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What’s the role of entanglement entropy in QFT?

Entanglement entropy as a measure of degrees of freedom

Construct a monotonic function c(Energy) of the energy scale
Entropic c-theorem in two dimensions
F -theorem in three dimensions
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What’s the role of entanglement entropy in QFT?

An order parameter for various phase transitions
Confinement/deconfinement (like Polyakov loop)
Quantum phase transition (no symmetry breaking, no classical
order parameter)

Reconstruction of bulk geometry from entanglement
Similarity between MERA and AdS space
1st law of entanglement and linearized Einstein equation of GR
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What’s the role of entanglement entropy in QFT?

An order parameter for various phase transitions
Confinement/deconfinement (like Polyakov loop)
Quantum phase transition (no symmetry breaking, no classical
order parameter)

Reconstruction of bulk geometry from entanglement
Similarity between MERA and AdS space
1st law of entanglement and linearized Einstein equation of GR

Holography geometrizes the renormalization group (RG) flow

[R,G] = RG − GR = 0

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 3 / 71



Outline

1 Basics of entanglement entropy

2 Field theoretic methods

3 Conformal field theory

4 Holographic method

5 Renormalization group flow
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Definition of entanglement entropy

Divide a system to A and B = Ā: Htot = HA ⊗HB

A

B

Definition
SA = −trAρA log ρA
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Definition of entanglement entropy

Definition
SA = −trAρA log ρA

|Ψ〉: wave function of a ground state

ρtot =
1

〈Ψ|Ψ〉
|Ψ〉〈Ψ|
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Definition of entanglement entropy

Definition
SA = −trAρA log ρA

|Ψ〉: wave function of a ground state

ρtot =
1

〈Ψ|Ψ〉
|Ψ〉〈Ψ|

Reduced density matrix:

ρA = trBρtot =
∑
i

〈ψi
B|ρtot|ψi

B〉

HB = {|ψ1
B〉, |ψ2

B〉, · · · } orthonormal basis
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Example: two spin system

A B

Hilbert spaces: HA = {| ↑〉A, | ↓〉A}, HB = {| ↑〉B, | ↓〉B}
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Example: two spin system

Given a ground state (〈Ψ|Ψ〉 = 1):

|Ψ〉 = cos θ | ↑〉A| ↓〉B + sin θ | ↓〉A| ↑〉B
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Example: two spin system

Reduce density matrix:

ρA = B〈↓ |Ψ〉〈Ψ| ↓〉B + B〈↑ |Ψ〉〈Ψ| ↑〉B
= cos2 θ| ↑〉A A〈↑ | + sin2 θ| ↓〉A A〈↓ |

Matrix notation:

ρA =

(
cos2 θ 0
0 sin2 θ

)
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Example: two spin system

Matrix notation:

ρA =

(
cos2 θ 0
0 sin2 θ

)

EE as a function of θ: |Ψ〉 = cos θ | ↑〉A| ↓〉B + sin θ | ↓〉A| ↑〉B

SA = −trAρA log ρA

= − cos2 θ log(cos2 θ)− sin2 θ log(sin2 θ)
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Example: two spin system

EE as a function of θ: |Ψ〉 = cos θ | ↑〉A| ↓〉B + sin θ | ↓〉A| ↑〉B
SA = −trAρA log ρA

= − cos2 θ log(cos2 θ)− sin2 θ log(sin2 θ)

cos2 θ = 1
2 : Maximally entangled, SA = log 2

cos2 θ = 0, 1: No entanglement , SA = 0

0.2 0.4 0.6 0.8 1.0 Cos@ΘD2

0.2

0.4

0.6

0.8

SA
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Quantum mechanical system

Suppose |Ψ〉 =
∑dA

i=1

∑dB
j=1 cij |ψi

A〉|ψ
j
B〉, dA,B ≡ dimHA,B
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Quantum mechanical system

Suppose |Ψ〉 =
∑dA

i=1

∑dB
j=1 cij |ψi

A〉|ψ
j
B〉, dA,B ≡ dimHA,B

cij = cAi c
B
j : pure product state

|Ψ〉 = |ΨA〉|ΨB〉 , |ΨA,B〉 ≡
∑
i

cA,B
i |ψi

A,B〉 ,

ρA = |ΨA〉〈ΨA| ⇒ SA = 0
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Quantum mechanical system

Suppose |Ψ〉 =
∑dA

i=1

∑dB
j=1 cij |ψi

A〉|ψ
j
B〉, dA,B ≡ dimHA,B

cij 6= cAi c
B
j : entangled state

cij = UikλkVkj , U, V : unitary ,

|Ψ〉 =
min(dA,dB)∑

k=1

λk|ψ̃k
A〉|ψ̃k

B〉 , λk ≥ 0 ,
∑
k

λ2k = 1 ,

⇒ SA = −
∑
k

λ2k log λ
2
k
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Quantum mechanical system

Suppose |Ψ〉 =
∑dA

i=1

∑dB
j=1 cij |ψi

A〉|ψ
j
B〉, dA,B ≡ dimHA,B

cij 6= cAi c
B
j : entangled state

cij = UikλkVkj , U, V : unitary ,

|Ψ〉 =
min(dA,dB)∑

k=1

λk|ψ̃k
A〉|ψ̃k

B〉 , λk ≥ 0 ,
∑
k

λ2k = 1 ,

⇒ SA = −
∑
k

λ2k log λ
2
k = SB

Maximally entangled state

For λ1 = λ2 = · · · = 1/
√

min(dA, dB) ,
SA = logmin(dA, dB)
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Properties of entanglement entropy

