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What's the role of entanglement entropy in QFT?

Entanglement entropy as a measure of degrees of freedom
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What's the role of entanglement entropy in QFT?

Entanglement entropy as a measure of degrees of freedom

UV fixed point g

RG flow

CIR

> 1/Energy
IR fixed point /

Construct a monotonic function ¢(Energy) of the energy scale

Entropic c-theorem in two dimensions
F-theorem in three dimensions
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What's the role of entanglement entropy in QFT?

An order parameter for various phase transitions
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What's the role of entanglement entropy in QFT?

An order parameter for various phase transitions

Confinement/deconfinement (like Polyakov loop)
Quantum phase transition (no symmetry breaking, no classical
order parameter)

Reconstruction of bulk geometry from entanglement

Similarity between MERA and AdS space
1st law of entanglement and linearized Einstein equation of GR

Holography geometrizes the renormalization group (RG) flow

[R,G] =RG— GR =0
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Basics of entanglement entropy
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Definition of entanglement entropy

Divide a system to A and B = A: Hypt = Ha @ Hp
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Definition of entanglement entropy

Definition
Sa = —trapalogpa

|¥): wave function of a ground state

1

Ptot = WI‘PM‘I’I
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Definition of entanglement entropy

Definition

Sa = —trapalogpa

|W): wave function of a ground state

1

Ptot = W!‘PM‘PI

Reduced density matrix:

PA = tertot = Z<wiB‘pt0t|¢iB>

Hp = {\1/1]19% |¢,23>, -+ } orthonormal basis
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Example: two spin system

» ¢

A B

Hilbert spaces: Ha ={| Na,|4)a}, He ={| 5. {)B}
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Example: two spin system

Given a ground state ((¥|¥) = 1):

(W) =cosO| P)al L)p +sinb] )a| )p
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Example: two spin system

Given a ground state ((¥|¥) = 1):

W) =cosO| )al L)p +sind|])al 1)

Reduce density matrix:

pa= B YNV L)p+ B(TIE)(¥M)E
=cos” 0] Pha a(t| + sin® 6] L)a a(l |
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Example: two spin system

Reduce density matrix:

pa= p{ [U)(Y[ )+ B(T1¥)(¥1)s
=cos” 0 t)a a(t | + sin6] 1)a a(l |

[ cos’6 0
pa= 0 sin?0

Matrix notation:
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Example: two spin system

Matrix notation:
_ cos? 6 0
pA = 0 sin2 6

EE as a function of 0: |U) =cosO| M) a|{)p+sinb|)a| D5

Sa = —trapalogpa
= — cos? Alog(cos® A) — sin? A log(sin? 6)
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Example: two spin system

EE as a function of 0: |U) =cos@| M) a| {)p +sinb|)a| D5

Sa = —trapalogpa
= — cos? flog(cos® §) — sin? A log(sin? 6)

= 1: Maximally entangled, S4 = log2
cos?f = 0,1: No entanglement , S4 =0

02 0.4 06 08 10 COS[H] 2
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Quantum mechanical system

Suppose |[¥) = S04, 397 cijli)[Wh),  dap = dimHap
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Quantum mechanical system

Suppose W) = Y204, SO92, ey [wh)[0h),  dap = dimHap

A

AP« pure product state

A,B| 4
0) = 9A)¥B),  |PaB)=) ¢ W),

pa=Ta)(¥a| = Sa=0
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Quantum mechanical system

Suppose |U) = S°04, 072, il [h),  dap = dimHap

Cij F# 0;4(:;B . entangled state

Cij = Uik AeVij U,V : unitary ,
min(da,dp)
oy = Y MPE) . Mw=0,) M=1,
k=1 k
=S4 = —Z)\%log)\i
k
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Quantum mechanical system

Suppose W) = Y204, 5792, ey [wh)[0h),  dap = dimHap

Cij F# cfcf : entangled state

cij = Uik Ak Vi U,V : unitary ,
mln(dA;dB) B B
O)y= > MERIWE .,  w20,) A=1,
k=1 -
= 54 = *Z)\ilog/\? = Sg
k
Maximally entangled state
For \y = Ao = -+ = 1/y/min(da, dp)
Sa =logmin(da,dp)




Properties of entanglement entropy

For a pure ground state
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Properties of entanglement entropy

For a pure ground state

Sa=53

Strong subadditivity

SauBuc + SB < Saus + Spuc
Sa+Sc < Saus + Seuc

for any three disjoint regions A, B and C
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Properties of entanglement entropy

For a pure ground state

Sa = Sa

Strong subadditivity

SauBuc +SB < SauB + Spuc
Sa+ Sc < Saus + Ssuc

for any three disjoint regions A, B and C

Mutual information

I(A,B)=Sa+Sp—Saup >0

for any disjoint two regions A and B
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Rényi entropies

n-th Rényi entropy

Sn(A) = 12 log trap;
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Rényi entropies

n-th Rényi entropy

Sn(A) = 125 log trapy

It reduces to the entanglement entropy in n — 1 limit

Sa = lim Su(A)
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Rényi entropies

n-th Rényi entropy

Sn(A) = 11 log trap

It reduces to the entanglement entropy in n — 1 limit
Sa = lim S, (A)
n—1

Inequalities

OnSy, <0

On (n 1Sn) >0
n

O (R —1)S,) >0

87% ((n - 1)Sn) < 0




Relative entropy

For two states p and o

S(pllo) = tr[p(log p —log )]

It measures the distance between the two states
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Relative entropy

For two states p and o

S(pllo) = tr[p(log p — log o)}

It measures the distance between the two states

Properties
S(pllp) =0
1
S(pllo) > §||p — ol Positivity
S(pllo) > S(trpp||trpo) Monotonicity
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Relative entropy

For two states p and o

S(pllo) = tr[p(log p —log o)}

It measures the distance between the two states

Properties
S(ellp) =0
1
S(pllo) > §||p — ol Positivity
S(pllo) > S(trppl|trpo) Monotonicity

The strong subadditivity follows from the last inequality
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Outline

Field theoretic methods
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QFTs and replica trick

dimH = oo in QFT
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QFTs and replica trick

dimH = oo in QFT

Useful trick:

Sa = —0Oplogtrapi|, _, (trapa =1)
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QFTs and replica trick

dimH = oo in QFT

Useful trick:

Sa = —0Oplogtrapi|, _, (trapa =1)

