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Quantum Brownian Motion: Caldeira-Leggett Model

Treat a heat bath as a collection of harmonic oscillators:

@ System
p?
Hs = —+ V(x,t
s =5 TVt
@ Bath
P,21 1 2 2
Hg = ; 2m, -+ §m,,wnqn
@ Interaction:
H =—x Z KnQn
n
@ The interaction renormalises the potential, and we need counter term

2
K
HC = E n 2X2
2muws

n

Total Hamiltonian H = Hs + Hg + H; + Hc¢

2 ) 2
p p> mpw? En o
H=2 v 3 .
2m + V06t + - <2m,, + 2 (q m,,w%x) )
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@ Quantum Brownian Motion
@ Path Integral Formalism
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Path Integral Formalism for Reduced Density Matrix

@ Time evolution of density matrix of the total system

o(t) = U(£,0)p(0)UT(£,0), U(t,0) = Texp(— /Ot H(t')d)
o Matrix elements (with g = {q,})

Xfa CIf|P t)‘xﬁ qf

/dx,/dq,/dx /dq, (xr, qr|U(t,0)|x:, qi)

<Xi7 qi|p( )|Xi7 q,'><X,', qi|UT(t= 0)|Xfﬂ qf>

p(xf, qF; X¢, G t)

@ Reduced density matrix: Trace over bath

pr(t) = Trep(t), pr(xr, xgi t) :/dqf p(Xf, ar; Xf: Gri 1)
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Path integral representation

Xf qr )
(xt ar|U(,0) |, i) = / Dx / Dq /Sl
Xi qi

i

where the integral is over all paths x(s), g(s), 0 <s < t with x(0) = x;,
x(t) = x¢, q(0) = g; and q(t) = qr.
Total action S[x, q] = Ss[x] + Sglq] + Si.c[x, q]

sl = [ o5 |25 - vix9)9)]
Solol =3 [ [P - jmirts)].

Sl =Y [ oo [man(ote) - )]
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@ We have

p(xe, GF; Xp, Gi t) :/dx,-/dq;/dxi'/dq,‘

X J(Xfa qf7X1/‘7 q;/‘v t|Xia QI»X;/, q:v O)p(Xia QI;X,'/» CI,/, 0)

where

Xf qr X; q;
J(xt, ar. x¢, g5 t1xi, i, X, 473 0) :/ DX/ Dq/ DX’/ Dq'
Xi q x! q’

i i

X exp[%(S[X, q] — SIx'.q'])]
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@ Quantum Brownian Motion

@ Product Initial State

Joonhyun Yeo (Konkuk) Quantum Brownian Motion QIT2016



Product Initial State
@ Suppose at t =0

p(0) = ps(0) ® pg(0), p(xi, qii xi, G 0) = ps(xi, x{; 0)pe(qi, g;; 0)

o Take
ps(0) = e_ﬁHB/ZB7 Zg = Tre AHe

@ We have

pr(Xf,X;;t):/dX/dX/ J(Xf7X)/(7 t|XI'7Xil7O)pS(XiaXi/;O)a

where
Xf X;
J(x¢, x¢, t|xi, x!, 0) :/ Dx/ Dx’'
Xi x!

« exp[%(ss[x] — Ss[¥'] + SiFlx, X))
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@ The influence functional

; ar ar
exp[ﬁS/F[XJI]] :/dqf/in/dq,{/ Dq Dq' ps(ai, q)
gi q;

 expl (Ssla] + Si.clx, a] — Seld] - Si.clx' ]

which can obtained after the integration over the bath variables.
@ Note that

Gn(RB)=0qn,i _ sFan
s({a}.{q}) = HZB / Dg, &5l
nJg

_n(o):q,/,,,'

where the Euclidean action is

sl = [ as {3m( Imaiaiion )
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@ The result of Gaussian path integral is

1 MpWn 2
re({q},{a'}) :1:[ Zg.n (27rﬁsinh(ﬁhwn))

mpWn

2hsinh(Bhw,)

ZB_]_;[<2sinh(617mn/2))

@ Inserting this into expression for S;r, we note that the remaining path
integrals are all Gaussian. We can integrate explicitly over Dgq, and Dgq/, and
then over the endpoints g, , qf,’,- and gn,r. The result is as follows.