For a pure ground state

SA = SĀ
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Properties of entanglement entropy

For a pure ground state

SA = SĀ

Strong subadditivity

SA∪B∪C + SB ≤ SA∪B + SB∪C

SA + SC ≤ SA∪B + SB∪C

for any three disjoint regions A, B and C
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Properties of entanglement entropy

For a pure ground state

SA = SĀ

Strong subadditivity

SA∪B∪C + SB ≤ SA∪B + SB∪C

SA + SC ≤ SA∪B + SB∪C

for any three disjoint regions A, B and C

Mutual information

I(A,B) ≡ SA + SB − SA∪B ≥ 0

for any disjoint two regions A and B
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Rényi entropies

n-th Rényi entropy

Sn(A) =
1

1−n log trAρnA
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Rényi entropies

n-th Rényi entropy
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1−n log trAρnA

It reduces to the entanglement entropy in n→ 1 limit

SA = lim
n→1

Sn(A)
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Rényi entropies

n-th Rényi entropy

Sn(A) =
1

1−n log trAρnA

It reduces to the entanglement entropy in n→ 1 limit

SA = lim
n→1

Sn(A)

Inequalities

∂nSn ≤ 0

∂n

(
n− 1

n
Sn

)
≥ 0

∂n ((n− 1)Sn) ≥ 0

∂2n ((n− 1)Sn) ≤ 0
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Relative entropy

For two states ρ and σ

S(ρ||σ) = tr [ρ(log ρ− log σ)]

It measures the distance between the two states
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Relative entropy

For two states ρ and σ

S(ρ||σ) = tr [ρ(log ρ− log σ)]

It measures the distance between the two states

Properties

S(ρ||ρ) = 0

S(ρ||σ) ≥ 1

2
||ρ− σ||2 Positivity

S(ρ||σ) ≥ S(trpρ||trpσ) Monotonicity
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Relative entropy

For two states ρ and σ

S(ρ||σ) = tr [ρ(log ρ− log σ)]

It measures the distance between the two states

Properties

S(ρ||ρ) = 0

S(ρ||σ) ≥ 1

2
||ρ− σ||2 Positivity

S(ρ||σ) ≥ S(trpρ||trpσ) Monotonicity

The strong subadditivity follows from the last inequality

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 12 / 71



Outline

1 Basics of entanglement entropy

2 Field theoretic methods

3 Conformal field theory
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QFTs and replica trick

dimH = ∞ in QFT

Useful trick:

SA = −∂n log trAρnA
∣∣
n=1

(trAρA = 1)

Zn: partition function on n-covering space

trAρnA =
Zn

(Z1)n
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Path integral representation of the wave function

t = 0

φa

t = −∞

t = ∞

〈φa|Ψ〉 = t = 0

φb

t = ∞

t = −∞

〈Ψ|φb〉 =

x

t

States |φa,b〉 are the boundary conditions at t = 0
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Replica trick and covering space

[ρA]ab =
1

Z1

∫
[DφB(t = 0, ~x ∈ B)]

(
〈φAa |〈φB|

)
|Ψ〉〈Ψ|

(
|φAb 〉|φB〉

)
,
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Replica trick and covering space

[ρA]ab =
1

Z1

∫
[DφB(t = 0, ~x ∈ B)]

(
〈φAa |〈φB|

)
|Ψ〉〈Ψ|

(
|φAb 〉|φB〉

)
,

=
1

Z1

∫
[DφB(t = 0, ~x ∈ B)] φAa

φAbφB φB

φB φB
t = 0+

t = 0−

B A B
~x
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Replica trick and covering space

[ρA]ab =
1

Z1

B A B
~x

φAa

φAb
t = 0+

t = 0−
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Replica trick and covering space

trAρnA =
1

(Z1)n

φA1

φA2

φA2

φA3

φAn

φA1

n copies ≡ Zn

=
Zn

(Z1)n
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Replica trick and covering space

Entanglement entropy
SA = − (∂n − 1) logZn

∣∣
n=1

All we need to know is the partition function Zn on the n-fold
cover Mn!
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Replica trick and covering space

Entanglement entropy
SA = − (∂n − 1) logZn

∣∣
n=1

All we need to know is the partition function Zn on the n-fold
cover Mn!

Comment
Regarding β = 2πn as an inverse temperature

SA = (β∂β − 1) (βF )
∣∣
β=2π

where βF (β) = − logZn
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Example: A half space

Suppose A = {x > 0, t = 0} on
M = R2

Mn : ds2 = dr2 + r2dθ2

with r ≥ 0, θ ∼ θ + 2πn

logZn =
−1

2 log det(−∇2 +m2)|Mn

SA = − 1
12 log(m

2ε2)

ε� 1 : UV cutoff

A

θ ∼ θ + 2πn

φ(x)

I = 1
2

∫
d2x

[
(∂µφ)

2 +m2φ2
]
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UV structures of the partition function