Zn: partition function on n-covering space

Zn,
Zl)n

trapli (
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Path integral representation of the wave function

t=oco 1 t =00

_E oy E o t=20
(0]¥) = —— <n1/|¢b>—: P
PE— IR

—_— X

States |¢,,5) are the boundary conditions at ¢t = 0
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Replica trick and covering space

oalo = / DB (t = 0,7 € BY] (0 (6®]) [2)(¥] (|61)167)) .
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Replica trick and covering space

ol = — / DB (t = 0,7 € B)] ({0 1(67]) [9)(W] (|6)[65)) |

Z1
o8 % % | _
]_ = * * —
- (DP(t = 0,7 € B)] B o 0P t=0
B A B °
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Replica trick and covering space

Q3 t=0"
1 =22, — o
= — 1 AI
[pA]ab 7 r Do
B A B °
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Replica trick and covering space

/ o5 /
o7
/ o5 /
traph = (an %4 n copies = Z,,
o7
o
— Zn
~ (Zy)m
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Replica trick and covering space

Entanglement entropy

Sa=—(0n—1) 10an|n=1

All we need to know is the partition function Z,, on the n-fold
cover M,,!
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Replica trick and covering space

Entanglement entropy
Sa=—-(0,—1) loan|n=1

All we need to know is the partition function Z,, on the n-fold
cover M, !

Regarding 8 = 27n as an inverse temperature

Sa = (805 — 1) (BF)|5_y,

where SF(B) = —log Z,
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Example: A half space

Suppose A = {z > 0,t =0} on
M =R?

0~ 60+ 2mn

o(z)

—2fd2[ —|—m¢]
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Example: A half space

Suppose A = {z > 0,t =0} on
M =R?

0~ 60+ 2mn
M,, : ds? = dr? + r2d6?
withr >0, 0 ~ 0+ 2mn

o(z)

—2fd2[ —|—m¢]
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Example: A half space

Suppose A = {z > 0,t =0} on
M =R?

0~ 60+ 2mn
M,, : ds? = dr? + r2d6?
withr >0, 0 ~ 0+ 2mn

log Z,, = o()
—$logdet(—V?% 4+ m?)|um,,

—2fd2[ —|—m¢]
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Example: A half space

Suppose A = {z > 0,t =0} on
M =R?

0~ 60+ 2mn
M,, : ds? = dr? + r2d6?
withr >0, 0 ~ 0+ 2mn

log Z,, = o(x)
—$logdet(—V?% 4+ m?)|um,,

Sy = —35 log(m?e?) I'=3 [d*[(0.0)" +m*”]
€ < 1: UV cutoff
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UV structures of the partition function

The partition function has UV divergences

log Zyn |9 = Cd/ ddm\/ﬁAd + C’d_2/ ddx\/ﬁ AR

+Cy_y / Az g AR 4 - -
My

where A > 1 is a UV cutoff scale, R is a Ricci scalar
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UV structures of the partition function

The partition function has UV divergences

log Zyn |9 = Cd/ ddm\/ﬁAd + C’d_2/ ddx\/ﬁ AR
+Cy_y / Az g AR 4 - -
Mo

where A > 1 is a UV cutoff scale, R is a Ricci scalar

The n-fold cover M,, differs from M = M near the
entangling surface ¥ = 90A

Ri—n/ RiN/#
M M by
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UV structure of entanglement entropy

The entropy has UV divergences coming from the correlation
near X

UV structure of entanglement entropy

Sa=cgoA" 2+ g AT+

with coefficients schematically written as

Ci2i= Y /Rl/Cm,
>

I+m=i—1
KC : the extrinsic curvature
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UV structure of entanglement entropy

The entropy has UV divergences coming from the correlation
near X

UV structure of entanglement entropy

Sa=cgoA" 2+ g AT+

with coefficients schematically written as

Ci2i= Y /Rl/Cm,
>

I+m=i—1
KC : the extrinsic curvature

It starts from the area law divergence

cq—2 x Vol(X)
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UV finiteness of the mutual information

For two disjoint regions A and B
the mutual information

I(A,B) =Sa+ S —Saun
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UV finiteness of the mutual information

For two disjoint regions A and B
the mutual information

I(A,B) =Sa+ S —Saun

The UV divergences cancel out!

Lo
»4) Jum) Jxub)
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UV finiteness of the mutual information

For two disjoint regions A and B
the mutual information

I(A,B) =Sa+ Sp — Saun
The UV divergences cancel out!

Lo
»4) Jum) Jxub)

The mutual information is scheme
independent
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Heat kernel expansion

Consider a free massive scalar whose effective action is

1
log Z,, = D) log det(—V? + m?)
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Heat kernel expansion

Consider a free massive scalar whose effective action is
1
log Z,, = —3 log det(—V? + m?)

1 [ ds 2
==/ Zuk -m?s
AR CE
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Heat kernel expansion

Consider a free massive scalar whose effective action is

1
log Z,, = D) log det(—V? + m?)
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Heat kernel expansion

Consider a free massive scalar whose effective action is

1
log Z,, = D) log det(—V? + m?)

The heat kernel coefficients a;(M,,) depends on the geometry
M,, and known for a smooth manifold
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Heat kernel expansion of entanglement entropy

a; decompose to bulk and surface parts in n — 1 limit

where the bulk part satisfies

0" (M) = na (M)
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Heat kernel expansion of entanglement entropy

a; decompose to bulk and surface parts in n — 1 limit

where the bulk part satisfies

G;,E)UIk(Mn) — na?“'k(/\/l )

The entropy is determined by only the surface part

1 ay 1 ay —m2a) 1
d e d—2 ed2

Sa=——
(4m)2



Heat kernel coefficients on M,,

On a smooth manifold M [E.g. Vassilevich, hep-th/0306138]

1
agulk:/ 1 atfulk:g/ R
M M
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Heat kernel coefficients on M,,

On a smooth manifold M [E.g. Vassilevich, hep-th/0306138]

1
agulk:/ 1 atfulk:g/ R
M M

Apply it to a regularized geometry M,

s = fe(r)dr? +r?df® + -
where f.(r) is a smooth function that behaves as

flr—=0=n*, f(r>e=1, e<x1
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Heat kernel coefficients on M,,

Cone M, Regularized cone M,,
r=20
Yy —_—
r=ce
 ——
r
~—_
6
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Heat kernel coefficients on M,,

On the regularized geometry M, [Fursaev-Patrushev-Solodukhin 13]

/~n1=n/,\7 !

_ R=n R+47T(1—n)/1+0((1—n)2)
My, Mi Y

which yields ¢ = 0 and af = 27 Vol(%)/3
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Heat kernel coefficients on M,,

On the regularized geometry M., [Fursaev-Patrushev-Solodukhin 13]

/~n1:n/xz !

