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 I want to emphasize that NC spacetime is much more radical 
and mysterious than we thought.  

 

 I will give you an overall picture why NC spacetime implies 
emergent spacetime. The emergent spacetime opens a new 
prospect which may cripple all the rationales to introduce the 
multiverse hypothesis.  

 

 Every mathematical details will be addressed in my coming 
paper “Emergent Spacetime and Cosmic Inflation” which will 
appear pretty soon. 

 In this talk 



       Who understands quantum mechanics? 
                    

1. Quantum mechanics: mechanics on NC phase space 𝑥, 𝑝 = 𝑖ℏ. 
     The concept of (phase) space is doomed.  The (phase) space is replaced by  
     a state in ℋ and dynamical variables become operators acting on ℋ.   
   

2.  Every point in ℝ3 is unitarily equivalent because translation in ℝ3 is generated  

     by an inner automorphism of 𝒜ℏ, i.e.,   

     𝑓 𝑥 + 𝑎 = 𝑈 𝑎 𝑓 𝑥 𝑈 𝑎 † where 𝑈 𝑎 = 𝑒𝑖𝑝𝑎/ℏ. 
     Thus the NC space is a misnomer. There is no space but an algebra 𝒜ℏ only. 

 

3. The Hilbert space ℋ in most cases is separable and so has a countable basis. 

     Thus dynamical variables are represented by 𝑁 × 𝑁 matrices in 𝐸𝑛𝑑(ℋ)  
     where 𝑁 = dim ℋ → ∞. The dynamics is generated by inner derivations  

     and any derivation of the matrix algebra is inner.  

 

4. Since the Hilbert space ℋ is a complex linear vector space, the superposition of  

    two states can be allowed which brings about the interference of states.  

    We are easily puzzled, e.g., by two-slit experiment or EPR experiment.   



       We understood NC spacetime too easily! 
                    

What about NC spacetime? : 𝑦𝜇, 𝑦𝜈 = 𝑖𝜃𝜇𝜈. 
 Note that the mathematical structure of NC spacetime is essentially equivalent to  

 NC phase space in quantum mechanics. 
 

 But NC spacetime is much more radical and mysterious than quantum mechanics. 

 I think next revolution after quantum mechanics may come from the NC spacetime. 

 Let me explain why. 

  

1. NC spacetime admits a (dynamical) diffeomorphism symmetry. So gravity  

    emerges from the NC spacetime: Emergent gravity. 

 

2. NC spacetime implies emergent spacetime. A classical spacetime must be 

    derived from a NC algebra 𝒜𝜃 .  
 

3. Large N duality or gauge/gravity duality such as the AdS/CFT correspondence 

    is an inevitable consequence of the NC spacetime. 



Consider D=(𝑑 + 2𝑛)-dimensional NC 𝑈(1) gauge theory on ℝ𝐶
𝑑 × ℝ𝑁𝐶

2𝑛  whose 

coordinates are 𝑋𝑀 = 𝑥𝜇, 𝑦𝑎 ,  𝑀 = 0,1,⋯ , 𝐷 − 1,  𝜇 = 0,1,⋯ , 𝑑 − 1,   
𝑎 = 1,⋯ , 2𝑛 where 

𝑦𝑎, 𝑦𝑏 = 𝑖𝜃𝑎𝑏 . 
The D-dimensional 𝑈 1  connections are split as 

𝐷𝑀 𝑋 = 𝜕𝑀 − 𝑖𝐴𝑀 𝑥, 𝑦 = 𝐷𝜇, 𝐷𝑎 𝑥, 𝑦  

where 

                        𝐷𝑎 𝑥, 𝑦 = −𝑖 𝐵𝑎𝑏𝑦
𝑏 + 𝐴𝑎 𝑥, 𝑦 ≡ −𝑖Φ𝑎 𝑥, 𝑦 .             (1) 

Using the matrix representation 𝒜𝜃 → 𝒜𝑁 by 

Ξ 𝑥, 𝑦 ↦ Ξ 𝑥 ∈ 𝑈 𝑁 , 
the D-dimensional NC 𝑈 1  gauge theory is exactly mapped to the d-dimenisonal 

𝑈 𝑁  Yang-Mills theory  

                   𝑆 = −
1

4𝐺𝑌𝑀
2 ∫ 𝑑𝐷𝑋 𝐹𝑀𝑁 − 𝐵𝑀𝑁

2                                               (2) 

                 =-
1

𝑔𝑌𝑀
2 ∫ 𝑑𝑑x Tr(
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𝜇Φ𝑎 − 
1

4
Φ𝑎 , Φ𝑏

2) 

where 𝐵𝑀𝑁 =
0 0
0 𝐵𝑎𝑏

.     