The partition function has UV divergences

logZn[gµν ] = Cd

∫
Mn

ddx
√
gΛd + Cd−2

∫
Mn

ddx
√
gΛd−2R

+ Cd−4

∫
Mn

ddx
√
gΛd−4R2 + · · ·

where Λ � 1 is a UV cutoff scale, R is a Ricci scalar

The n-fold cover Mn differs from M ≡ M1 near the
entangling surface Σ ≡ ∂A∫

Mn

Ri − n

∫
M

Ri ∼
∫
Σ
#
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UV structure of entanglement entropy

The entropy has UV divergences coming from the correlation
near Σ

UV structure of entanglement entropy

SA = cd−2Λ
d−2 + cd−4Λ

d−4 + · · · ,

with coefficients schematically written as

cd−2i =
∑

l+m=i−1

∫
Σ
RlK2m ,

K : the extrinsic curvature

It starts from the area law divergence

cd−2 ∝ Vol(Σ)
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UV finiteness of the mutual information

For two disjoint regions A and B
the mutual information

I(A,B) = SA + SB − SA∪B

The UV divergences cancel out!∫
Σ(A)

+

∫
Σ(B)

−
∫
Σ(A∪B)

= 0

The mutual information is scheme
independent

A

B
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Heat kernel expansion

Consider a free massive scalar whose effective action is

logZn = −1

2
log det(−∇2 +m2)

The heat kernel coefficients ai(Mn) depends on the geometry
Mn and known for a smooth manifold
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Heat kernel expansion

Consider a free massive scalar whose effective action is

logZn = −1

2
log det(−∇2 +m2)

=
1

2

∫ ∞

ε2

ds

s
trKMn(s) e

−m2s

The heat kernel coefficients ai(Mn) depends on the geometry
Mn and known for a smooth manifold
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Heat kernel expansion

Consider a free massive scalar whose effective action is

logZn = −1

2
log det(−∇2 +m2)

=
1

2

∫ ∞

ε2

ds

s
trKMn(s) e

−m2s

The expansion of the heat kernel KMn(s) ≡ es∇
2

trKMn(s) =
1

(4πs)
d
2

∞∑
i=0

ai(Mn)s
i

The heat kernel coefficients ai(Mn) depends on the geometry
Mn and known for a smooth manifold
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Heat kernel expansion of entanglement entropy

ai decompose to bulk and surface parts in n→ 1 limit

ai = abulk
i + (1− n)aΣi +O

(
(1− n)2

)
where the bulk part satisfies

abulk
i (Mn) = nabulk

i (M1)

The entropy is determined by only the surface part

SA =
1

(4π)
d
2

[
aΣ0
d

1

εd
+
aΣ1 −m2aΣ0
d− 2

1

εd−2
+ · · ·

]
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Heat kernel coefficients on Mn

On a smooth manifold M [E.g. Vassilevich, hep-th/0306138]

abulk
0 =

∫
M

1 , abulk
1 =

1

6

∫
M

R

Apply it to a regularized geometry M̃n

ds2M̃n
= fε(r)dr

2 + r2dθ2 + · · ·

where fε(r) is a smooth function that behaves as

fε(r → 0) = n2 , fε(r > ε) = 1 , ε� 1
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Heat kernel coefficients on Mn

Σ
r = 0

r

θ

Cone Mn

r = ε

Regularized cone M̃n
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Heat kernel coefficients on Mn

On the regularized geometry M̃n [Fursaev-Patrushev-Solodukhin 13]∫
M̃n

1 = n

∫
M̃1

1∫
M̃n

R = n

∫
M1

R+ 4π(1− n)

∫
Σ
1 +O

(
(1− n)2

)
which yields aΣ0 = 0 and aΣ1 = 2π Vol(Σ)/3
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M̃n

R = n

∫
M1

R+ 4π(1− n)

∫
Σ
1 +O

(
(1− n)2

)
which yields aΣ0 = 0 and aΣ1 = 2π Vol(Σ)/3

Again we obtain the area law divergence

SA =
1

6(d− 2)(4π)d/2−1

Vol(Σ)
εd−2

+ · · ·

(the subleading terms are similarly obtained)
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Conformal field theory

Under the conformal transformation

ḡµν(x
′) = Ω2(x)gµν(x) ,

CFT is invariant for some ∆

I[ḡµν , φ̄] = I[gµν , φ] , φ̄(x) = Ω−∆(x)φ(x)

Example: A conformally coupled scalar field with ∆ = d/2− 1
on a curved space

I[gµν , φ] =
1

2

∫
ddx

√
g

[
∂µφ∂

µφ+
d− 2

4(d− 1)
Rφ2

]
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Conformal anomaly

For CFT, the variation of the action is zero for δgµν = 2δΩgµν

0 = δI[gµν ] =

∫
ddx δgµν

I[gµν ]

δgµν
= −

∫
ddx

√
g T µ

µ δΩ(x) ,

The trace of the stress-energy tensor should vanish classically

T µ
µ = gµν

2
√
g

δI

δgµν
= 0

Quantum mechanically, however, it does not for even d
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∫
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g T µ

µ δΩ(x) ,

The trace of the stress-energy tensor should vanish classically

T µ
µ = gµν

2
√
g

δI

δgµν
= 0

Quantum mechanically, however, it does not for even d

Conformal anomaly

〈T µ
µ 〉 = (−1)

d
2
+1

2
AEd +

∑
i

Bi Ii

Ed: the Euler density (
∫
Sd Ed = 2)