=n m(1—n —n)?
mR— M1R+4(1 )/21+O((1 )%)

which yields ¢ = 0 and af = 27 Vol(%)/3

Again we obtain the area law divergence

1 Vol(%)

Si=
A7 6(d — 2)(Am)d/21 el

(the subleading terms are similarly obtained)
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Outline

Conformal field theory
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Conformal field theory

Under the conformal transformation

(@) = Q*(2) gy (2) ,

CFT is invariant for some A

G, @] = I[gu, 8] . d(a) = Q2 (2)¢(x)
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Conformal field theory

Under the conformal transformation

(@) = Q*(2) gy (2) ,

CFT is invariant for some A
1[G @) = Ig 6, Bla) = Q2 (@)(x)

Example: A conformally coupled scalar field with A =d/2 — 1
on a curved space

ound] = 5 [ €25 [0,00% + 105 R

Jan 19-27, 2015 @ Busan 25 /71



Conformal anomaly

For CFT, the variation of the action is zero for 6g,, = 26€g,.,

Iguw]
Yo

0=0I[gw]| = /ddx O = — /dda:\/gTu" Q(x)
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Conformal anomaly

For CFT, the variation of the action is zero for 6g,, = 26€g,.,

I[QW]
Yo

0=0I[gw]| = /ddx O = — /dda:\/gTu“ Q(x)

The trace of the stress-energy tensor should vanish classically

2 oI
T/ =g"— =0

Vg oghv
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Conformal anomaly

For CFT, the variation of the action is zero for dg,, = 26Qg,.,

0=10Igw] = /dd:v 5guy% =— /dd:c\/ETu" Qx)
%

The trace of the stress-energy tensor should vanish classically

2 61
Tu“ =g = -0

Vg oghv

Quantum mechanically, however, it does not for even d

Conformal anomaly

. ~ Jan 19-27, 2015 @ Busan 26 /71



Conformal anomaly

Conformal anomaly

(_1 41

2
(T = %A Ea+) Bili

Eg: the Euler density ([¢q Eq = 2)
I;: the independent Weyl invariants in d dimensions
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Conformal anomaly

Conformal anomaly

(_1 41

2
(T = %A Ea+) Bili

Eg: the Euler density ([¢q Eq = 2)
I;: the independent Weyl invariants in d dimensions

The coefficients A and B; are the central charges

Jan 19-27, 2015 @ Busan 26 /71



Conformal anomaly in entanglement entropy

A scaling of length I — €1 is equivalent to g, — €* g,

d d
lm log Z,, = /Mn dz\/g(T,")
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Conformal anomaly in entanglement entropy

A scaling of length I — €1 is equivalent to g, — €* g,

d d
l@ log Z,, = /Mn dz\/g(T,")

The entanglement entropy satisfies

d - d Iz i d By =
ZESA_ Mld z+/g (T}, >—7111_>ml(9n/Mnd z/g(T,}) = co
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Conformal anomaly in entanglement entropy

A scaling of length I — €1 is equivalent to g, — €* g,

d d
l@ log Z,, = /Mn dz\/g(T,")

The entanglement entropy satisfies

d - d Iz i d By =
ZESA_ Mld z+/g (T}, >—7111_>ml(9n/Mnd z/g(T,}) = co

If the rhs does not vanish (it can happen in even dimensions),
EE has a logarithmic divergence

Sa D colog(l/e)
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CFT in two dimensions

In two dimensions, only Ey = R/(47) exists and choosing
A=¢c/3

co = A [/ ’R—hma ”R}
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CFT in two dimensions

In two dimensions, only Ey = R/(47) exists and choosing
A=¢c/3

co = A [/ ’R—hma ”R}

Applying the formula

_ R=n R+47T(1—n)/1+0((1—n)2)
My, My 3
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CFT in two dimensions

In two dimensions, only Ey = R/(47) exists and choosing
A=c/3

0= ur [/ R = lmon R}
Applying the formula

_ R=n R+47r(1—n)/1+0((1—n)2)
Mo, My by

EE of an interval of width [ in CFT,

S = §1og(z /€) + (finite)
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CFT in four dimensions

There are one Euler density and one Weyl invariant

1
3271‘2 (Ril’ﬂa 472’!2“/ + R2)

1 2 2 1o
Iy = 162 (pra 2R, + 572 )

Ey =

/71



CFT in four dimensions

There are one Euler density and one Weyl invariant

1 2 2 2
47 392 (lepa AR\ + R )

1 2 2 1o
Iy = 162 (pra 2R, + 572 )

There are general formulae for the Riemann tensors on the
regularized manifold M.,

CFT, with central charges A =a, B=c¢

l .
Sa = C—; + co log — + (finite)
€ €

__2 i _ 1 apN2 a a pv
Cco = 5 /EEQ‘F 6ﬂL<RE+2Rabab Raa + 2(’CH ) 2’C/_LV’C )

/71




In general even dimensions

There are one Euler density and several Weyl invariants
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In general even dimensions

There are one Euler density and several Weyl invariants

Using a formula

/~ EdZTL/ Ed+(1—n)/Ed2
n Ml by

Cd—2 d—4 C2 o
Sa=—g5+ 1t + 5 +colog- + (finite)

ol

—1 +1
2 b3
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Summary of UV divergences

In even dimensions

Cd—2 | Cd—4 C2 l
S == —_— .. —_— C 10 —_ ...
A= s T Tz TCloge

co : depends on the central charges

In odd dimensions

Cd—2 Cd—4 C1 d—1
A 6d—2+6d—4+ + E +(=1)

F : scheme independent constant

Jan 19-27, 2015 @ Busan 31/ 71



Conformal map for spherical entangling surface

Let A be a ball {p < R,t =0} in RY

Dot

Rd
ds® = dt? + dp® + p2dQ3_,
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Conformal map for spherical entangling surface

Let A be a ball {p < R,t =0} in R?

The coordinate transformation [Casini-Huerta-Myers 11]

sin T sinh u

t:Ri = -
coshu +cost ’ p coshu +cost ’

ds® = dt? + dp® + p?dQ3_,
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Conformal map for spherical entangling surface

Let A be a ball {p < R,t =0} in R?

The coordinate transformation [Casini-Huerta-Myers 11]

sint sinh u
T p =R———F——,
coshu + cosT

coshu + cosT
t
jp (0
@ Sd-2 (><0Sd—2
— U

R St x Hd-1

2 2 2, 2,02
ds” = dt” +dp” + pdSdy_o ds® = dr? 4 du® + sinh® udQ3_,
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Conformal map for spherical entangling surface

Let A be a ball {p < R,t =0} in R?