< exp [— (62, + %) cosh(Bheon) — 2amid;}

with
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S, x] =i /O ds /O " du (x(s) — X (DK (s — u)x(u) — K*(s — u)x'(u)}
M ! 2 ”
5 | s (29 - x%(s)

where )
K
= Z mn;,g
k2 cosh(2Bhw, — iw,s) i
K(s) = a 2 =N(s)— =D
(s) Z 2Mnwn  sinh(3Bhewy) (5) = 306)
where

Z 2mnwn 5hw )cos(wns)|, | D(s) =) mlj;n sin(wps)
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Note that J(x¢, X, t|x;, x/, 0) = exp(i®[x, x']/R), where

®[x, x'] = Ss[x] — Ss[¥'] + SiF[x, x']

_ /0 ds [mic()¥(5) - {v (xc(s) + Xqés)ﬁ) —v <xc(s) ~ Xqés) : 5) }}
+ é/ot dS/Ot du xq(s)N(s — u)xg(u) + /Ot ds /0 du xq(s)D(s — u)x(u)
. /0 " ds xe(5)xq(5)

where

(x(s) + x'(s))

xq(s) = x(s) — X'(s), xc(s) =

N~
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@ Quantum Brownian Motion

@ General Initial State
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General Initial State

@ More realistic initial state
o0) = O s OF
m
where O and O{" are operators acting on system space and

1
ps = 76—BH’ Zg = Tre #H
Zs
is the canonical density matrix of the whole system at equilibrium.
e Example: p(0) = pg

@ Example: Measurement at t = 0~ on the system at equilibrium changes pg to

p(0) = PpsP
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Preparation Function

@ We have
plos it 1:0) =3 [ o [ ¥’ (x]OFR) (%, sl a1} (%1108
m

:/d)‘(/d)‘(’ Axi, X %7, X ) pa(%, qi X', q7),
where the preparation function

A, %, X') = D (xi| OF %) (X' | OF"|x])

m

specifies the deviation of the initial state from equilibrium.
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@ First we use the Euclidean path integral to represent
1 [X(hB)=x g(hp)=gq;
ps(X,qii X', q) == / Di/ Dg
B Jx(0)=x' g(0)=q;

« exp[f%(sf [x] + SE[a] + SEc[%. )]

@ Insert this initial state into the evolution equation and trace over the bath
variables to finally obtain the evolution equation for the reduced density
matrix

pr(xe, xfi t /dx,/dx /dx/dx J(xr, xp, t)xi, X x7, X', 0)A(xi, X; X!, X')
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We have

J(xf, xf, tlxi, X, x!, X', 0) / Dx/ Dx/ Dx

exp | (S5~ Sel]) ~ 7 SEIRI- ¥l ')
where
e“"[”“”/h:/dqf/dq;/dq,‘ GIx](ar, a:) G" [XI(ai, a)) G*[xI(ar, q7)
with 1/Z = Zg/Zs and
GIxl(ar. a1) = / " Dg expl (Ssla] + Si.clx. )]

i

GF1Ra9) = 7; [, 7 el (SEla) + SFel. )
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After a lengthy calculation, one obtains
Wx, ¥, 5] :/ ds / du (x(s) — X' ($){K (s — u)x(u) — K*(s — u)x'(u)}
Bh
71/ ds/ du K(—s — iu)(x(s) — x'(s))x(uv)
Bh
/ ds/ du K(—is + iu)x(s)x(u)

+2u/( 2(s) — x2(s))+ g/“dsﬂs)
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o . x| = / dz / dz' K(z — 2)X(2)%(2)

z>z'

where
xX'(s), ifz=s, 0<s<t
=<{Xx(s), ifz=—is, 0<s<hp
x(s), ifz=s—ihg, 0<s<t

S %(2)
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@ Quantum Brownian Motion

@ Semiclassical Expansion
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Expressions using x4 and x.