Ii: the independent Weyl invariants in d dimensions

The coefficients A and Bi are the central charges
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Conformal anomaly in entanglement entropy

A scaling of length l → eσl is equivalent to gµν → e2σgµν

l
d

dl
logZn =

∫
Mn

ddx
√
g 〈T µ

µ 〉

The entanglement entropy satisfies

l
d

dl
SA =

∫
M1

ddx
√
g 〈T µ

µ 〉 − lim
n→1

∂n

∫
Mn

ddx
√
g 〈T µ

µ 〉 ≡ c0

If the rhs does not vanish (it can happen in even dimensions),
EE has a logarithmic divergence

SA ⊃ c0 log(l/ε)
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CFT in two dimensions

In two dimensions, only E2 = R/(4π) exists and choosing
A = c/3

c0 =
c

24π

[∫
M1

R− lim
n→1

∂n

∫
Mn

R
]

Applying the formula∫
M̃n

R = n

∫
M1

R+ 4π(1− n)

∫
Σ
1 +O

(
(1− n)2

)
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c0 =
c

24π

[∫
M1

R− lim
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∫
Mn

R
]

Applying the formula∫
M̃n

R = n

∫
M1

R+ 4π(1− n)

∫
Σ
1 +O

(
(1− n)2

)
EE of an interval of width l in CFT2

SA =
c

3
log(l/ε) + (finite)
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CFT in four dimensions

There are one Euler density and one Weyl invariant

E4 =
1

32π2
(
R2

µνρσ − 4R2
µν +R2

)
I4 =

1

16π2

(
R2

µνρσ − 2R2
µν +

1

3
R2

)

There are general formulae for the Riemann tensors on the
regularized manifold M̃n

CFT4 with central charges A = a, B = c

SA =
c2
ε2

+ c0 log
l

ε
+ (finite)

c0 = −a

2

∫
Σ

E2 +
c

6π

∫
Σ

(
RΣ + 2Rabab −Raa +

1

2
(Ka µ

µ )2 − 2Ka
µνKa µν

)
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In general even dimensions

There are one Euler density and several Weyl invariants

Using a formula∫
M̃n

Ed = n

∫
M1

Ed + (1− n)

∫
Σ
Ed−2

CFTd

SA =
cd−2

εd−2
+
cd−4

εd−4
+ · · ·+ c2

ε2
+ c0 log

l

ε
+ (finite)

c0 =
(−1)

d
2+1

2
A

∫
Σ

Ed−2 + · · ·
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Summary of UV divergences

In even dimensions

SA =
cd−2

εd−2
+
cd−4

εd−4
+ · · ·+ c2

ε2
+ c0 log

l

ε
+ · · ·

c0 : depends on the central charges

In odd dimensions

SA =
cd−2

εd−2
+
cd−4

εd−4
+ · · ·+ c1

ε
+ (−1)

d−1
2 F

F : scheme independent constant
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Conformal map for spherical entangling surface

Let A be a ball {ρ ≤ R, t = 0} in Rd

t

ρ

Sd−2

Rd

ds2 = dt2 + dρ2 + ρ2dΩ2
d−2
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The coordinate transformation [Casini-Huerta-Myers 11]

t = R
sin τ

coshu+ cos τ
, ρ = R

sinhu

coshu+ cos τ
,

t

ρ
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Conformal map for spherical entangling surface

Let A be a ball {ρ ≤ R, t = 0} in Rd

For CFT, the partition function is invariant

Zn[Rd] = Z[S1 ×Hd−1]|τ∼τ+2πn = tr(e−βH)|β=2πn

t

ρ

Sd−2

Rd

ds2 = dt2 + dρ2 + ρ2dΩ2
d−2

τ

Sd−2

u

S1 ×Hd−1

ds2 = dτ2 + du2 + sinh2 u dΩ2
d−2
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Relation to thermal entropy

The conformal map to the hyperbolic coordinates leads to the
equivalence of the EE across Sd−2 and the thermal entropy on
Hd−1 at T = 1/(2π)

SA = Stherm[Hd−1]|T=1/(2π)

This relation will be derived from the holographic viewpoint
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Further map to sphere

A coordinate transformation sinhu = cot θ yields a map to Sd

τ

Sd−2

u

S1 ×Hd−1

ds2 = dτ2 + du2 + sinh2 u dΩ2
d−2
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Further map to sphere

A coordinate transformation sinhu = cot θ yields a map to Sd

τ

Sd−2

u

S1 ×Hd−1

ds2 = dτ2 + du2 + sinh2 u dΩ2
d−2

Sd−2

τ

θ = 0 π/2

Sd

ds2 = dθ2 + sin2 θdτ2 + cos2 θdΩ2
d−2

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 34 / 71



Further map to sphere

A coordinate transformation sinhu = cot θ yields a map to Sd

τ

Sd−2

u

S1 ×Hd−1

ds2 = dτ2 + du2 + sinh2 u dΩ2
d−2

Sd−2

τ

θ = 0 π/2

Sd

ds2 = dθ2 + sin2 θdτ2 + cos2 θdΩ2
d−2

Replica partition function

Zn[Rd] = Z[S1 ×Hd−1]|τ∼τ+2πn = Z[Sd]|τ∼τ+2πn
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Relation to a sphere partition function

After the conformal transformation, the entropy is mapped to
a sphere partition function