For CFT, the partition function is invariant

Zn[Rd] - Z[Sl X Hdil”TwT—FQﬂ"n, — tr(eiﬁH)‘ﬁz%rn

t
. v
f @ Sd-2 (><Ugd—2
—

R? St % He-1

2 2 2, 2302
ds™ = dt” + dp” + p"dfl_» ds? = dr? + du® + sinh® u dQ?_,
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Relation to thermal entropy

The conformal map to the hyperbolic coordinates leads to the
equivalence of the EE across S~ 2 and the thermal entropy on
HI~! at T = 1/(27)

S4 = Stherm [Hd_l] |T:1/(27r)

Jan 19-27, 2015 @ Busan 33/ 71



Relation to thermal entropy

The conformal map to the hyperbolic coordinates leads to the
equivalence of the EE across S~ 2 and the thermal entropy on
HI~! at T = 1/(27)

S4 = Stherm [Hd_l] |T:1/(27r)

This relation will be derived from the holographic viewpoint
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Further map to sphere

A coordinate transformation sinh u = cot 6 yields a map to S¢

L 0

Sl % Hd—l
ds® = dr? 4+ du® 4+ sinh? w dQ?_,
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Further map to sphere

A coordinate transformation sinhu = cot 6 yields a map to S%
d — O

— > Uu
Sl % gd-1 sd
ds® = dr? 4 du® + sinh® udQ3_, ds* = df? + sin® 9dr? + cos? 0d03_,
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Further map to sphere

A coordinate transformation sinh u = cot 6 yields a map to S¢

(L O —

(><08d—2 st ] ==
— — o

—Uu
S! x -1 s
ds? = dr? 4+ du® + sinh® udQ?_, ds® = db* + sin”® 0dr?* + cos® 0dQ2_,

Replica partition function

Zn [Rd] = Z[Sl X Hd_l]lT~T+2ﬂ'n = Z[Sd]|TNT+2TI'n
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Relation to a sphere partition function

After the conformal transformation, the entropy is mapped to
a sphere partition function

For CFT and spherical entangling surface

S, = log Z[SY

S¢: the n-fold cover of S¢
ds® = db? + sin® 0dr? + cos® Gdﬁg_z , T~T+2mn

Jan 19-27, 2015 @ Busan 35 /71



Relation to a sphere partition function

After the conformal transformation, the entropy is mapped to
a sphere partition function

For CFT and spherical entangling surface

S, = log Z[SY

S¢: the n-fold cover of S¢
ds® = db? + sin® 0dr? + cos® Gdﬁg_z , T~T+2mn

This relation allows us to calculate EE exactly for free field
and SUSY gauge theories!
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Outline

Holographic method
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The AdS geometries

Consider the flat (d + 2)-dimensional pseudo Euclidean space
defined by

ds? = —dy?, — dyg + dy? + - - + dy3
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The AdS geometries

Consider the flat (d + 2)-dimensional pseudo Euclidean space
defined by

ds® = —dy* | — dyd + dy} + -+ dy?
The AdS;41 space with the radius L is defined as a
submanifold satisfying

Y -yt yE ey = L
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Poincaré coordinates

The coordinate transformations

L= 422+ 30 a2 —L2 2422 Y a2
Y-1= ) Ya =
2z 2z
yo = Lt/z , yi = Lx;/z | (i=1,---d—1)

Jan 19-27, 2015 @ Busan 38 /71



Poincaré coordinates

The coordinate transformations

L= 422+ 30 a2 —L2 2422 Y a2
Y-1= ) Ya =
2z 2z
yo = Lt/z , yi = Lx;/z | (i=1,---d—1)

The metric becomes

ds®> = L?

dr? i
o + 2| —dt? + Z dz?
i=1
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Poincaré coordinates

The coordinate transformations

L= 422+ 30 a2 —L2 2422 Y a2
Y-1= ) Ya =
2z 2z
yo = Lt/z , yi = Lx;/z | (i=1,---d—1)

The metric becomes

ds®> = L?

dr? i
o + 2| —dt? + Z dz?
i=1

These coordinates cover half of the whole AdS;,1 space and
the Euclidean boundary at r = oo is R
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Global coordinates

Choose the coordinates as

y—1 = LcoshpsinT yo = Lcoshpcost
yi=Lsinhpe', (i=1,...,d)

where ¢’ satisfy Z?zl(ei)Q =1

Jan 19-27, 2015 @ Busan 39 /71



Global coordinates

Choose the coordinates as

y—1 = LcoshpsinT yo = Lcoshpcost
yi=Lsinhpe', (i=1,...,d)

where ¢’ satisfy Z?zl(ei)Q =1

The metric becomes

ds? = L? [— cosh? pdr? 4 dp?® + sinh? deﬁfl]
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Global coordinates

Choose the coordinates as

y—1 = LcoshpsinT yo = Lcoshpcost
yi=Lsinhpe', (i=1,...,d)

where ¢’ satisfy Z?zl(ei)Q =1

The metric becomes

ds? = L? [— cosh? pdr? 4 dp?® + sinh? deﬁfl]

The Euclidean boundary is S¢
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Hyperbolic coordinates

The coordinate transformations:

t

y—1 =rcoshu , yo = V12— L? sinhz
t .
yd:\/r2—LQCoshz , y; = rsinhue’
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Hyperbolic coordinates

The coordinate transformations:

t

y_1 = rcoshu , Yo = V12— L2 sinhz
t .
yd:\/r2—choshz , y; = rsinhu e’

The resulting metric is

ds? — — ﬁ —1)dt2 + dr’ + 72 (du2 + sinh? u dQ? )
= T3 R d—2

Iz —
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Hyperbolic coordinates

The coordinate transformations:

t
y_1 = rcoshu , Yo = V12— L2 sinhz

t .
yd:\/TQ—choshZ, y; = rsinhue’

The resulting metric is

1.2 r2

Iz —

2 d 2
ds? — — (T_ _ 1) a2+ - - r? (du? + sinh? u dQ3_,)

Cover half of the whole AdS;.1 space with Euclidean
boundary S! x H¢!
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Hyperbolic coordinates

The coordinate transformations:

t
y_1 = rcoshu , Yo = V12— L2 sinhz

t .
yd:\/TQ—choshZ, y; = rsinhue’

The resulting metric is

1.2 r2

2 d 2
ds? = — (T_ _ 1) R — - r? (du? + sinh? u dQ3_,)
-

Cover half of the whole AdS;.1 space with Euclidean
boundary S! x H¢!