 

                            d=0: IKKT,   d=1: BFSS,   d=2: DVV, ⋯ ,  d=4: AdS/CFT,  ⋯ .  
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Let us consider the BFSS matrix model- matrix quantum mechanics, whose action is 

given by 

                 𝑆𝐵𝐹𝑆𝑆 =
1

𝑔2
∫ 𝑑𝑡 𝑇𝑟(−

1

2
𝐷0Φ𝑎

2 +
1

4
Φ𝑎, Φ𝑏

2)                    (6) 

where 𝐷0Φ𝑎 =  
𝜕Φ𝑎

𝜕𝑡
− 𝑖[𝐴0, Φ𝑎]. Using the relationship between large N matrices and 

NC fields under the Moyal vacuum with 𝐴0 𝑣𝑎𝑐 = 0, one can show that the MQM (6)  

is equivalent to (2𝑛 + 1)-dimensional NC U(1) gauge theory. Then it is straightforward 

to show that the emergent geometry dual to the BFSS matrix model is precisely given by 

the (2𝑛 + 1)-dimensional Lorentzian metric  

              𝑑𝑠2 = 𝜆2(−𝑑𝑡2 + 𝑉𝜇
𝑎𝑉𝜈

𝑎 (𝑑𝑦𝜇 − 𝝖𝜇) (𝑑𝑦𝜈 − 𝝖𝜈))                          (7) 

where 𝝖𝜇 = −𝜃𝜇𝜈
𝜕𝐴0

𝜕𝑦𝜈
𝑑𝑡 and 𝜆2 = 𝜈(𝑉0, ⋯ , 𝑉2𝑛) with volume form 𝜈 = 𝑑𝑡 ∧ 𝜈. 

 

Interestingly, the (2𝑛 + 1)-dimensional metric (7) appears as an emergent geometry of 

the BFSS matrix model. If all fluctuations are turned off, the vacuum geometry reduces 

to flat Minkowski space ℝ1,2𝑛 and the global Lorentz symmetry should be emergent too 

as an isometry of the vacuum geometry ℝ1,2𝑛. 

  Emergent spacetime from BFSS matrix model 



We have considered a translation invariant vacuum defined by  

                                  Φ𝑎 𝑣𝑎𝑐= 𝐵𝑎𝑏  𝑦
𝑏 ∈ 𝒜𝑁,                                    (8) 

where 𝑦𝑎 , 𝑦𝑏 = 𝑖𝜃𝑎𝑏𝟙𝑁×𝑁 and 𝐵𝑎𝑏 = 𝜃−1 𝑎𝑏. The Heisenberg-Moyal algebra  

is a consistent vacuum of the BFSS matrix model. Fluctuations were introduced 

around the vacuum (8) 

                                              Φ𝑎 = 𝐵𝑎𝑏𝑦
𝑏 + 𝐴 𝑎 𝑦 .                                      

Then we see that the emergent geometry for the fluctuations is described by the 

Lorentzian metic (7) and flat space is emergent from a uniform condensate of gauge 

fields in vacuum:  

 

 Φ𝑎 𝑣𝑎𝑐= 𝐵𝑎𝑏 𝑦
𝑏 ⇒ 𝐸𝑎

(0)
= 𝛿𝑎

𝜇
𝜕𝜇 ⇒ 𝑔𝜇𝜈 𝑣𝑎𝑐= 𝛿𝜇𝜈. 

 

We can calculate the energy density for the vacuum condensate which is responsible 

for the generation of flat spacetime: 

    𝜌𝑣𝑎𝑐~
1

𝑔𝑌𝑀
2 𝐵𝑎𝑏

2~𝑔𝑌𝑀
2 𝑀𝑃

4~10−2𝑀𝑃
4 where 𝐺ℏ2/𝑐2~𝑔𝑌𝑀

2 𝜃  and  

    𝑀𝑃 = 8𝜋𝐺 −
1

2~1018 GeV.   

        Dynamical origin of spacetime  



A striking fact is that the vacuum responsible for the generation of flat spacetime is 

not empty. Rather the flat spacetime is originated from the uniform vacuum energy 

known as the cosmological constant in general relativity. 

   

But the spacetime was not existent at the beginning. Thus the vacuum condensate 

must be regarded as a dynamical process. Since the dynamical scale for the 

condensate is about of the Planck energy, the typical time scale for the condensate 

will be roughly of the Planck time ∼ 10−44 sec. Thus it is natural to consider the 

instantaneous condensate of vacuum energy enormously spreading out spacetime as 

the cosmic inflation of our universe in which the metric (7) corresponds to a final 

state of the inflation. 