For CFT and spherical entangling surface

SA = logZ[Sd]

Sdn: the n-fold cover of Sd

ds2 = dθ2 + sin2 θdτ2 + cos2 θdΩ2
d−2 , τ ∼ τ + 2πn

This relation allows us to calculate EE exactly for free field
and SUSY gauge theories!
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The AdS geometries

Consider the flat (d+ 2)-dimensional pseudo Euclidean space
defined by

ds2 = −dy2−1 − dy20 + dy21 + · · ·+ dy2d

The AdSd+1 space with the radius L is defined as a
submanifold satisfying

−y2−1 − y20 + y21 + · · ·+ y2d = −L2
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Poincaré coordinates

The coordinate transformations

y−1 =
L2 − t2 + z2 +

∑d−1
i=1 x

2
i

2z
, yd =

−L2 − t2 + z2 +
∑d−1

i=1 x
2
i

2z
y0 = Lt/z , yi = Lxi/z , (i = 1, · · · d− 1)

The metric becomes

ds2 = L2

[
dr2

r2
+ r2

(
−dt2 +

d−1∑
i=1

dx2i

)]

These coordinates cover half of the whole AdSd+1 space and
the Euclidean boundary at r = ∞ is Rd
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Global coordinates

Choose the coordinates as

y−1 = L cosh ρ sin τ , y0 = L cosh ρ cos τ

yi = L sinh ρ ei , (i = 1, . . . , d)

where ei satisfy
∑d

i=1(e
i)2 = 1

The metric becomes

ds2 = L2
[
− cosh2 ρdτ2 + dρ2 + sinh2 ρdΩ2

d−1

]
The Euclidean boundary is Sd
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Hyperbolic coordinates

The coordinate transformations:

y−1 = r coshu , y0 =
√
r2 − L2 sinh

t

L

yd =
√
r2 − L2 cosh

t

L
, yi = r sinhu ei

The resulting metric is

ds2 = −
(
r2

L2
− 1

)
dt2 +

dr2

r2

L2 − 1
+ r2

(
du2 + sinh2 u dΩ2

d−2

)
Cover half of the whole AdSd+1 space with Euclidean
boundary S1 ×Hd−1

Event horizon at r = L with β = 2πL
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The AdS/CFT and GKP-W relation

The AdS/CFT relates the partition
functions

GKP-W relation

e−Ibulk[B=AdSd+1] = ZCFT[∂B]

Consider the Einstein-Hilbert action

Ibulk[B] = − 1

16πGN

∫
B
dd+1x

√
g

(
R+

d(d− 1)

L2

)

AdSd+1 space

Rd

z
z = ε
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Holographic entanglement entropy

Following the GKP-W

SA = lim
n→1

∂n(Ibulk[Bn]− n Ibulk[B])

A

AdS space

z
z = ε
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Holographic entanglement entropy

Following the GKP-W

SA = lim
n→1

∂n(Ibulk[Bn]− n Ibulk[B])

Holographic formula [Ryu-Takayanagi 06]

SA =
Area(γA)
4GN A

AdS space

z
z = ε

γA
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Holographic entanglement entropy

Following the GKP-W

SA = lim
n→1

∂n(Ibulk[Bn]− n Ibulk[B])

Holographic formula [Ryu-Takayanagi 06]

SA =
Area(γA)
4GN

Reproduce the area law divergence

SA =
Area(∂A)
εd−2

+ · · ·

ε : UV cutoff at z = ε

A

AdS space

z
z = ε

γA
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

SA∪B∪C + SB ≤ SA∪B + SB∪C

SA + SC ≤ SA∪B + SB∪C

A

B

C

=

A

B

C

≥
A

B

C

A

B

C

=

A

B

C

≥
A

B

C
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Spherical entangling surface in CFTd

In the Poincaré patch,
Σ = {ρ = R, t = 0}

ds2 = L2 dz
2 + dt2 + dρ2 + ρ2dΩ2

d−2

z2

The area functional for z = z(ρ)

Area(γA) = Ld−1Vol(Sd−2)

∫ R

0

dρ
ρd−2

zd−1(ρ)

√
1 + (∂ρz)2

The minimal surface

z(ρ) =
√
R2 − ρ2

ρ

z
z = ε

γA
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Spherical entangling surface in CFTd

Holographic EE

SA =
Ld−1Vol(Sd−2)

4GN

∫ 1

ε/R

dy
(1− y2)

d−3
2

yd−1

=
Ld−1Vol(Sd−2)

4GN

[
1

d− 2

Rd−2

εd−2
+ · · ·

]

ρ

z
z = ε

γA

ρ

z

R

R

0
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π
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In odd dimensions
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π
d
2

Γ(d2 )

In even dimensions

c0 = (−1)
d
2+1A = (−1)

d
2+1L

d−2

2GN

π
d
2−1

Γ(d2 )

ρ

z
z = ε

γA

ρ
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R
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Viewpoint from the hyperbolic coordinates

The entangling surface Σ is at the
spatial infinity in the hyperbolic
coordinates

The minimal surface is anchored on
Σ

It coincides with the BH horizon!

Holographic EE for spherical
entangling surface

SA(R) = SBH(T ) = Stherm(T )

r = Lr = ∞
S1 ×Hd−1

Global AdS
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Viewpoint from the hyperbolic coordinates

The entangling surface Σ is at the
spatial infinity in the hyperbolic
coordinates

The minimal surface is anchored on
Σ

It coincides with the BH horizon!