Event horizon at » = L with 8 = 27L



The AdS/CFT and GKP-W relation

The AdS/CFT relates the partition
functions

AdS;.1 space

GKP-W relation ‘
e Toulk[B=AdSa 1] _ Zcrr[0B] ‘
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The AdS/CFT and GKP-W relation

The AdS/CFT relates the partition
functions

AdS;.1 space

GKP-W relation
¢~ Tkl B=AB 1] = Zepr (0B “
Consider the Einstein-Hilbert action /'

1 d(d—1 bz
IbUIk[B]:_167TGN/de+1x\/§(R+ (L2 )) zZ=c¢€
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Holographic entanglement entropy

Following the GKP-W

SA = lim 8n(Ibqu[Bn] - nIbulk[B])
n—1

/ AdS space
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Holographic entanglement entropy

Following the GKP-W

SA = lim 8n(Ibqu[Bn] - nIbulk[B])
n—1

Holographic formula [Ryu-Takayanagi 06] / AdS space

_ foealma) \ )
4GN A l: VA

Sa
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Holographic entanglement entropy

Following the GKP-W

SA = lim an(Ibqu[Bn] - nIbqu[B])
n—1

Holographic formula [Ryu-Takayanagi 06] / AdS space

o, _ Area(n) 1
47 Tagy A A
Reproduce the area law divergence y
_ Area(dA) . 5 . > 2
AT T2 L

e: UV cutoff at z = ¢
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A
B = B
C o
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
B = B > B
C C c
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
Savpuc + S < Saus+Spuc B = B > B
C C C
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
SauvBuc +SB < SauB+SBuc B = B > B
C C C
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
SauBuc +SB < SauB+SBuc B - B > B

C C C

A A

B = B

C C
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
Saupuc + 5B < Saup+SBuc B = B >BD
C C C
A A A)
B = B > B
C C c|)
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Holographic proof of strong subadditivity

SSA follows from the minimality
[Headrick-Takayanagi 07]

A A A
Saupuc + 5B < Saup+SBuc B = B >BD
C C C
A A
Sa+Sc < Saus + Spuc )
B = B > B
c c c|)
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Spherical entangling surface in CFTy,

In the Poincaré patch,
Y={p=R,t=0}

12 dz? + dt* + dp* + p2d93_,

ds® = 5
z
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Spherical entangling surface in CFTy,

In the Poincaré patch,
Y={p=R,t=0}

4s? — L2 dz? + dt* + dp* + p*dQ3_,
2’2
The area functional for z = z(p)
d—2

R
Area(v4) = L4 Vol (S*2) / dp L /T1(0,2)°
0 24=1(p)
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Spherical entangling surface in CFTy,

In the Poincaré patch,
Y={p=R,t=0}

12 dz? + dt* + dp* + p*dQ3_,
22

ds® =

The area functional for z = z(p)

d—2

R
Area(v4) = L4 Vol (S*2) / dp L /T1(0,2)°
0 24=1(p)

The minimal surface

P

0
2(p) = VR =7 "
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Spherical entangling surface in CFTy,

Holographic EE

d—1 d—2 1 o2y 458
SA:L Vol(S )/ dy(l yﬁ) z
4GN /R yd 1
CLTWoI(STH [ 1 Rd‘2+“
N 4GN d—2 ed=2
R
p
0 R
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Spherical entangling surface in CFTy,

Holographic EE

d—1 d—2 1 o2y 458
g, = LVl )/ gy (L=
4GN /R yi-l
_LYTWol(STH [ 1 RIT? N T
- 4G N d—2 ed—2 ]
In odd dimensions
_ LTt wE R
AGN T(%)
0 P

R
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Spherical entangling surface in CFTy,

Holographic EE

d—1 d—2 1 o2y 458
SA:L Vol(S )/ dy(l y°) 2
4GN e/R yd71
_ Lol T 1 R
o 4G N d—2 el=2 ]
In odd dimensions
Ld_1 %
TGN T(Y)
R
0 P

R
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Viewpoint from the hyperbolic coordinates

The entangling surface ¥ is at the
spatial infinity in the hyperbolic
coordinates

SI XH([ 1

= 00

Global AdS
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Viewpoint from the hyperbolic coordinates

The entangling surface ¥ is at the
spatial infinity in the hyperbolic
coordinates

The minimal surface is anchored on
by

SI XH([ 1

= 00

Global AdS
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Viewpoint from the hyperbolic coordinates

The entangling surface ¥ is at the
spatial infinity in the hyperbolic
coordinates

The minimal surface is anchored on
by
1 d—1 .
It coincides with the BH horizon! o IEI: . ,ArinL'mal surface
Holographic EE for spherical /
entangling surface Global AdS

SA(R) = Sgu(T) = Stherm(T)
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Outline

Renormalization group flow
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RG flow and c-function

UV fixed point

RG flow

IR fixed point
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RG flow and c-function

UV fixed point

Cuv
RG flow

CIR

> 1/Energy
IR fixed point
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RG flow and c-function

UV fixed point

Cuv
RG flow

CIR

> 1/Energy
IR fixed point /

c-function can be a measure of degrees of freedom!
[Zamolodchikov 86, Cardy 88, Komargodski-Shwimmer 11]
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Entropic c-theorem

2d entropic c-function:
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Entropic c-theorem

2d entropic c-function:

_ o d5a(r)
c(r) =3r I
Interpolate two fixed points
c(r) = cyy (r—0), c(r) = car (r— o0)
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Entropic c-theorem

2d entropic c-function:

dSa(r)
c(r)=3 I
Interpolate two fixed points
c(r) = cyy (r—0), c(r) = car (r— o0)

SSA + Lorentz invariance = monotonicity [Casini-Huerta 04]

d(r)<o
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Proof of entropic c-theorem

Jan 19-27, 2015 @ Busan 49 / 71



Proof of entropic c-theorem

Sa+ S > SauB + SanB
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Proof of entropic c-theorem
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Entanglement and c-theorem in 2d

Entropic c-function (not stationary at a fixed point)

c(t)=c for CFT, dt)<0
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Entanglement and c-theorem in 2d

Entropic c-function (not stationary at a fixed point)
c(t)=c for CFT, dt)<0
Zamolodchikov's e-function (stationary at a fixed point)

Oc

=GB
agl G’L]/B

¢(t) = —3Gy8 <0,
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Entanglement and c-theorem in 2d

Entropic c-function (not stationary at a fixed point)
c(t)=c for CFT, dt)<0
Zamolodchikov's e-function (stationary at a fixed point)

Oc

=GB
agl G’L]/B

¢(t) = —3Gy8 <0,

Thermal c-function

2
FTherm ~cT
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Entanglement and c-theorem in 2d

Entropic c-function (not stationary at a fixed point)
c(t)=c for CFT, dt)<0
Zamolodchikov's e-function (stationary at a fixed point)

3 de |
d(t) = —5Guf'8 <0, i Gi;

hermal c-function
~Y 2
i Therm cl

Every c-function coincides at a conformal fixed point
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C-theorem in 3d?