 

So the question is how to describe the dynamical process for the vacuum condensate. 

Now I will argue that a natural phase space describing the cosmic inflation of our 

universe is a locally conformal cosymplectic manifold. 



 Inflation is simply an (exponential) expansion of a preexisting spacetime triggered by 

the potential energy carried by inflaton(s): 

𝐻2 =
8𝜋𝐺

3
(
1

2
𝜙 2 + 𝑉 𝜙 ) 

 Inflation is a time-dependent dynamical system and corresponds to a non-Hamiltonian 

system 

    𝜙 + 3𝐻𝜙 + 
𝛿𝑉

𝛿𝜙
= 0  →    frictional force ≈ external force  during inflation.  

 

NC spacetime is a phase space with a symplectic structure 𝐵 =
1

2
𝐵𝜇𝜈𝑑𝑦

𝜇 ∧ 𝑑𝑦𝜈.  

In a conservative dynamical system described by a Hamiltonian vector field, time 

coordinate 𝑡 is not a phase space coordinate but an affine parameter on particle trajectories. 

But, for a general time-dependent system, it is necessary to include the time coordinate as 

an extra phase space coordinate. The corresponding (2𝑛 + 1)-dimensional symplectic 

manifold is known as a contact manifold which is a triple 𝑀,𝜔, 𝜂  where 𝜔 and 𝜂 are a 2-

form and a 1-form on 𝑀 such that 𝜂 ∧ 𝜔𝑛 ≠ 0. If 𝜔 and 𝜂 are closed, i.e., 𝑑𝜔 = 𝑑𝜂 = 0, 

then 𝑀 is said to be a cosymplectic manifold. 

  

 

 



In a conservative Hamiltonian system, we have the Liouville theorem stating the invariance 

of phase space volume under Hamiltonian time evolution. 

But, the cosmic inflation means that the volume of spacetime phase space has to 

exponentially expand. Thus we need a generalized Liouville theorem describing the 

exponential expansion of spacetime.  

 

The corresponding almost symplectic manifold is known as a locally conformal symplectic 

(LCS) manifold which is a triple 𝑀,𝜔, 𝑏  where 𝑏 is a closed 1-form and 𝜔 is a 

nondegenerate (but not closed) 2-form 𝜂 satisfying 𝑑𝜔 − 𝑏 ∧ 𝜔 = 0. Locally by choosing  

𝑏 = 𝑑𝜆(𝑖) using the Poincar𝑒  lemma for a local function 𝜆(𝑖): 𝑈𝑖 → ℝ on an open 

neighborhood 𝑈𝑖, we have the relation 𝑑 𝑒−𝜆
𝑖
𝜔 = 0, so local geometry of LCS 

manifolds is exactly the same as that of symplectic manifolds. In this case, a Hamiltonian 

vector field is defined by 𝜄𝑋𝜔 = 𝑑𝑓 − 𝑓𝜔 where 𝑓 ∈ 𝐶∞(𝑀) is a globally defined function. 

This implies an important condition ℒ𝑋𝜔 = 𝑏 𝑋 𝜔.  A Hamiltonian vector field 𝑋 

corresponds to 𝑏 𝑋 = 0, which leads to ℒ𝑋
𝜔𝑛

𝑛!
 = 0, the Liouville theorem.  

 

 



Example: Mechanical systems with friction. 

 

(I) 𝜔 = 𝑑𝑞𝑖 ∧ 𝑑𝑝𝑖 = 𝑑𝑎 where 𝑎 = −𝑝𝑖𝑑𝑞
𝑖. Solve  𝜄𝑋𝜔 = 𝑎 + 𝑑𝐻. 

        ⇒ 𝑋 = 𝜅𝑝𝑖
𝜕

𝜕𝑝𝑖 
+ 𝑋𝐻 where 𝜄𝑋𝐻𝜔 = 𝑑𝐻.     

 

(II) 𝜔 = 𝑑𝑏 where 𝑏 =
1

2
𝑝𝑖𝑑𝑞

𝑖 − 𝑞𝑖𝑑𝑝𝑖 = 𝑎 − 𝑑𝜆 and 𝜆 =
1

2
𝑞𝑖𝑝𝑖. 

         ⇒  𝑋 =
𝜅

2
(𝑞𝑖

𝜕

𝜕𝑞𝑖
+ 𝑝𝑖

𝜕

𝜕𝑝𝑖 
) + 𝑋𝐻. 