Holographic EE for spherical
entangling surface

SA(R) = SBH(T ) = Stherm(T )

r = L
minimal surface

r = ∞
S1 ×Hd−1

Global AdS
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Outline

1 Basics of entanglement entropy

2 Field theoretic methods

3 Conformal field theory

4 Holographic method

5 Renormalization group flow

6 Perturbation

7 Summary
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RG flow and c-function

RG flow

UV fixed point

IR fixed point
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RG flow and c-function

RG flow

UV fixed point

IR fixed point
1/Energy

c

cUV

cIR
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RG flow and c-function

RG flow

UV fixed point

IR fixed point
1/Energy

c

cUV

cIR

c-function can be a measure of degrees of freedom!
[Zamolodchikov 86, Cardy 88, Komargodski-Shwimmer 11]
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Entropic c-theorem

2d entropic c-function:

c(r) ≡ 3r
dSA(r)

dr

Interpolate two fixed points

c(r) → cUV (r → 0) , c(r) → cIR (r → ∞)

SSA + Lorentz invariance ⇒ monotonicity [Casini-Huerta 04]

c′(r) ≤ 0
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Proof of entropic c-theorem

x

t

A ∩B
r

A

A ∪B
R

B
√
rR
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Proof of entropic c-theorem

x

t

A ∩B
r

A

A ∪B
R

B
√
rR

SSA

SA + SB ≥ SA∪B + SA∩B

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 49 / 71



Proof of entropic c-theorem

x

t

A ∩B
r

A

A ∪B
R

B
√
rR

SSA

2S(
√
rR) ≥ S(R) + S(r) ⇒ c′(r) ≤ 0
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Entanglement and c-theorem in 2d

Entropic c-function (not stationary at a fixed point)

c(t) = c for CFT , c′(t) ≤ 0

Zamolodchikov’s c-function (stationary at a fixed point)

c′(t) = −3

2
Gijβ

iβj ≤ 0 ,
∂c

∂gi
= Gijβ

j

Thermal c-function

FTherm ∼ c T 2

Every c-function coincides at a conformal fixed point
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C-theorem in 3d?

Thermal c-theorem:

FTherm ∼ cThermT
3

CT -theorem: [Petkou 94]

CT |UV ≥ CT |IR , 〈Tµν(x)Tρσ(0)〉CFT = CT
Iµν,ρσ(x)

x6

F -theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

FUV(S3) ≥ FIR(S3) , F = − logZ(S3)
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EE in CFT3 and F -theorem

We use a renormalized partition function in the F -theorem

F (S3) ≡ − logZ(ren)(S3) = finite
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EE in CFT3 and F -theorem

We use a renormalized partition function in the F -theorem

F (S3) ≡ − logZ(ren)(S3) = finite

For CFT3 [Casini-Huerta-Myers 11]

SA(R) = logZ[S3] = αR
ε − F (S3)

Proof of the F -theorem by using entanglement entropy?
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Renormalized entanglement entropy

Interpolating function between FUV and FIR
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Renormalized entanglement entropy

Interpolating function between FUV and FIR

Monotonically decreasing under RG flow
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Renormalized entanglement entropy

Interpolating function between FUV and FIR

Monotonically decreasing under RG flow

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) ≡ (R∂R − 1)SA(R)
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Renormalized entanglement entropy

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) ≡ (R∂R − 1)SA(R)

For CFT3

SA(R) = α
2πR

ε
− F (S3) ⇒ F(R) = F (S3)
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Renormalized entanglement entropy

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) ≡ (R∂R − 1)SA(R)

For CFT3

SA(R) = α
2πR

ε
− F (S3) ⇒ F(R) = F (S3)

Proof of monotonicity [Casini-Huerta 12]

SSA + Lorentz invariance ⇒ F ′(R) = RS′′(R) ≤ 0
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EE in gapped phase

Large m expansion: [cf. Grover-Turner-Vishwanath 11]

SA(R) = α
`Σ
ε

+ β m`Σ − γ +

∞∑
l=0

cΣ−1−2l

m2l+1

`Σ: length of Σ = ∂A
γ: topological entanglement entropy [Kitaev-Preskill 05,
Levin-Wen 05]

cΣ−1−2l =
∫
Σ f(κ, ∂sκ, ∂

2
sκ, · · · )

f : even for κ→ −κ (SA = SĀ)

1/m

A

κ
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Dimensional reduction for free massless fields

Dimensional reduction:
R2,1 × S1 → R2,1

[Huerta 11, Klebanov-TN-Pufu-Safdi
12]

Entangling surface: Σ× S1 → Σ

4d EE from 3d EE

S
(3+1)
Σ×S1 =

∑
n∈Z

S
(2+1)
Σ

(
m =

∣∣∣∣2πnL
∣∣∣∣)

L

A

A
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

S
(3+1)
Σ2=Σ×S1 =

∑
n∈Z

S
(2+1)
Σ (mn)

4d EE has a logarithmic divergence

S
(3+1)
Σ2

∣∣
log =

c

2π

∫
Σ2

(
Ka

µνKa µν − 1

2
(Ka µ

µ )2
)
log ε ,

From 6d anomaly, cΣ−3 = #

∮
Σ
ds κ4 +#

∮
Σ
ds

(
dκ

ds

)2
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

S
(3+1)
Σ2=Σ×S1

L→∞−−−−→ L

π

∫ 1/ε

0
dpS

(2+1)
Σ (m = p)

