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Chapter 1

QED Review

1.1 Maxwell’s equations

1.

Let us define covariant(z,) and contravariant (z*) vectors as

= (t,+x), w,=(t,—x).

. Show that
) ) ) )

= - = - = _- -
% = Ggn <8t’+v>’ "= o (815’

. Show that 0,,(0*) transforms like =, (2*).

Show
& = g: ~- V2.
. Show
G-J:%JO+V-J.
. Using the potential A* = (¢, A), express the electromagnetic fields

0A

EFE = — —
at V¢7
B = V xA.
Show that
i 9 . 0 0_ 0 pi i 40
Bt = @A 83;2'147 0"A" + 0'A”,
B! = eijkiAk:—eijkafAk.
ox?

(1.1)

(1.2a)

(1.3)

(1.4)

(1.6a)

(1.6b)



8. Defining the field-strength tensor
FrY = ol AY — 9" AH,
show that
E = 9A°— 904l — _F%

Bl = _léikpik,

9. Express the field strength tensor in a matrix form as

0 —-fF' —E?2 —E3
El!' 0 -—-B® B?
E2 B3 0 _Bl )
E3 —-B?2 B! 0
0 E' E? EB
-E' 0 -B* B?
F'U,y - gy,ogFaﬁgﬁy - _E2 B3 0 _Bl
—-E® —-B? B! 0

Jalls

10. Show that
F =F"(E — —E).

11. Let us define the dual field-strength tensor F*¥ as

1
F“V = _§€}LV015FQ6’

where ¢#V?P is a totally antisymmetric tensor and €prog3 = —e123 = +1.

12. Show that

0 —-B' —-B?2 _pB3
B 0 E3 —F?
B2 —E?® 0 E!
B3 E? —E' 0

FH =

13. Show that
) 0 ' Oy /%
V.V = v, (V) =3V
ot
(Vx V) = éikgvk = _cikgiyk
FFIVE =0
UL |

, 1 .. ‘ OB? 1 .. ‘

v~ gk 90 ik — _ = Aikg0 ik
(VX E) 5€ 0 F7", ot 5€ O°F
(VxB) = 0;F" - 8(% = O F”

=F"(E — B,B— —E).

(1.8a)

(1.8b)

(1.9)

(1.10)

(1.11)



14

15

16

17

18

19

20

21

22

. Show that
V-E=p — 0 F® +0,F°=J° (1.13a)
V x B — %—? =J — OF%" 4+ 9;F' =T (1.13b)
V-B=0 — %eij’faiw‘k =0 : 9 FY=0 (1.13c)
V x E + 86—? =0 — %eij’“aonk - %eijkaOFj’f =0 (1.13d)
00 F" + 0, F" =0 (1.13e)

. You have shown that Maxwell’s equations reduce into the form

O F™ =", 9, F™ =0 (1.14)

1.2 Gauge

. Show that 00"y — 0¥9"x = 0, where x is a Lorentz scalar function.
. Show that F*" is invariant under the gauge transformation
AF — AP 4 My, (1.15)
and the electromagnetic fields EF and B are also gauge invariant.
. Show that the Maxwell’s equations are gauge invariant.

. Let us use the Lorentz gauge 0 - A = 0. Show that the Maxwell’s equations reduce into

DPAM = . (1.16)

. We can make another gauge transformation
AF — AP 4 OMA. (1.17)
Show that A satisfies the Lorentz condition 9%A = 0.

. Show that '
AF = et (p)e T, (1.18)

is a solution to the free photon(J#* = 0) equation with
p’=0, ep=0. (1.19)

. Choosing A = iae” 7 where a is a scalar, show that the gauge invariance condition ensures
that the transformation

et — €M =€ + ap® (1.20)

does not change physical results.



23.

24.

25.

26.

27.

28.

29.

30.

31.

If we choose a such that € = 0, show that
ep=0 (1.21)
and it is equivalent to the Coulomb gauge V - A = 0.

Show that the transverse condition €-p = 0 and Coulomb gauge condition €-p = 0 restricts the
photon to have only two degrees of freedom

" =(0,1,0,0), (0,0,1,0) (1.22)
if p* = (E,0,0, E).