Thermal c-theorem:

3
Frherm ~ ¢ThermT’

Cp-theorem: [Petkou 94]

I V,po0
Crluv > Cr|ir , (Ty (2)T)e(0))crr = Cr - 7;6(1)

F-theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

Fuov(S?) > Fr(S*) , F =—log Z(S?)
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C-theorem in 3d?

Thermal c-theorem: Counter example by [Sachdev 93]

3
Frherm ~ ¢ThermT’

Cp-theorem: [Petkou 94]

I V,po0
Crluv > Cr|ir , (Ty (2)T)e(0))crr = Cr - 7;6(30)

F-theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

Fuov(S?) > Fr(S*) , F =—log Z(S?)
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C-theorem in 3d?

Cp-theorem: [Petkou 94]

I V,p0
Crluv > Cr|r » (Ty (2)T)e(0))crr = Cr L 7;6(30)

F-theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

Fuov(S?) > Fr(S®) , F =—logZ(S?)
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C-theorem in 3d?

Crp-theorem: [Petkou 94] Counter example by [TN-Yonekura 13]

I V,p0
Crluv > Cr|r » (Ty (2)T)e(0))crr = Cr L 7;6(30)

F-theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

Fuov(S?) > Fr(S®) , F =—logZ(S?)
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C-theorem in 3d?

F-theorem: [Jafferis-Klebanov-Pufu-Safdi 11, Myers-Sinha 10]

Fuov(S?) > Fr(S®) , F =—logZ(S?)
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EE in CFT3 and F-theorem

We use a renormalized partition function in the F-theorem

F(S?) = —log 2{"(S?) = finite
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EE in CFT3 and F-theorem

We use a renormalized partition function in the F-theorem

F(S?) = —log Z("(S%) = finite

For CFT3 [Casini-Huerta-Myers 11]

Sa(R) = log Z[S”]
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EE in CFT3 and F-theorem

We use a renormalized partition function in the F-theorem

F(S?) = —log 2" (S%) = finite

For CFT3 [Casini-Huerta-Myers 11]

Sa(R) =log Z[S?] = a2 — F(S?)
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EE in CFT3 and F-theorem

We use a renormalized partition function in the F-theorem

F(S?) = —log 2" (S%) = finite

For CFT3 [Casini-Huerta-Myers 11]

Sa(R) =log Z[S?] = o £ — F(S?)

Proof of the F-theorem by using entanglement entropy?
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Renormalized entanglement entropy

Interpolating function between Fyv and Fig
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Renormalized entanglement entropy

Interpolating function between Fyv and Fig

Monotonically decreasing under RG flow
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Renormalized entanglement entropy

Interpolating function between Fyv and Fig

Monotonically decreasing under RG flow

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) = (ROr — 1)Sa(R)
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Renormalized entanglement entropy

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) = (ROg — 1)Sa(R)

For CFT3

Sa(R) = a@ P = F(R)=F(S)
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Renormalized entanglement entropy

Renormalized entanglement entropy [Liu-Mezei 12]

F(R) = (ROr — 1)Sa(R)

For CFT3

Sa(R) = a@ _FSY = F(R)=F(SY)

Proof of monotonicity [Casini-Huerta 12]

SSA + Lorentz invariance = F(R)=RS"(R) <0
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EE in gapped phase

Large m expansion: [cf. Grover-Turner-Vishwanath 11]

Us: length of ¥ = 0A
~: topological entanglement entropy [Kitaev-Preskill 05,
Levin-Wen 05]
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EE in gapped phase

Large m expansion: [cf. Grover-Turner-Vishwanath 11]

Us: length of ¥ = 0A
~: topological entanglement entropy [Kitaev-Preskill 05,
Levin-Wen 05]

C§1—2l = fz f(K,Osk, 352&, ) }" A 1/m

f:revenfork - —k (Sa=53)
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Dimensional reduction for free massless fields

Dimensional reduction:
R?! x S! —» R%! N
[Huerta 11, Klebanov-TN-Pufu-Safdi
12]
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Dimensional reduction for free massless fields

Dimensional reduction:
R?! x S! —» R%! N
[Huerta 11, Klebanov-TN-Pufu-Safdi
12]

Entangling surface: ¥ x St = %

4d EE from 3d EE F I R "
)]

Jan 19-27, 2015 @ Busan 55 /71

g3+ _ (2+1)
ExSl Z S (

neZ

L




Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

(3+1) . (241)
822:2x81 - Zsz (mn)
neL
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

S(S—l—l) L—oo £ 1/e
¥

dp 577 (m = p)

0
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

I L 1/e
S(E?)zzlngl —= p ) dp S§2+1)(m =p)~ C§1 log e
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

341 s L [Ye 241
St ; dp SV (m = p) ~ 2 loge

4d EE has a logarithmic divergence

3+1) c v 1 2
S8 = o /E (ICZI,IC“” Sk )loge,
2
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

3+1 Lo L [V 5
S(E;;E)xSl ==, ;/0 dpS(2+1)(m:p)~c§110ge

4d EE has a logarithmic divergence

(3+1) _ c a a uv 1 a 2
SZZ |Iog T or = (KIWIC - i(lc ILH) )10g6 )

For free ng scalar fields and n,/, Dirac fermions
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Shape dependence of EE in 3d
[Klebanov-TN-Pufu-Safdi 12]

Log divergence in the large L limit

1/e
S(?’H) Lo, L / dp S(Ez+1)(m =p) ~c” loge
0

=Y xSt T

4d EE has a logarithmic divergence

(3+1) _ c a a uv 1 a 2
SZZ |Iog T or = (ICIWIC - i(lc ILH) )10g6 )

For free ng scalar fields and n,/, Dirac fermions

1
5
= 480(n0+3n1/2 fdsn

d 2
From 6d anomaly, c§3 = #7{ dsk* + #?{ ds (—H)
» b)) ds
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REE of free massive scalar in IR region

REE: ¥ = acircleofradius R = &=

==
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REE of free massive scalar in IR region

REE: ¥ = acircleofradius R = k= %
_ 7 3
F(R) = 120mR + 0 (1/(mR) )
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REE of free massive scalar in IR region

REE: ¥ = acircleofradius R = k= %

F(R) = 55— + O (1/(mR)°)

. . . F
REE is monotonically decreasing to o

zero in IR!
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REE of free massive scalar in IR region

REE: ¥ = acircleofradius R = k= %

1
F(R) = 55 + 0 (1/(mR)?)

. . . F
REE is monotonically decreasing to o
zero in IR! -
What happens in small mass o
region? w -

001, ‘N\
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Numerical study of REE for free massive scalar

Perturbation around m = 0 doesn’t work for this case (will be
discussed from the holographic viewpoint)
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Numerical study of REE for free massive scalar

Perturbation around m = 0 doesn’t work for this case (will be
discussed from the holographic viewpoint)

Numerical method [Huerta 11]:  F(0) =~ 0.0638 = Fyv(S?)
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Numerical study of REE for free massive scalar

Perturbation around m = 0 doesn't work for this case (will be
discussed from the holographic viewpoint)

Numerical method [Huerta 11]:  F(0) =~ 0.0638 = Fyv(S?)