4d EE has a logarithmic divergence

S
(3+1)
Σ2

∣∣
log =

c

2π

∫
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REE of free massive scalar in IR region

REE: Σ = a circle of radius R ⇒ κ = 1
R

REE is monotonically decreasing to
zero in IR!
What happens in small mass
region?
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Numerical study of REE for free massive scalar

Perturbation around m = 0 doesn’t work for this case (will be
discussed from the holographic viewpoint)

Numerical method [Huerta 11]: F(0) ' 0.0638 = FUV(S3)

F is not stationary at UV fixed point!
(∂(mR)2F|(mR)2=0 ∼ 〈φ2〉 6= 0)
[Klebanov-TN-Pufu-Safdi 12, TN 14]

F = FUV − 0.13(mR)2

IR divergence?
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Holographic RG flow

Asymptotically AdS space

ds2 =
L2

z2

[
dz2

f(z)
− dt2 + d~x2d−1

]
if f(z) → 1 as z → 0

Consider the Einstein gravity coupled to matters

I =
1

16πGN

∫
dd+1x

√
−g [R+ Lmatter]
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Holographic RG flow

Asymptotically AdS space

ds2 =
L2

z2

[
dz2

f(z)
− dt2 + d~x2d−1

]
if f(z) → 1 as z → 0

Consider the Einstein gravity coupled to matters

I =
1

16πGN

∫
dd+1x

√
−g [R+ Lmatter]

Null energy condition

Tmatter
µν ξµξν ≥ 0 for any null vector (ξµξ

µ = 0)
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Holographic RG flow

The null vector

ξz =
√
f(z) , ξt = 1 , ξi = 0 (i 6= t, z)

The Einstein equation

Tmatter
µν = Rµν −

R
2
gµν

Applying the NEC

f ′(z) ≥ 0
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Holographic RG flow

The null vector

ξz =
√
f(z) , ξt = 1 , ξi = 0 (i 6= t, z)

The Einstein equation

Tmatter
µν = Rµν −

R
2
gµν

Applying the NEC

f ′(z) ≥ 0

A counterpart of SSA?
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Domain wall RG flow

A solution interpolating two AdS spaces of radius L and LIR

f(z) = 1 + η g(z) , η =
L2

L2
IR

− 1 � 1

where g′(z) ≥ 0 , g(0) = 0 , g(∞) = 1

Perturbatively calculate the entropy across Sd−2 with
ρ0(z) =

√
R2 − z2

ρ(z) = ρ0(z) + η ρ1(z) +O(η2)

which gives the expansion of the area functional

Area = A0 + η A1 +O(η2)
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Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

∆F(R) = −η πL
2

2GN

∫ 1

0
dz g(zR)

The difference between UV and IR

∆F(R→ ∞) = −η πL
2

2GN

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 60 / 71



Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

∆F(R) = −η πL
2

2GN

∫ 1

0
dz g(zR)

Monotonically decreases as R increases!

The difference between UV and IR

∆F(R→ ∞) = −η πL
2

2GN

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 60 / 71



Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

∆F(R) = −η πL
2

2GN

∫ 1

0
dz g(zR)

Monotonically decreases as R increases!

The difference between UV and IR

∆F(R→ ∞) = −η πL
2

2GN

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 60 / 71



Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

∆F(R) = −η πL
2

2GN

∫ 1

0
dz g(zR)

Monotonically decreases as R increases!

The difference between UV and IR

∆F(R→ ∞) = −η πL
2

2GN

= FIR − FUV +O(η2)
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HEE in confining geometry

Cap off in IR of AdS space
⇔ confining gauge theory

Two minimal surfaces:
disk type
cylinder type

A phase transition happens from
the disk type to the cylinder type as
the radius is increased
(∼ a confinement/deconfinement
transition)
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Holographic example: CGLP solution

[Klebanov-TN-Pufu-Safdi 12]

Dual to a gapped (2 + 1)-dim QFT [Cvetic-Gibbons-Lu-Pope 00]

Relevant deformation at UV: S = SUV + g
∫
d3xO(x)

∆[O] = 7
3 , ∆[g] = 2

3
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Relevant deformation at UV: S = SUV + g
∫
d3xO(x)

∆[O] = 7
3 , ∆[g] = 2

3

REE is stationary at UV fixed point

∂gF(g3/2R)
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g=0

= 0

When is REE stationary for a relevant
perturbation?
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Outline

1 Basics of entanglement entropy

2 Field theoretic methods

3 Conformal field theory

4 Holographic method

5 Renormalization group flow

6 Perturbation

7 Summary
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Relevant perturbation in AdS/CFT

Perturbation of CFTd: S = SCFT + g
∫
ddxO

Holographically described by a free massive scalar Φ of mass
M in AdSd+1

∆± =
d

2
±
√

(MLAdS)2 +
d2

4

Two boundary conditions near z → 0 [Klebanov-Witten 99]

Φ(z, ~x) → z∆+ [A(~x) + · · · ] + z∆− [B(~x) + · · · ]