@ For convenience, look at only product initial state case. Recall

J(xf, xf, t]xi, x!,0) :/ Dx/ fDX’
X exp[é(Ss[x] — Ss[x'] + Sie[x, x'])]

@ Change of variables: x,x" — x4, X, and
/ / H
J(xe, X, t]xi, x!,0) = J(Xer, Xqr, t]Xei, Xqi, 0). We can write

Xgf Xcf 1
J(Xcr, Xgf s t|xc,-,xq,-,0):/ qu/ Dx, exp[—ﬁZ[xc,xq]]

q
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@ Recall that
Skl 5] =+ / ds / du xq(s)N(s — u)xg(u)
/ ds / du xq(s)D(s — 1)xe(u) — /O ds xq(5)%(5)

o We introduce damping kernel y(s) defined by

D(s) = —m%v(s) ! ~(s) = B Z Fn 5 €os(wns)

mpw?2

@ Integrating by parts,

/ds/ du x4(s)D(s — u)xc(u :—m/ ds/ du xq(s)y(s — u)x(u)

— mx.(0) / s (5)xg(s) + m(0) / s xq(5)x:(s)
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@ The last term cancels those from the counter term, since

2

m(0) =Y " =y

mpw?

n

@ We also have

Sslx] — Ss[x] = /0 ds [y (s)5e(5) — V(s + 2, 5) + V(x -

@ We therefore have

¥ [xc, Xq] :% /Ot ds /Ot du xq(s)N(s — u)xq(u)

t
=i [ s Ima(s)icls) — Vi 50.9) + Ve — 2,
0

+ im /Ot ds /05 du x4(s)v(s — u)xc(u) + imx.(0) /Ot ds v(s)xq(s)
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Classical Limit

@ In the classical limit 2 — 0, the path integral is dominated by the paths for
which X is stationary.

@ Varying x4(s),

V(xe+ 22 s) — V(xe — 2.9

0 =mkX.(s) + >

0
5!
+ m/o du (s — u)xc(u) + mxcy(s) — i/o du N(s — u)xq(u)
@ Varying x.(s),

0 Xq
aZ{V(XC +558) = V(xe — 5,5)}

- m/st du y(u — s)xq(u)

0 =mX4(s) +

QIT2016
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@ For the classical paths, we look for the case where xg; = xqr = 0 (no
off-diagonal terms at initial and final times). Then the solution to saddle

points equations is
xq(s) =0, 0<s<t

o Classical path for x.

mixc(s) = —a%v (e s / du (s — u)x.(u) — mxg(s)

@ Appearance of x; term is due to the particular (product) initial state.
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Semiclassical Expansion

e Consider fluctuation around x4(s) = 0. Let

xq(s) = ny(s),  xc(s) =r(s)
@ Note that in the limit & — 0,
2

1
RN(s) :FLZ 2;"w coth(iﬁhw,,) cos(wps)

Y e coslens) = 87 m(s) = ()
@ Then we can write
Tl xg] = / ds / du y(s) (s — u)y(u)
i / o5 [y(){mi(s) + 0,V(r,5) + m [ du(s = u)i(w) + mr(O())]

= C/[rr}/]
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@ In this limit, we have

J(chanfv t|XCI'7XqI'7 0) _>J(rf7 t|ri7 0)

¥(£)=0 r(t)=rr
:/ Dy/ Dr exp[—Sdlr,y]]
y

(0)=0 r(0)=r;

with

plrest) = | d It ), 0)
@ This action is just MSR action for classical stochastic equation
S
mi(s)+ 9, V(r,s) + m/ du (s — u)i(u) + mr(0)y(s) = &(s)
0

where the noise £(s) satisfies
(&(s)) =0, (E(s)8(s)y =T(s = &)
o Classical FDR is represented by
my(s —s') = BO(s — ') (s — §')
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© Use of Path Integrals in Classical Stochastic Systems
@ Martin-Siggia-Rose formalism
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MSR Formalism

o Consider a generalized Langevin equation (with a time-dep. protocal ;)

mx(t) + 0« V(x, A¢) + m/ ds v(t — s)x(s) = £(t)
0
with a colored noise satisfying (£(t)) = 0 and

(et =T(t -t

with my(t — t') = BO(t — /)l (t — t')
e Distribution function P¢[¢] for noise

Pele] = (const.)exp[—% / dt / dt’ E(8)G(t — ¢)E(¢)]

where

/dt’ G(t—tIr(t' —t")=6(t—t")
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The transition probability is

I i, 0) = / D¢ Pel€] S(x(t) — x¢),

where x(t) is the solution to the Langevin equation with the initial condition
x(0) = x;.
Use the identity

1= / Dx S(E(2) — (1)) J,
where

E[x](t) = mx(t) + 0« V(x, A¢) + m/0 ds y(t — s)x(s)

and J = det[0E[x](t)/dx(t)] is the Jacobian, which is a constant indep. of x.
Insert the integral representation of the delta-function,

