Spectral zeta function analysis for separable partial
differential equations

Klaus Kirsten

Baylor University

Sungkyunkwan Univ., Aug. 23, 2014

Joint work with Thalia Jeffres, Tianshi Lu (Wichita State University) and Guglielmo Fucci (East Carolina University)

Sungkyunkwan Univ., Aug. 2014 2% /

Klaus Kirsten (Baylor University) Spectral analysis for PDE'’s



Outline

© Motivations

© Examples for separation of variables
@ Two dimensional ball
@ Spherical suspension
@ Surfaces of revolution

© Relevant asymptotics from scratch
@ Surfaces of revolution
@ Warped product manifolds

@ Outlook

Sungkyunkwan Univ., Aug. 2014 2% /

Klaus Kirsten (Baylor University) Spectral analysis for PDE'’s



Motivations

What are spectral functions? J

o Eigenvalue problem for a suitable differential operator P def. on M:
Pup(x) = Apug(x), Bug|yeorg =0

0<Ai<)X.., A— 00 as { — 0.
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Motivations

What are spectral functions? J

o Eigenvalue problem for a suitable differential operator P def. on M:
Pug(x) = Aeue(x), BU£|XeaM =0

0< A <A, My—00 as £ — .

@ Functional determinant:

" detP = ﬁ)\g "
(=1
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Motivations

What are spectral functions? J

o Eigenvalue problem for a suitable differential operator P def. on M:
Pug(x) = Aeue(x), BU£|XeaM =0

0< A <A, My—00 as £ — .

@ Functional determinant:
[ee]
"detP=]]\"
=1
o Casimir energy:
1= 1/2
Ep =3 ;Ag
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Motivations

@ Heat kernel:

Kp(r) = Y e ™

(=1
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Motivations
@ Heat kernel:

Kp(r) = Y e ™
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k=0,1/2,1,...
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Motivations

@ Heat kernel:

Kp(t) =

Se

2

o0

1
o)

2

k=0,1/2,1,...

7—0
~Y

@ Zeta function:

Cr(s) =D A%
/=1
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Motivations

@ Heat kernel:

@ Zeta function:

- D
Cp(s) = Z)\ZS, s > 5
=1

@ Relation between zeta function and heat kernel:

ap/a_z(P, B) DD-1 1 2n+1
Res CP(S) F(z) ) z= 27 9 iy 2 ,ne NO?
Cp(—=q) = (-1)qlap/244(P,B), g € Ny
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Zeta function (p(s) = >_,o, A\, ° as best organization of the spectrumJ

@ Functional determinant:

oo

[ee]
" IndetP =) In\ = —%ZA;S = —(p(0) "
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Zeta function (p(s) = >_,o, A\, ° as best organization of the spectrumJ

@ Functional determinant:

[ee]
" IndetP = In) = —%ZA;S = —¢h(0) "

@ Casimir energy:
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Zeta function (p(s) = > 2, A, as best organization of the spectrumJ

@ Functional determinant:

e}

¥ IndetP:iIn)\g:sz)\gs

/=1 /=1

= —¢p(0) "

s=0

@ Casimir energy:

I o e (=)

More precisely:

¢ (—1 + ) 1\}3 (P.B) + FP gp( ;) +0()
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Examples for separation of variables

@ Two dimensional ball: Laplacian in polar coordinates:

10 0 1 02 5
[—75 <f5> - r_28_<p2] qu’,,(r, p) = Wm,nqsm,n(f,so)
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Examples for separation of variables

@ Two dimensional ball: Laplacian in polar coordinates:

10 0 1 9?2 2
[_rar <r8r> - r284p2] qu’,,(r, p) = wm,n(zbm,n(r’so)

@ Separation of variables:

Gmn(ry @) = Jm| (Wm,n 1) M mel
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Examples for separation of variables

@ Two dimensional ball: Laplacian in polar coordinates:

10 0 1 9?2 2
[_rar <r8r> - r284p2] qu’,,(r, p) = Wm,nqsm,n(rﬂ@)

@ Separation of variables:
Gmn(ry @) = Jm| (Wm,n 1) ™ mel

@ Impose boundary condition:

J|m| (Wm,n) =0
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Two dimensional ball

@ Zeta function:

) = D, D wmn

m=—o00 n=0
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Two dimensional ball

@ Zeta function:
o o

) = D, D wmn

m=—00 n=0

= 3 dz —2s 0
- mz_: /2mz 5 Mmi(2). Rs>1
)

z—plane
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Two dimensional ball
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Two dimensional ball
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Two dimensional ball
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Two dimensional ball

@ What is the suitable asymptotics to be subtracted?

Im(mk)  ~ \/21777 (1 j,::)l/4 (1+O <:7>>

no= Vi+Z+in|z/1+V1+2)
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Two dimensional ball

@ What is the suitable asymptotics to be subtracted?