 

Hamilton’s equation for the case (II) with 𝐻 =
1

2
𝑝𝑖
2 + 𝑈(𝑞) 

 

               
𝑑𝑞𝑖

𝑑𝑡
= 𝑋 𝑞𝑖 =

𝜅

2
𝑞𝑖 +

𝜕𝑈

𝜕𝑝𝑖
,            

𝑑𝑝𝑖

𝑑𝑡
= 𝑋 𝑝𝑖 =

𝜅

2
𝑝𝑖 −

𝜕𝑈

𝜕𝑞𝑖 
. 

⟹ 𝑞 𝑖 − 𝜅𝑞 𝑖 +
𝜕𝑉

𝜕𝑞𝑖
= 0 where 𝑉 𝑞 = 𝑈 𝑞 +

𝜅2

8
𝑞𝑖
2.  

In this case, the flow generated by the conformal vector field 𝑋 has the property 

𝜙∗𝜔 = 𝑒𝜅𝑡 𝜔. 
Inflation corresponds to 𝜅 = −3𝐻. 

  Conformal Hamiltonian dynamics 



 Inflation metric described by the conformal Hamiltonian vector field 𝑋𝐼 is given by 

       𝑑𝑠2 = −𝑑𝑡2 + 𝑒𝜅𝑡𝑑𝑥𝜇𝑑𝑥𝜇       𝜅 = 𝐻 , 

    after ignoring all fluctuations around the inflation background.  

    This geometry precisely describes the FRW universe for the cosmic inflation. 

 Emergent gravity predicts the existence of dark energy 𝜌𝐷𝐸~𝑀𝐻
4  which  

    put the size 𝐿𝐻 = 𝑀𝐻
−1~ 10−3𝑒𝑉 −1 of the cosmic horizon (observable Universe). 

    This implies that the size of entire universe is extremely large, 𝐿𝑈 ~ 𝑒
60𝐿𝐻, 

    compared to our visible universe 𝐿𝐻 . 

 When including fluctuations, the inflationary metric is generalized to 

       𝑑𝑠2 = − 1 + 𝜙 𝑑𝑡2 + 𝑒𝜅𝑡 𝛿𝜇𝜈 + ℎ𝜇𝜈 𝑑𝑥𝜇𝑑𝑥𝜈        𝜅 = 𝐻 . 

    ∃ reasonable size of density and tensor perturbations. 

 Inflation is a single event due to the exclusion principle of NC spacetime. 

    Our universe is (almost) stable. Chaotic, eternal inflations and cyclic universe seem  

    to be inconsistent with our picture. Our visible universe is an extremely small  

    part ~ 10−27, but the emergent spacetime picture strongly suggests the orthodox    

    universe  (not multiverse) picture.   

 

 

  

 



Inflation is an expansion of 
a preexisting spacetime 

 Existence of spacetime is a priori 
assumed. 

 Effective field theory: (modified) 
gravity ⨁ (quantum) field theory 

 Inflation is triggered by a potential 
energy carried by inflaton. 

 Inflation is an expansion of a 
preexisting spacetime. 

 𝐸 ≤ 1016 GeV (BICEP 2) 

 Inflation is (almost) eternal.  E.g., 
chaotic and eternal inflations, cyclic 
universe, etc. 

 Slow roll inflation with enough e-
folding ≥ 50~ 60. Multiverse is 
almost inevitable. 

Inflation is a dynamical 
process generating spacetime 

 Existence of spacetime is not 

assumed but defined by the theory. 
 Background independent theory: 

matrix models  

 Inflation is triggered by a condensate 

of Planck energy into vacuum. 

 Inflation is a dynamical process 

generating spacetime. 

 1015 GeV ~ 𝐸 ~ 1017 GeV 

 Inflation is a single event due to the 

exclusion principle of NC spacetime. 

     Our universe is (almost) stable. 

 Neither inflaton nor inflation 

potential.  Universe with our visible 

part ~ 10−27after 60 e−folding. 



In emergent gravity, the cosmic inflation can be triggered by the vacuum condensate 

of Planck energy that is responsible for the generation of space and time. 

 

There is no initial value problem (cf. no boundary proposal by Hawking and Hartle) 

and predicts a spatially flat universe, 𝑘 = 0. 

 

Any dilaton field and its inflation potential need not be introduced. 

 

Then an urgent question is how to end the inflation?  

Some nonlinear damping mechanism (e.g., Landau damping) through the interaction 

with density fluctuations ??? 

 

How to generalize the inflation scenario to (3+1)-dimensions ??? 

Simple minded recipe:  Wick rotation from ℝ4 to ℝ3,1 or 

                                       KK compactification ℝ4,1 → ℝ3,1 × 𝕊1. 
I am not happy with these recipes. I am thinking of alternatives:   

     Nambu structure (3-algebra of M-theory) or symplectic groupoids ?  

      

  Conclusion and open issues 