We have shown that there are only two independent parameters describing the polarization vector
et of the photon. There are only two polarization(spin) states for a massless spin-1 particle.

Show that spin-1 wavefunction is expressed in terms of spherical harmonics for |¢ = 1,/,) states
as

YE@D,0) = F 3 gingeio =4/ ?;fﬁ (), (1.23a)

8

YP(0,6) = % ﬁ - €(0). (1.23b)

where 7 = (sin € cos ¢, sin 0 sin ¢, cos ¢).

We can express the spherical harmonics in Cartesian coordinate system, which is convenient for
vector transformation. The polarization vectors €()\) are defined by

e(+) = ;\}i(iiifg):$\}§(l,ii,0) (1.24a)
€0) = 2=(0,0,1) (1.24D)

Show that the polarization vectors are expressed using four-vector nontation as

(+) = ¢\}§(0,1,ii,0), (1.252)
¢(0) = (0,0,0,1). (1.25b)

Show that massless photon’s wavefunction is a linear combination of ¢”(+). The longitudinal
state €/(0) is not allowed.

Show the orthogonality conditions

e\ -e(N) = M, (1.26a)
A\ -e(N) = —&W. (1.26D)

Show that the spin sum of the polarization tensor is

DN = 87 =67 28 =

A==+

(1.27a)

O O =
O = O
o O O

ij

if k" = (k,0,0,k).



32.

33.

34.

35.

36.

Show that the spin sum of the polarization tensor is

Y NN = 6Y =6 - o (1.28a)
A==

if k* = (|k|, k). The polarization sum is for the Coulomb gauge, where V - A = 0.

Defining n = (1,0,0, —1) when p = (F, 0,0, E'), show that we may write it in a Lorentz covariant
form

0000
0100 pnY + ntp”
* U v _ v
ée WM = | 5 01 0 L (1.29a)
- 0000
%
The formula e oy
e = 3 et () = —g 4 TP (1.30)

p-n

is valid for any light-like vector n? = 0 satisfying e-p # 0, n-p # 0, and n-e = 0. Show explicitly
that

m, — -2 (1.31a)
n W = 0, n, I =0, (1.31b)
p I =0, p JI" =0. (1.31c)

The polarization sum is for the light-cone gauge, where n - A = 0 with n? = 0.
We can extend our formula to the case n? # 0 keeping € - p # 0, n-p # 0, and n - € = 0. Derive

p'nY +nkp”  niplp”
I = (N (N) = =g + — . 1.32
2 (A" (V) P -2 (1.32)

from the conditions

m, = -2 (1.33a)
n, " = 0, n, " =0, (1.33D)
pu 1" =0, pJII" =0, (1.33¢c)

The polarization sum is for the axial gauge, where n - A = 0 with n? # 0.

1.3 Lagrangian

Euler-Lagrange equation: Action is defined by
S = / d*zL(p,0,0). (1.34)

5



37.

38.

39.

40.

41.

Show that under the variation ¢ — ¢ + d¢, where ¢ and 0,,¢ are fixed at the end points

58 = / d*z6L(9,0,0) = / diz { 5 + oL 00,0 (1.35a)
oo 9(0,0)
oL oL
= [d'z [ —0 ] 5, 1.35b
f |5~ %aia,5) ¢ (1:350)
where we neglected the surface term
oL oL
d4x6t[ 5¢] / da,———08¢. 1.36a
J 450 |55, " 5(0,9) (1362
Show that §S = 0 if ¢ satisfies the Euler-Lagrange equation
oL oL
— —0,=——=0. 1.37
96~ 90,9 (137
real scalar field If )
L= 5(0u00"¢ — m2¢?), (1.38)

show that the Euler-Lagrange equation is the Klein-Gordon equation

(0 +m?)p = 0. (1.39)
This leads to p? = m?2.

Symmetry and conserved current If the Lagrangian is invariant under a transformation
¢ — ¢+ ¢, show that

5L(6,0,6) — %(sm (aﬁqﬁ)(sauqs, (1.40)
oL oL
= a0+ a0 (1.40)
oL
~ 9, [ (maqs] 0. (1.40¢)

If there is symmetry, there is a corresponding conserved quantity.