1= /DX/DS% Jexp {i/ot ds X(s){E[x](s) f(s)}}

into the transition probability expression
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@ We have

J(xf, t|x;, 0)
= [pe P / o sy epli [ o8 56N €]

= %(t)=0
:/ Dx/ Dx J exp[—So[x, K],
x(0)=x; %(0)=0

where
Solx, %] = % /0 ds /0 s K(s)M (s — s")%(s')
+ ,-/Ot ds >“<(s){m>'e(s) + 0 V(x, As) + m /05 ds’ (s — s’)k(s’)}

@ This is the same as the one obtained in the semiclassical expnasion (except
for term from the initial preparation)
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@ The average of an observable A[x(7)]

t)=x
(Alx(T /de/dX, pi(x; / DX/DXJA[X( )e —So[x,%]
(0)=x;
:/DX/D)A( J Alx(7)] e~ i (x),

where p;(x;) is the initial distribution.

@ Integrating out X, we have the Onsager-Machlup action

(A ~ / Dx Alx(r)]e” S p;(x),

where . .
1
Soulx] = / ds / ds' E[x](s)G(s — §')E[X](')
0 0
o P[x] = exp[—Som[x] + In p;(x;)] can be regarded as the probability for the
path x(s), 0 < s <t
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© Use of Path Integrals in Classical Stochastic Systems

@ Classical Fluctuation Theorems from Symmetry of Generating Functionals
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Classical Integral Fluctuation Theorem

o Conventionally Integral Fluctuation Theorem (IFT) for classical stochastic
systems can be derived by considering the ratio between path probabilities

Plx]
R[] =In =57
» PR[xR] for time-reversed path x®(s) = x(t — s)

» R — ASiot

> IFT (exp(=R[x])) = 1, follows from the normalization of P®.
» (R[x]) > 0 from Jensen’s inequality

@ In quantum cases, integrating away x, and obtaining P[x.] are NOT
straightforward
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Time-reversal Transformations

@ Consider the following transformation

R { x(s) — xB(s) ix(t—s)

x(s) — XR(s)=x(t—s)—iBLx(t—s)

@ Integration measure:
DxDx = Dx"DsR

@ Note that (s — s’) = B~ m(y(s — ') + (s’ — 5)) where y(s — s’) already
contains ©(s — s')

@ Calculate the change in So under this transformation. First we rewrite
t t
Solx, 8] = / ds / ds’ (s)my(s — ') {B1(s) + ix(s')}
0 0
t
n i/ ds )?(s){mk(s) + 8XV(X,)\S)}

0
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o™, K75 A ] = /Ot ds/otds'{&(t _s)— I'B%X(t —S)im(s— )

x {B71%(t — s’)—i%x(t — ')+ i%x(t — ')}

. t ~ - d
+ //0 ds {X(t —s) — lﬂgx(l‘ —s)}
x {mLox(t =)+ AVt - 5).0)}

_ /O " ds /0 a5’ {x(s) + iﬁ%x(s)}m(s' )8 %(s)
t 2
+i /0 ds {)?(s)JriB%X(s)}{ d x(s)+aXV(x(s),At,s)}

mo_
ds?

— Solx. & Ae_s] - /0 ds x(s){m%(s) + D V(x(s), Ae—s)}

=ASo[x,A\¢—s]
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Symmetry of MSR functional at Equilibrium
o Consider the case where there is no explicit time dependence in V/(x). Then
tood om.,
A5 =~ [ ds Z{FH) + VIx(a))} = ~B{H(x() ~ Hx(0)}
o Consider the case where the initial and final distributions are given by
1
p(x) = fe_BH(X)
@ We then have the symmetry
(O[x,8]) = / Dx / D Olx, K]e~ %1% p(x(0))
- / DxR / DR O[xR, gR]e= 0" " (xR (0))
_ / D / D% O[xR, §R]e~ S+ BLHD) - HIO (1))