∆ = ∆+: A = 〈O〉, B = g (standard quantization)
∆ = ∆−: A = g, B = 〈O〉 (alternative quantization)
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Relevant perturbation of HEE [TN 14]

The backreacted geometry by the scalar field

f(z) = 1 +

{
#z2∆− + · · · , ∆ 6= d/2
#zd(log z)2 + · · · , ∆ = d/2

HEE of a disk in the backreacted geometry (t ≡ gRd−∆)

dS

dt
=

{
−#t2∆−/(d−∆)−1 + · · · , ∆ 6= d/2
−#t log2 t+ · · · , ∆ = d/2

Near the UV fixed point (t = 0)
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Relevant perturbation of HEE [TN 14]

The backreacted geometry by the scalar field

f(z) = 1 +

{
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#zd(log z)2 + · · · , ∆ = d/2

HEE of a disk in the backreacted geometry (t ≡ gRd−∆)

dS

dt
=

{
−#t2∆−/(d−∆)−1 + · · · , ∆ 6= d/2
−#t log2 t+ · · · , ∆ = d/2

Near the UV fixed point (t = 0)

Classification of EE for a relevant preturbation

(1) d/2 < ∆ < d : stationary (dS/dt|t=0 = 0)
(2) d/3 < ∆ ≤ d/2 : stationary, but the perturbation fails
(3) d/2− 1 < ∆ ≤ d/3 : neither stationary nor perturbative
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Comparison to field theory results

Free massive scalar in 3d: ∆ = 1 ⇒ (3)

S(mR) = S(0)−#(mR)2 + · · ·

Consistent with the numerical computation of the F-function!
[Klebanov-TN-Pufu-Safdi 12, TN 14]

Free massive fermion in 2d (an interval): ∆ = 1 ⇒ (2)

S(mR) = S(0)−#(mR)2 log2(mR) + · · ·

Agree with the known results! [Casini-Fosco-Huerta 05, Herzog-TN
13]
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Perturbation of EE

Under the variation ρA → ρA + δρA

1st law of entanglement
δSA = −trA(δρA log ρA)

where δ〈O〉 ≡ trA(δρAO)

The modular Hamiltonian HA ≡ − log ρA is given by the
stress-energy tensor

For a spherical entangling surface in CFT [Casini-Huerta-Myers 11]

HA = 2π

∫
r≤R

dd−1x
R2 − r2

2R
T00(x)
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Perturbation of ρA for spherical entangling surface

For a spherical entangling surface in CFT

The variation of the density matrix ρA → ρA + δρA

δSA = 2π

∫
r≤R

dd−1x
R2 − r2

2R
δ〈T00(x)〉

In the gravity theory with the holographic stress tensor
δ〈T00(x)〉 ∝ hµν(x, z → 0)

The variation of the metric gµν → gµν + hµν
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It yields the linearized Einstein equation δEµν [h] = 0!
[Lashkari-McDermott-Raamsdonk 13,
Faulkner-Guica-Hartman-Myers-Raamsdonk 13]
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Summary

EE a useful measure of degrees of freedom defined in arbitrary
dimensions

For even d, central charge dependence in the logarithmic term
For odd d, the finite part as an analogue of central charge

The entropic c-theorem in two dimensions and the F -theorem
in three dimensions

REE not a c-function in the Zamolodchikov’s sense
(non-stationarity ' IR divergence)

1st law of entanglement = the linearized Einstein equation
through the holographic formula
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Open problems

Proof of the a- and F -theorem with SSA in higher
dimensions? ( The holographic c-theorem [Myers-Sinha 10,
Freedman-Gubser-Pilch-Warner 99, · · · ])

Perturbative computation of EE in QFT? IR divergence?
[Rosenhaus-Smolkin 14]

Holographic Rényi entropy formula? (For a spherical
entangling surface, [Hung-Myers-Smolkin-Yale 11])
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Open problems

Is SSA equivalent to the Null energy condition?
[Lashkari-Rabideau-Sabella-Garnier-Raamsdonk 14,
Bhattacharya-Hubeny-Rangamani-Takayanagi 14]

Einstein gravity from entanglement at non-linear level? (with
MERA [Swingle 09, Raamsdonk 09, Nozaki-Ryu-Takayanagi 12, · · · ])

· · · and more!

See the slides of the workshop
“Quantum Information in Quantum Gravity"

http://www.maths.dur.ac.uk/ dma0mr/qiqg-ubc/

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 71 / 71

http://www.maths.dur.ac.uk/~dma0mr/qiqg-ubc/


Open problems

Is SSA equivalent to the Null energy condition?
[Lashkari-Rabideau-Sabella-Garnier-Raamsdonk 14,
Bhattacharya-Hubeny-Rangamani-Takayanagi 14]

Einstein gravity from entanglement at non-linear level? (with
MERA [Swingle 09, Raamsdonk 09, Nozaki-Ryu-Takayanagi 12, · · · ])

· · · and more!

See the slides of the workshop
“Quantum Information in Quantum Gravity"

http://www.maths.dur.ac.uk/ dma0mr/qiqg-ubc/

T.Nishioka (Tokyo) Jan 19-27, 2015 @ Busan 71 / 71

http://www.maths.dur.ac.uk/~dma0mr/qiqg-ubc/

	Basics of entanglement entropy
	Field theoretic methods
	Conformal field theory
	Holographic method
	Renormalization group flow
	Perturbation
	Summary