The conserved (0 - J = 0) current
oL

9(0,9)
If the current is vanishing on a boundary surface, charge inside the surface is conserved

9Q
ot

JH 9. (1.41)

=— d%V-J:—/da-Jzo, (1.42a)

where Q = [ d3zJ°.



42.

43.

44.

45.

46.

47.

48.

Show that

1
—iFWF/w = E?> - B? (1.43a)
Show that
1 uy " 1 2 2
E:—ZF Fo—J Auzi(E —B*)—pp+J-A
Show that the Euler-Lagrange equation for the Lagrangian is the Maxwell’s equations

OuF" = Jv; (0% — 019,)AY = J” (1.44)

1.4 Classical charged-particle Lagrangian
Consider a particle with the charge ¢ and mass m moving in an external electromagnetic field.

The equation of motion is

dE dp
E—qv‘E, E—q(E—F'va). (1.45a)

Let us define the four-velocity in Lorentz covariant notation

_dzt

ut = o = ~v(1,v). (1.46)

show that u? = 1.

Using the four-velocity in Lorentz covariant notation, show that
dp‘u v
d—:qq/(v-E,EijxB):qF“ Uy, (1.47)

-

where p* = mu* and m is the rest mass of the particle.

Show that
0 —-FE' —E? —E3 1
E' 0 -B* B? —v!
Fl“/uy = 7 E2 B3 0 _Bl —’l)2 (148&)

E3 —-B? B! 0 —v3
UIE1+U2E2+U3E3 14

B El + (7}233 o ,U3B2)

= 7 E2 4+ (,UBBI _ 0133) (1-48b)

E3 + (1)132 _ ’U2B1)



49.

50.

o1.

52.

53.

Free particle Lagrangian: Consider a free particle with a mass m. The action must be Lorentz
invariant and the only available Lorentz invariant scalar is m.

ty tr
S:/ti Ldt:/tifyLdT:f(m). (1.49)

and Lv must be a scalar. And the dimension must be order of mass. Let us try

L=-""c my/1- 2 (1.50)

~
Show that the Euler-Lagrange equation is

0 (0L oL
5 (avi) ~ 55 =0, (1.51a)
oL mu’ -

M 1.51
Y, e AU (1.51b)
0 N
a(m’yv ) =0. (1.51c)

Momentum is conserved! < free particle.

Show that corresponding Hamiltonian is

oL 0 ,— mu?
pl = avz = a/Ui 1 - ’UQ = \/17_71;2, (152&)
H = pivi—L:L”?er 1 — 2 (1.52b)

)
_mll=Y) T (1.52¢)
=ym = v/ p? +m2. (1.52d)

Charged particle Lagrangian: In nonrelativistic quantum mechanics, Liyy = —Vipg. If we
consider the electrostatic potential in nonrelativistic quantum mechanics,

Lint = _Vint = _Qd)- (153)

Let us construct a Lorentz scalar. As we did for a charged particle, yvL must be Lorentz invariant
and in the nonrelativistic limit the Lagrangian must reduce the form shown above.

Lo = 224 (1.54)
Y
where v = v(1,v) and A* = (¢, A).
Therefore,
- A
[—_mta-4 =-mV1-v2—qgp+qu-A (1.55)

v



Conjugate momentum is

- oL - - ; P—qg4A
P = - =ymv' +qA' = (p+qA) — v= a , (1.56a)
ot ym
P —gA)?
| = 212y =2 B eAS 1.56b
P - = - T AL (1.560)
P—qg¢A
— ym = \/(P—qA)2+m2 — v = d . (1.56¢)
\/(P —qA)? +m?
54. Show that
P —gqA)?
(P—qA) v = (P-qd) (1.57a)
\/(P —qA)? +m?
2 2
meo_ m . (1.57b)
v m \/(P —qA)? +m?
Then the Hamiltonian is
H = P-U—L:(P—qA)-H%Jrq(b (1.58a)
= J(P—qA?+m2 1 g0 (1.58D)
55. The Hamiltonian for a charged particle
H= \/(P — qA)? +m?2 + qo. (1.59)
is same as that for a free particle
H = +/p?>+m? (1.60)
when we substitute
H — H-—q¢ (1.61a)
p — P—qA. (1.61Db)
56. Show that mass-shell condition still holds
pP=m? p'=(E—q¢,P—qA), (1.62)
where FE is the total energy of the particle
57. Nonrelativistic case: Show that in the nonrelativistic(NR) limit
P —qA)?
H=J(P—qA)+m? (P_aA) | 1.
VP =0y 4 gp S g (1.63
We could have derived the form from the free particle equation
p?
H:2—<— [H— H—q¢p, p— P —qA]. (1.64)
m



58.