Im(mk)  ~ \/21777 (1 :,:Z)l/4 (1+O (:7>>

no= Vi+Z+in|z/1+V1+2)

@ Functional determinant on the disc:

0) = 2 4 2ch(—1) 4+ 1
((0)—12+2§R( 1)+2|n7r+6|n2.
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Two dimensional ball

@ What is the suitable asymptotics to be subtracted?

Im(mk)  ~ \/21777 (1 :,:Z)l/4 (1+O (:7>)

no= Vi+Z+in|z/1+V1+2)

@ Functional determinant on the disc:

0) = 2 4 2ch(—1) 4+ 1
((0)—12+2§R( 1)+2|n7r+6|n2.

M. Bordag, B. Geyer, KK and E. Elizalde, Commun. Math. Phys. 179 (1996) 215-234
M. Bordag, KK and J.S. Dowker, Commun. Math. Phys. 182 (1996) 371-394
KK, P. Loya and J. Park, J. Geom. Anal. 18 (2008) 835-888
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Spherical suspension

o let M=Z x N, 1CJ0,6p], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:
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Spherical suspension

o let M=Z x N, 1CJ0,6p], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:

ds?® = db? +sin?0dxY?
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Spherical suspension

o let M=Z x N, 1CJ0,6p], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:
ds?> = db#?+sin?0dx?
2

o 1
Ay = L ideotod 1L A
M = g T ACotlas T gt
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Spherical suspension

o let M=Z x N, 1CJ0,6p], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:
ds?> = db#?+sin?0dx?
2

1
Ay = ——I—dcotﬂg—k_

T A
962 96 " sin2g"N

@ Separate variables:

d?e di 1 ) ,  (d—1)2 1 -
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Spherical suspension
o Let M =T x N, 1CJ0,6], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:
ds?> = db#?+sin?0dx?

2

1
Ay = —+dcot«9g+_

T A
962 96 " sin2g"N

@ Separate variables:

d?e di 1 ) ,  (d—1)2 1 -

@ Impose boundary condition (,u =/ m?+ @):

P (cosfp) =0

—p
—-1/24w
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Spherical suspension

o let M=Z x N, 1CJ0,6p], 6o € (0,7), N a smooth, compact
Riemannian d-dimensional manifold:
ds?> = db#?+sin?0dx?
2

1
Ay = —+dcot«9g+_

T A
962 96 " sin2g"N

@ Separate variables:

d?e di 1 ) ,  (d—1)2 1 -

@ Impose boundary condition (,u =/ m?+ @):

P cosfp) =0

:{l/Z—Fw (

G. Fucci and KK, Commun. Math. Phys. 314 (2012) 483-507
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Surfaces of revolution

f(x)
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Surfaces of revolution

f(x)

X
NS—

@ Parameterization and metric of the surface

X
S=| f(x)cosb |,
f(x)sind
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Surfaces of revolution

f(x)

X
NS—

@ Parameterization and metric of the surface

= X Xcos X) = L+ (f/(x))2 0
g ) o (TR )
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Surfaces of revolution

@ Laplacian on the surface

Ao = ——0, (g‘“’\/E 8V) o

detg
Po__f1f" _Op f10p) 1 0%
)2 \ox2 1+4(f)2 ox f 9Ox 2 062

1
1+ (
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Surfaces of revolution

@ Laplacian on the surface

Ao = ——0, (g“”\/@ 81/) o

detg
1 0% T 37@_’_5’ Oy 1 0%
14+ ()2 \0x?2 1+(f)? dx f Ox

2 962

o Eigenvalue problem for the Laplacian

©m,n(X, 0)=0m n(x) em  mel
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Surfaces of revolution

@ Laplacian on the surface

1
— iz
Ap = detgau (g \/detg 8V>g0
(82g0 't 0p f 8@) 1 0%

1
1+ PP\ 14(FR ox " Fox) 7

2 002
o Eigenvalue problem for the Laplacian
Omn(X,0)=tm n(x) €™, me U=

o)+ 0009 (5 = 1005 )+ (A= 15 ) (14 () a0 =0

1/1,,,,,,(3) = wm,n(b) =0

Sungkyunkwan Univ., Aug. 2014 %% /

Klaus Kirsten (Baylor University) Spectral analysis for PDE’s



Surfaces of revolution

o Let

/ 11
PR V:(A_

foo1+(F)2

o Consider

ma + U\ 4 vibmx =0,
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Surfaces of revolution
° Let f/ f’f” 2
m
e — — . f‘/ 2
u F TR v ()\ f2)(1+( ))
o Consider