F is not stationary at UV fixed point!

(Omr)2 Flamryz=o ~ (¢%) # 0)
[Klebanov-TN-Pufu-Safdi 12, TN 14] &

0.065

F = Fyy — 0.13(mR)?

0.060

0.055

002 004 006 0.08 0.10(mR)
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Numerical study of REE for free massive scalar

Perturbation around m = 0 doesn't work for this case (will be
discussed from the holographic viewpoint)

Numerical method [Huerta 11]:  F(0) =~ 0.0638 = Fyv(S?)
F is not stationary at UV fixed point!

(Omr)2 Flamryz=o ~ (¢%) # 0)
[Klebanov-TN-Pufu-Safdi 12, TN 14] &

0.065
F = Fyy — 0.13(mR)?
0.060
IR divergence? 0055
002 004 006 0.08 010(mR)2
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Holographic RG flow

Asymptotically AdS space
2 L? [d

e —dt* + dxdl}

22

if f(z) > 1lasz—0
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Holographic RG flow

Asymptotically AdS space
2 L? [d

e —dt* + dxdl}

22

if f(z) > 1lasz—0

Consider the Einstein gravity coupled to matters

1
T 167Gy

/dd+1:c\/—_g [R + Ematter]
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Holographic RG flow

Asymptotically AdS space

ds? — L? [dz

2_2 m—dtQ-i-d(Ed 1:|

if f(z) >1lasz—0

Consider the Einstein gravity coupled to matters

1
T 167Gy

/dd+1x\/—_g [R + ﬁmatter]

Null energy condition

TRereke” >0 for any null vector  (£,6" = 0)
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Holographic RG flow

The null vector

gz: f(z>a ft::[’ £Z:O (Z#th)
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Holographic RG flow

The null vector
=iz, &=1, &=0 (i#tz2)

The Einstein equation

R
T;T;/atter — ij o Eg;u/
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Holographic RG flow

The null vector
=iz, &=1, &=0 (i#tz2)

The Einstein equation
m R
pl/atter wv 2 Quu

Applying the NEC

f'(z) =0
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Holographic RG flow

The null vector
& =Vfz), &¢=1, §=0 (i#tz2)

The Einstein equation

R
T[r;/atter = RMV - 5glw

Applying the NEC
fl(z) =0
A counterpart of SSA?
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Domain wall RG flow

A solution interpolating two AdS spaces of radius L and Lig

2

L
f(z)=1+ng(z), T’:L_IQR_1<<1

where g'(z) >0, ¢(0)=0, g(0)=1
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Domain wall RG flow

A solution interpolating two AdS spaces of radius L and Lig

2

L
f(z)=1+ng(z), T’:L_IQR_1<<1

where ¢'(2) >0, g(0)=0, g(0)=1

Perturbatively calculate the entropy across S?—2 with

po(z) = VR — 22
p(z) = po(2) + 1 p1(2) + O(n?)
which gives the expansion of the area functional

Area = Ay +1n A1 + O(n?)
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Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

w2

AF(R) = 2GN/ dzg(zR)
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Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

7TL2 1
AF(R) = —n TR /0 dz g(zR)

Monotonically decreases as R increases!
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Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

7TL2 1
AF(R) = —n TR /0 dz g(zR)

Monotonically decreases as R increases!

The difference between UV and IR

w2
5G N

AF(R — o00) = —
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Domain wall RG flow

The variation of the F-function [Liu-Mezei 12]

7TL2 1
A =—
F(R) n e /0 dzg(zR)
Monotonically decreases as R increases!

The difference between UV and IR
wL?
K 2G N
= Fir — Fuv +0(n?)

AF(R — o0) = —
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HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory
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HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory Confining geometry

UV boundary IR boundary

1
.
’ 1

No world!

Jan 19-27, 2015 @ Busan 61 /71



HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory Confining geometry

UV boundary IR boundary

Two minimal surfaces:

\
==

o world!
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HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory

1
1
. 1
1
1
1

IR boundary
Two minimal surfaces:

disk type

1
1
1
J
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HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory

.,
.,
.,

1
I
IR boufndary
Two minimal surfaces: !
disk type .
cylinder type

7
LR =20
7’
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HEE in confining geometry

Cap off in IR of AdS space
< confining gauge theory

1
1
1
P 1
1
1

IR boundary

Two minimal surfaces:

disk type
cylinder type

1
1
1

A phase transition happens from
the disk type to the cylinder type as
the radius is increased

(~ a confinement/deconfinement
transition)

7
LR =20
7’

Jan 19-27, 2015 @ Busan

61 / 71



Holographic example: CGLP solution

[Klebanov-TN-Pufu-Safdi 12]

Dual to a gapped (2 + 1)-dim QFT [Cvetic-Gibbons-Lu-Pope 00]
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Holographic example: CGLP solution

[Klebanov-TN-Pufu-Safdi 12]

Dual to a gapped (2 + 1)-dim QFT [Cvetic-Gibbons-Lu-Pope 00]

Relevant deformation at UV: S = Syy + g [ d3z O(x)
AI0] = 3, Al = 2
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Holographic example: CGLP solution

[Klebanov-TN-Pufu-Safdi 12]

Dual to a gapped (2 + 1)-dim QFT [Cvetic-Gibbons-Lu-Pope 00]

Relevant deformation at UV: S = Syy + g [ d3z O(x)
Al = 5, Alg] = 2

REE is stationary at UV fixed point
9,F(¢°*R)|,_y =0
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Holographic example: CGLP solution

[Klebanov-TN-Pufu-Safdi 12]

Dual to a gapped (2 + 1)-dim QFT [Cvetic-Gibbons-Lu-Pope 00]

Relevant deformation at UV: S = Syy + g [ d3z O(x)
Al = 5, Alg] = 2

REE is stationary at UV fixed point
93 F(6**R)| _, =0

g=

When is REE stationary for a relevant
perturbation?
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Outline