59.

60.

61.

62.

Schrédinger equation for a charged particle: For a free particle, we replace

0
p——iV, H— ZE’ (1.65)

which generate p and F once they act on the free-particle wavefunction e~
operator to the wavefunction 1.

ip-x

, and apply the

9 (—iV)?
Show that the Schrodinger equation for a charged particle is
_ (P—qA)
(H—-q9)y = 5 U (1.67a)
(0 (—V +igA)?
— A° = ———— ). 1.
z<8t—|—zq >w 5 P (1.67Db)

1.5 Gauge Invariance and Covariant Derivative

Let us define the covariant derivative

D' = 9" +igA" = (D°,-D) = (gt +iqA°, -V + iqA> : (1.68)
Show that the shrédinger equation becomes
D?
D% = ———1). 1.
iD=~y (1.69)

Let us replace ¢ — ¢’ = U1), where the transformation keeps the probability
Pl =Ty - UTU = 1. (1.70)
Therefore U is unitary.
We know physical observables are invariant under the gauge transformation
AP — AT = AF 4 9Hy. (1.71)

We will find there IS a gauge transformation that keeps the Shrodinger equation invariant under
the unitary transformation ¢ — ¢/ = U1).

D'F = 9F 4igA" = " +iq(A* + 0"x) = D* + iqd*x (1.72a)
DY = 8°+ig(A°+0") (1.72b)
-D' = -V +iq(A-Vy). (1.72c)
Show, if O*x = é(@“U)UT, that

DUy = UD%, DUy =UDvy (1.73a)
(D")*Uy = D'(UDvy)=UD%) (1.73b)

Therefore, Schrédinger equation is invariant under the gauge transformation
AP A =g AUt 4 Loryut, @ s = Uy, UU =1 (1.74)

q

10



63.

64.

65.

66.

67.

1.6 Scalar particle

Scalar particle and EM interaction Remember

H=+p?>+m2— H?>=p*>+m> (1.75)

Klein-Gordon equation is the wave equation for a scalar particle that can be obtained by the
replacement H — i0° and p = —iV, that is p* — iOH

(0% +m?)¢p = 0. (1.76)

We have checked that the Lagrangian for the equation of motion is
1
L£=5(0"60u0 — m2¢?). (1.77)

If we introduce a complex scalar field, that can be constructed as a linear combination of two

real scalar fields as .

¢ = —=(¢1 +ig2) (1.78)

S

2
Q" F 0.

Using the fact that ¢1 and ¢o are satisfying the Klein-Gordon equation, show that ¢ and ¢* also
satisfies the Klein-Gordon equation.

(D> +m*)p =0, (0°+m?)¢*=0. (1.79)

Show that the Lagrangian is
L = 0"¢p*0up — m2p*o. (1.80)

Now we can introduce the covariant derivative to the complex scalar field.

L= (D) (Dug) —m’¢le, DM = 0" +iqAr. (1.81)

Show that the Lagrangian is invariant under the gauge transformation

¢ — Ugp, UU=1, (1.82a)
AP o UArUt + Lottt (1.82b)
q

The Lagrangian for the electromagnetic field is

1
L= —EF’“’FW - J'A,. (1.83a)
Show that the current J* is
JH = +iq [¢ToM 6 — (06)¢| (1.84)

by expanding the covariant derivative.

11



68.

69.

70.

71.

72.

73.
74.
75.
76.

e

78.
79.

80.

81.

Show that the J* is conserved

ouJ" =0 (1.85)
by using the Klein-Gordon equation.
Show that
Q= /dSmJO =0 (1.86)
for a real scalar field ¢* = ¢.
Show that the current becomes
JH = q x |N|*2pH. (1.87)

if we use the free-particle wavefunction ¢ = Ne 7 and ¢* = N*eP* where N is the normal-
ization factor.

