) non-integrable

quantum “pure state” p* = [¢)(1)| & unitary evolution

Macroscopic thermal
macro observable
(Y| M) = Meq

overwhelming majar&&v
typicality |) € S(H)

eigenstate thermal. hypo.
(n|M]n) =~ meq
Hin) =

Microscopic thermal

density operator
su,bsvs&em pw = trg pY¥
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thermal pY¥ ~
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ASs+ 5Q > 0