- / Dx / D& O[xR, £Re=%% 5(x(0))
= (O, &1
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Time-reversal Transformations in Nonequilibrium

o In the presence of time-dep. protocol, (A\F = \;_)
Solx®, &% A] = So[x, % AR] 4+ ASy[x; AR,

where

ASo[x; MY = -5 /0 ds x(s){mx(s) + 9V (x(s), \t—s)} = —ASo[x"; )]
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Now consider
<@[X, R] e~ ASbAI=In pi(x(0)) +In m(x(t))>
. o1 e SolxxA - A s PF(X(1))
= DX/DX Olx, %]e~ XA =ASPA ETAL , (4(0))
/ pi(x(0))
_ /'DXR/'D)A(R O[XR7)?R]e—So[xR,QR';A]—ASO[XR';A]pf(XR(t))
_ /DX/D;( O[XR7S\(R]e—50[x,>"<;>\R]_ASO[X;AR]+ASO[X;)\R]pf(X(O))
- / Dx / Dx OxR, £R]e=%l%2" 5 (x(0))
<O[XR7%R]>R7

where (---)R is the average evaluated with the reverse protocol AR and the initial
distribution pf
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@ Note that one can rewrite
t s
ASo[x; ] = —6/ ds x(s) {—m/ ds' (s — s")x(s") + £(s)
0 0

The quantity in [-- -] is the force from the reservoir and the integral can
usually be interpreted as the heat flow AQ into the system. We therefore

have AQ
ASo[x; \] = -7 = ASeny

which is the entropy change in the environment (reservoir).

@ Let us write the system entropy change as the change in Shannon entropy as
ASgys = —In pr(x(t)) + In pi(x(0))

o The total entropy change is ASioy = ASsys + ASenv
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Integral Fluctuation Theorem

@ The above relation can then be written as

(Ol #le~35) = (0L 21)),

@ For O =1, we have the integral fluctuation theorem

(e DSy =1

From Jensen's inequality (e*) > et the thermodynamic 2nd law follows

(ASiot) >0
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Jarzynski equality

@ We have
ASery = fﬂ/ ds x(s){mx(s) + 0« V(x(s), \s)}

7_/3/ daH 8V M+AW
N ds 8)\ T T’

where AH = H(x(t); A¢) — H(x(0); Ao) with

H(x(s)i ) = 3m3(s) + V(x(s), A

and the Jarzynski work
oV
OAs

@ Consider also the case where the initial and final distributions are given by
Boltzmann distribution as

AW = /ds/\

1 —sH(xO) 1 oo
pi(x(0)) = me BH(@)2a), pr(x(t)) = Z(t)e BH(x(t)ixe)
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@ The system entropy change is
1
ASgys = —Inpr(x(t), Ae) + In pe(x(0), Ao) = 7(AH — AF),

where AF = —TInZ(7) + T In Z(0) is the free energy difference.
@ The total entropy change is

AW  AF

AStot = ASenv + ASsys = ? T

@ Applying this to the above identity, we have

eAF/T <(9[X,>A<]e*AW/T> = <(9[XR,52R]>R0 ,

where (- -+ )Rro is the average using the reverse protocol and the Boltzmann
distribution as an initial one.

e When O =1,

= e AF/TI = (AW) > AF

<e—AW/T>
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© Summary and Outlook
o Application to Quantum Fluctuation Theorems?
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Summary

@ We have obtained a closed form for the time evolution of reduced density
matrix for System (obtained by tracing out the Bath) for quantum Brownian
motion

@ The formalism is apparently without approximations (i.e. Markov, Ohmic
bath, weak interaction etc.)

@ The detailed form depends on the preparation of the initial state.

@ The classical limit of corresponds to the MSR path integral expression for a
generalized Langevin equation with a damping term with memory.

o Classically, equilibrium is characterized by the symmetry of MSR action under
a time-reversal transformation.

o Classical Fluctuation Theorem (FT) can be obtained from the behavior of the
MSR action under this time reversal transformation
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Outlook

@ Conventional method to obtain classical FT is to use the ratio between
Onsager-Machlup path probabilities, exp[—Sowm[x]] for a path x(s) and its
time-reversed one x%(s).

@ In Quantum case, there is no corresponding quantity, since one cannot easily
integrate away x4(s).

@ One has to rely on the formalism that involves two fields, x.(s) and x4(s).

@ First task is to find appropriate transformations

xe(s) = xg'(s), Xq(s) = xq'(s)
such that they leave the action invariant in equilibrium situation.
@ Program: Equilibrium < symmetry of action under the transformation,

Noneq. FT < breaking of symmetry
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