Show that, if [d3z =V,

Q= /d3a:J0 =g x |[N|*2EV. (1.88)
Choose the covariant normalization N = 1/ V'V and show that the charge inside the volume
V= [dis

Q= /d%JO =g x 2E. (1.89)

q is the charge of the particle ¢.
Show that 2F is the number of particles in V.
Show that the charge @ in V is not Lorentz invariant.

The number of particles in V' is 2m if the particle is at rest. Explain why the density is increasing
with a factor E/m compared to that for the rest frame because of the length contraction.

Negative energy solution to the Klein-Gordon equation: Let us go back to the Klein-
Gordon equation
(0* +m*)¢p = 0. (1.90)
Show that there are two solutions
¢p = Ne ¥ ¢ = Netwe (1.91)
where p = (E,p) with E = /p?>+m? > 0.
Show that JH(¢ = ¢4 ) = q x 2p*|N|? and JH(¢ = ¢_) = —q x 2p*|N|2.

Show that JH(¢ = ¢_) = q x 2(—p*) means that a negative energy particle with charge +q is
flowing from the future to the past.

Show that JH(¢p = ¢_) = (—q) x 2p* means that a positive energy particle with charge —q is
flowing from the past to the future.

Combining the two equivalent statements, we conclude as follows. Once we know how to deal
with a scalar particle with charge +¢q, the wavefunction for a positive-energy scalar particle with
charge —q can be described in terms of the negative-energy scalar particle with charge +¢ flowing
backward!

12



82.

83.

84.

85.

86.

1.7 Time-dependent perturbation theory

Consider
p2
H = Hy+V, Hy=2" (1.92a)
2m
Hobn = Entn, / 6% ()60 () = S (1.92b)

Write the wavefunction ¢ in terms of the eigenfunctions of the unperturbed Hamiltonian as

U= an(t)pne P, (1.93)
Solve a,, satisfying
0
iazb = (Ho+ V)¢ (1.94)
to get
; 8an( ) n 77,En Zan t T ¢n( ) fiEnt' (195)

Show that a,(t — —o0) = d,,; means the initial state is monochromatic

Y(t = —00) = ¢(x)e Eil, (1.96)
Convoluting
/ Azl (@)e'tr!, (1.97)
show that
aji= 05— / dd* s} (@)V (1, @)¢(@)e s 2! (1.98)
In short
Yt —o0) = SY(t — —0), (1.99a)
S = 14T, (1.99Db)
iT = —i / d*z ¢} (z)V i(x) =i / d*zLing = Ling. (1.99¢)
Show that, if 7 is Hermitian
T =T & Lin, (1.100)
S is unitarity STS = 1. Therefore,
Whp(t = o0) = ¥yt = —o0). (1.101)

13



87. Energy-momentum conservation: If the potential is independent of time V (t,x) = V(x),

88.

89.

90.

iT'r; becomes

Ty = —iVpi / dte'Er=EDt — i, (2m)8(Ey — Ey), (1.102a)
Vii = / d*zol(x)V (z)i(), (1.102b)
and the energy is conserved.
P} _ p}
— =t 1.103
2m  2m ( )

In general, py # p;. Where is the lost momentum, p; — py? It has been transferred to the
potential because

d’k +ik-x
V() = (QW)?)V(k)e , (1.104a)
oh(x) = NpetPre, (1.104b)
pi(x) = N P2 (1.104c)
Show that
Vi = NfNi/d3kV(k)5(k +py —pi) = NyN;V(pi — py). (1.105)

Therefore, momentum is conserved k 4 py = p;.

1.8 Propagator

Propagator for a scalar particle: Let us recall the transition matrix
iT =i | d*aLlin. (1.106)

We choose Lipt = —quJ which is analogous to the electromagnetic interaction lagrangian —J, A*.
Resulting lagrangian for a scalar field is

L=¢"(-=0*—m?) ¢—¢'J, (1.107)
where we neglect the surface term. Then the wave equation becomes

oL

prike 0 = (>+m?)p=—J (1.108)
Show that
o) = [ dy*ra - ). (1.109)
if
(0% + m?) Ap(z) = —5(x). (1.110)

Hint: Act 82 + m2 to both sides.