1

m T Uy Vibm = 0, Uma(a) =0, ¢, a(a) =1
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Surfaces of revolution
° Let / 1 £ 2
fff B m 2
u—? 71+(f’)2’ v—<)\ f2>(1+(f))

o Consider

ma + U\ 4 vibmx =0, Yma(a) =0, 1, \(a) =1

o Eigenvalues are determined by

¢m,A(b) =0

Sungkyunkwan Univ., Aug. 2014 13 /
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Surfaces of revolution

! fl m2 ,

o Let

o Consider

wm A + uw:n,)\ + Vwm,A — 07 ’l/Jm,A(a) = 07 w;n,)\(a) =1

o Eigenvalues are determined by

¢m,A(b) =0

@ Zeta function
oo

Z /d)\)\ S—In@bmA(b) Rs > 1

m=—0o0

il
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Surfaces of revolution

@ Rewriting:

((s) = - /d>\ . 5—|n¢m( )

m=—00
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Surfaces of revolution

@ Rewriting:

1 oo
s) = 5 > /dA AT S—Inwm,\( )
m=—00 ~
25iN TS T s _os
= Z dz z7°m = —InvY,, _ e, (b) +
Ot ) d.
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Relevant asymptotics from scratch

@ Setup for surfaces of revolution for ¥, _2,(b):

(024 udx+v)P(x) =0  with

f'/ f'lf/l 1
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Relevant asymptotics from scratch

@ Setup for surfaces of revolution for ¥, _2,(b):

(024 udx+v)P(x) =0  with

_f‘/ f'lf/l B 5 1 o
U—?—T(f’)z, V=—m <Z+>(1+(f))

@ Ansatz for solution
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Relevant asymptotics from scratch

@ Setup for surfaces of revolution for ¥, _2,(b):

(024 udx+v)P(x) =0  with

_f‘/ flf” B 5 1 o
U—?—T(f’)z, V=—m <Z+>(1+(f))

@ Ansatz for solution

b(x) = ¢ exp{/dt ;’} exp{/dx 5(x)} with

TS

S'=-q-5? =v————
q-55  g=v-o -
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Relevant asymptotics from scratch

@ Setup for surfaces of revolution for ¥, _2,(b):

(024 udx+v)P(x) =0  with

_f‘/ flf” B 5 1 o
U—?—T(f_,)z, V=—m <Z+>(1+(f))

@ Ansatz for solution

b(x) = ¢ exp{/dt ;’} exp{/dx 5(x)} with

TS

S'=-q-5? =v————
q-55  g=v-o -

@ Assume
[ee) o
qg= Z miqg = S= Z m~'S;
i=—2 i=—1
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o Explicitly

S1 = £/—q
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o Explicitly

S1 = +£/—q2

_ 91 1
50 = 25_1 28)( In 5_1
o GitSiH >0 SiSi-j
i+1 = = 25_1
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o Explicitly

S1 = £V—q2

_ 91 1
5() = 2571 28)( In 5_]_
o GitSiH > im0 55—
i+1 — = 25_1

@ For the surface of revolution

st - i\/<z+flz) (1+(F)2)

So = —%axmsfl, Sif=...
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e Large-m expansion for ¢, _.2,(b)

d’m,—m L) = exp{ /dt 7} {Aexp (/ dt S+(t)> + Bexp (/ dt Sf(t)> }
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e Large-m expansion for ¢, _.2,(b)

Y _m2,(x) = exp{ /dt 7} {Aexp (/th s*(r)) + Bexp (/xdt 5*(t)>}

@ Impose the initial conditions ¢, _,2,(a) =0, ¥ _ , (a) =1

1/1,,,7_,,,22(3) =0—A=-B
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e Large-m expansion for ¢, _.2,(b)

wm, m2( x)—exp{ /dt —} {Aexp (/th S+(t)> + Bexp (/th Sf(t)>}

o Impose the initial conditions ¢, _.2,(a) = 0, wm @) =1

¢m,—m2z(a) =0=A=-B
Vi —me(a) = 1= A=(S"(a) =57 (a)) "
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e Large-m expansion for ¢, _.2,(b)

(s x)—exp{ /dt—}{Aexp (/th S+(t)>+Bexp (/th Sf(t)>}

o Impose the initial conditions ¢, _.2,(a) = 0, 1/1m @) =1

wm,—m2z(a) =0=A=-B
Vi —me(a) = 1= A=(S"(a) =57 (a)) "

@ Relevant expansion
Oz Inth _p2,(b) = —0;InS* (a)

b
+az/dt (mSTy(t) + So(t) + %ST(t)) +0 <,:,2>
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@ Residue at s = 1:

b
Res C(s:l):%/ F(x)\/1+ f(x)%dx
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@ Residue at s = 1:
b

Res ((s=1) = %/ f(x)\/1+ f(x)%dx = % Vol(M)

a
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@ Residue at s = 1:

b
Res ((s=1) = %/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:%> — _Yiray+ revy)
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@ Residue at s = 1:

Res ((s =1) =

N

b
/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:%> _ —%(f(a)+f(b))

_ —8% 2n(f(a) + F(b))
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@ Residue at s = 1:

Res ((s =1) =

N

b
/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:;> = (F(a) + F(b)

= o 2n(f(a) + £(b)) = — 5 Vol(OM)
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@ Residue at s = 1:

Res ((s =1) =

N

b
/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:;> = (F(a) + F(b)

= o 2n(f(a) + £(b)) = — 5 Vol(OM)

@ Valueats =0

¢(0)=0
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@ Residue at s = 1:

Res ((s =1) =

N

b
/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:;> = (F(a) + F(b)

= o 2n(f(a) + £(b)) = — 5 Vol(OM)

@ Valueats =0

((0)=0= ¢
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@ Residue at s = 1:

Res ((s =1) =

N

b
/ f(x)\/1+ f(x)%dx = % Vol(M)

@ Residue at s = %:

Res((s:%> _ —%(f(a)+f(b))

= o 2n(f(a) + £(b)) = — 5 Vol(OM)

@ Valueats =0

1
C(O):OZEX

Very valuable check of the calculation! J
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@ Notation:

b
B i ok B 1+ f/(x)? o
o0 =][a-a) as |

a
@ Functional determinant:

2 1 b f’( )2

"0) = —2Ing (e 2™/A +7r+/ X

¢(0) (b( ) 6A 6 f(x)\/1+ f'(x)?

a
1 / " (x)

dx

Y A CENT MR

T.D. Jeffres, KK and Tianshi Lu, J. Phys. A: Math. Theor. 45 (2012) 345201 (16pp)
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Warped product manifolds

o Let M =Z x N, | =]ab], N asmooth, compact Riemannian
d-dimensional manifold:
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Warped product manifolds

o Let M =Z x N, | =]ab], N asmooth, compact Riemannian
d-dimensional manifold:

ds?> = dr® + f?(r)dx?

Sungkyunkwan Univ., Aug. 2014
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Warped product manifolds

o Let M =Z x N, | =]ab], N asmooth, compact Riemannian
d-dimensional manifold:

ds? dr® 4 f2(r)dx?
2 f!
Ay = 00

LCT I
or? f(r) or

(Y
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Warped product manifolds

o Let M =Z x N, | =]ab], N asmooth, compact Riemannian
d-dimensional manifold:

ds? dr® 4 f2(r)dx?
2 f!
Ay = 00

LCT I
or? f(r) or

(Y

@ Separate variables:

d? f'(r) d m?
<dr2+df((r))dr+wz_ f2(r)>¢(r):0
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Warped product manifolds

o Let M =Z x N, | =]ab], N asmooth, compact Riemannian
d-dimensional manifold:

ds? dr® 4 f2(r)dx?
2 f!
Ay = 00

LCT I
or? f(r) or

(Y

@ Separate variables:

d? f'(r) d m?
<dr2+df((r))dr+wz_ f2(r)>¢(r):0

G. Fucci and KK, Commun. Math. Phys. 317 (2013) 635-665
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Outlook

@ How to incorporate other choices of boundary conditions?
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Outlook

@ How to incorporate other choices of boundary conditions?
Neumann boundary condition:

w:n,n(a) = d}:n,n(b) =0
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Outlook

@ How to incorporate other choices of boundary conditions?
Neumann boundary condition:

w:n,n(a) = d};n,n(b) =0

@ Corresponding initial condition:

’LMn,)\(a) =0, ¢m,>\(3) =1
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Outlook

@ How to incorporate other choices of boundary conditions?
Neumann boundary condition:

w:n,n(a) = w;n,n(b) =0

@ Corresponding initial condition:

1%"7)\(3) =0, ¢m,>\(3) =1

@ Transcendental equation determining eigenvalues:

(b)) =0

Sungkyunkwan Univ., Aug. 2014 %% /

Klaus Kirsten (Baylor University) Spectral analysis for PDE'’s



Outlook

@ How to incorporate other choices of boundary conditions?
Neumann boundary condition:

w;n,n(a) = 1/};n,n(b) =0

@ Corresponding initial condition:

Uma(a) =0, Uma(a) =
@ Transcendental equation determining eigenvalues:
(b)) =0
@ Relevant asymptotic behavior determined as before:

Yoy 2, () = exp [ /dt bl {Aexp |:/dt S+(t):| + Bexp /dt S_(t):| }

J.M. Mufioz-Castafieda, KK and M. Bordag, Heat kernel coefficients, spectral zeta functions and selfadjoint extensions
G. Fucci and KK, Spectral functions for regular Sturm-Liouville problems
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@ Results available to evaluate functional determinants and Casimir
energies for a variety of configurations
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Outlook

@ Results available to evaluate functional determinants and Casimir
energies for a variety of configurations

@ Cusp-like singularities?
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