Perturbation
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Relevant perturbation in AdS/CFT

Perturbation of CFT;: S = Scpr + gfddx(’)
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Relevant perturbation in AdS/CFT

Perturbation of CFT;: S = Scpr + gfddx(’)

Holographically described by a free massive scalar ® of mass
M in AdSg11

d d?
AL = 3 + \/(MLAd5)2 + T
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Relevant perturbation in AdS/CFT

Perturbation of CFT;: S = Scpr + gfddx(’)

Holographically described by a free massive scalar ® of mass
M in AdSg11

d d?
Ay = §i\/(MLAds) +

Two boundary conditions near z — 0 [Klebanov-Witten 99]

B(2,7) = 22 A@) + -+ 22 [B@) + - - -]

|
L_‘/\

A=Ay >., B=yg (standard quantization)
A=A_ B=

A
C A (O) (alternative quantization)
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Relevant perturbation of HEE [TN 14]

The backreacted geometry by the scalar field

_ H2P- A #d/2
f(Z)—l-l-{ #2l(logz)+ -, A=d/2
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Relevant perturbation of HEE [TN 14]

The backreacted geometry by the scalar field

_ H2P- A #d/2
f(Z)—l-l-{ #2l(logz)+ -, A=d/2

HEE of a disk in the backreacted geometry (t = gR*™%)

s _ — 2D /A=A A £ )2
dt — | —#tlog?t+ .-, A=d/2
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Relevant perturbation of HEE [TN 14]

The backreacted geometry by the scalar field

B #2204 A#£dj2
f(Z)—1+{#zd(logz)2+..., A=d/2

HEE of a disk in the backreacted geometry (t = gRY™2)
@ B —2A- /A=A AL d/2
dt | —#tlog?t+--- | A=d/2

Near the UV fixed point (¢t = 0)

Classification of EE for a relevant preturbation

(1) d/2 < A <d: stationary (dS/dt|t=o=0)
(2) d/3 <A <d/2: stationary, but the perturbation fails
(3) d/2—1< A <d/3: neither stationary nor perturbative
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Comparison to field theory results

Free massive scalarin 3d: A=1 = (3)
S(mR) = S(0) — #(mR)?> + - --

Consistent with the numerical computation of the F-function!
[Klebanov-TN-Pufu-Safdi 12, TN 14]

Free massive fermion in 2d (an interval): A =1 = (2)
S(mR) = S(0) — #(mR)*log?(mR) + - - -
Agree with the known results! [Casini-Fosco-Huerta 05, Herzog-TN

13]
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Perturbation of EE

Under the variation p4 — pa + dpa

1st law of entanglement
0S4 = —trA(5pA logpA)

where 6(O) = tr(dpas0)
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Perturbation of EE

Under the variation p4 — pa + dpa

1st law of entanglement
0S4 = —tra(dpalogpa) = 6(Ha)

where 6(O) = tr(dpas0)
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Perturbation of EE

Under the variation p4 — pa + dpa

1st law of entanglement
0S4 = —tra(dpalogpa) = 6(Ha)

where 6(O) = tr(dpas0)

The modular Hamiltonian Hq = —log p4 is given by the
stress-energy tensor
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Perturbation of EE

Under the variation p4 — pa + dpa

1st law of entanglement
0S4 = —tra(dpalogpa) = 6(Ha)

where 6(O) = tr(dpas0)

The modular Hamiltonian Hq = —log p4 is given by the
stress-energy tensor

For a spherical entangling surface in CFT [Casini-Huerta-Myers 11]

Hp=2m d g
r<R 2R
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Perturbation of p, for spherical entangling surface

For a spherical entangling surface in CFT

The variation of the density matrix p4 — pa + dpa

2 2
0S4 = 271'/ dd_lmR " 0(Too(x))
<R 2R
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Perturbation of p, for spherical entangling surface

For a spherical entangling surface in CFT

The variation of the density matrix p4 — pa + dpa

2 2
0S4 = 271'/ dd_lmR " 0(Too(x))
<R 2R

In the gravity theory with the holographic stress tensor
(Too(z)) o hyw(z,z — 0)

The variation of the metric g,, = g, + by

2 2
dArea _ zfr/ a2 = s m0(@))
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Perturbation of p, for spherical entangling surface

For a spherical entangling surface in CFT

The variation of the density matrix p4 — pa + dpa

2R

2 2
6Sa = 271'/ dd_lxR—T(S(Too(m))
r<R

In the gravity theory with the holographic stress tensor
d(Too(x)) o hyw(x,z — 0)

The variation of the metric g,, = g, + by

0Area 41 R*—1r?
L _27r/T§Rd 2T 5(Tho )

It yields the linearized Einstein equation 6E,, [h] = 0!
[Lashkari-McDermott-Raamsdonk 13,
Faulkner-Guica-Hartman-Myers-Raamsdonk 13]
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Outline

Summary
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Summary

EE a useful measure of degrees of freedom defined in arbitrary
dimensions

For even d, central charge dependence in the logarithmic term
For odd d, the finite part as an analogue of central charge

The entropic c-theorem in two dimensions and the F'-theorem
in three dimensions

REE not a c-function in the Zamolodchikov's sense
(non-stationarity ~ IR divergence)

1st law of entanglement = the linearized Einstein equation
through the holographic formula
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Open problems

Proof of the a- and F-theorem with SSA in higher
dimensions? ( The holographic c-theorem [Myers-Sinha 10,
Freedman-Gubser-Pilch-Warner 99, - --1)

Perturbative computation of EE in QFT? IR divergence?
[Rosenhaus-Smolkin 14]

Holographic Rényi entropy formula? (For a spherical
entangling surface, [Hung Myers-Smolkin-Yale 11])
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Open problems

Is SSA equivalent to the Null energy condition?
[Lashkari-Rabideau-Sabella-Garnier-Raamsdonk 14,
Bhattacharya-Hubeny-Rangamani-Takayanagi 14]

Einstein gravity from entanglement at non-linear level? (with
MERA [Swingle 09, Raamsdonk 09, Nozaki-Ryu-Takayanagi 12, - - - ])
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Open problems

Is SSA equivalent to the Null energy condition?
[Lashkari-Rabideau-Sabella-Garnier-Raamsdonk 14,
Bhattacharya-Hubeny-Rangamani-Takayanagi 14]

Einstein gravity from entanglement at non-linear level? (with
MERA [Swingle 09, Raamsdonk 09, Nozaki-Ryu-Takayanagi 12, - - - ])

- and more!

See the slides of the workshop
“Quantum Information in Quantum Gravity"
http://www.maths.dur.ac.uk/ dmaOmr/qiqg-ubc/
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