14



91.

92.

93.

94.

95.

96.
97.
98.

Show that

iT = i / Ao Liny = —i / dzJ(z)é(z) (1.111a)
= —i/d4xd4yJ(5L‘)AF(x—y)J(y) (1.111Db)
= [ atady s (e - ) [-iT) (1.1110)

iAp(x — y) is the Feynman propagator. It describes the propagation of a scalar field from a
space-time point y to x.

Show that . oo
© —ip 'z )
/ B — e i 2% >0, (1.112)
oo 2m PV — E +ie
Hint: Use Cauchy integral formula. Explain why the above integral is same as the complex
integral along a contour closed on the lower-half plain.

Show that . oo
dp” e’ . iBz0 e 0
_—— = , if <0, 1.113
/27Tp0+E—i6 tie e ( )
Explain why the above integral is same as the complex integral along a contour closed on the
upper-half plain.

Show that
dpo e—ipoxo dpo e—ipozo
/277]02 —m?+ie /27T(p0)2 — (B2 —ie)
dpo e—z’poxo
N /27T(p0+E—ie)(p0—E+ie)
_ % (a(xo)e*m“ + 9(—x0)e+imo) (1.114a)
where E = \/p?2 +m? >0, ¢ — 07 and
lifz>0
O(x) = { 0if 2 <0 (1.115)
Explain why the sign of ie is important.
Explain what is wrong if € is finite.
Show that
d*p 1 ’
I 1.116
/ (2m)4 p2 —m?2 + ieC ( 3)
/ _&p [0(20)e PP @) 4 g(—g)ei (Pt -pa)] (1.116b)
2E(27m)3 '
d3p 0 0\ —ip-x 0 0\ ip-z 1.116

where E = \/m?2 4+ p?2 > 0 and p = E on the last line.
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99.

100.

101.

102.

103.

104.

105.

Show that the retarded term 6(z") is for the particle propagating to the future.

Show that the advanced term 6(—z) term is for the particle to the past.

o [

2m)4 p? —m?2 +ie

Show that

is the solution to the equation

(0% +m?) Ap(z) = —4(x)

1.9 Photon propagator
The #7 matrix for a photon field is
iT =4 [ d*aLing = —z’/d‘li“Au,
where the equation of motion is Maxwell’s equation
O F" = Jr;  (9Pgh — OrO¥) A, = JM.

We want to find the solution to

(%g"* = 0"0%) (DF)aw(z) = g",0(2).

At () = / dy DI (= )], (y)
if (82‘9“0{ — 8”(90‘) (-DF)OH/ = gﬂyé(m)

Show that
T = i/d4xﬁim = —z’/d41‘JM(x)A”(x)
- —z’/d4xd4yJu(x)D1“;V(x—y)Jy(y)

- / dizd'y [~iJ,(2)] [iDY (z — )] [~id(y)]

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)

(1.122a)

(1.122Db)

(1.123)
(1.124)

(1.125)

iAR (z — y) is the Feynman propagator. It describes the propagation of a vector field from a

space-time point y to x.

Propagator in the Feynman gauge: If we choose the Lorentz gauge, 0 - A = 0, and we may

neglect the term 0#0” terms in the wave equations. Maxwell’s equation becomes

O*AF = JH.
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Show that

d4 _ )
DY (z) = / L — . —g" Ap(z) with m =0

(2m)4 p? + ie
is the solution to the equation

azgua(DF)cw =g",0(x).

106. Show that the wave equation
D?AF = JH

is actually from the Lagrangian

1 1
% m . 2

where a = 1. The term added to the original Lagrangian is the gauge-fixing term.

107. The photon propagator
D (x) = —g" Ap(a)

is defined in the Feynman gauge, a special case of the Lorentz gauge.

(1.127)

(1.128)

(1.129)

(1.130)

(1.131)

108. Propagator in the Lorentz gauge Show that the equation of motion for the photon field in

the Lagrangian

1 1
L=—"F"F, —J'A, — —(0- A)?
4 H w 20[< )

is
[829“0‘ + <; — 1) aﬂaa] Ay = JH
and the propagator D must satisfy
[029“0‘ + (; - 1) aﬂaa] Doy (z) = g*,0(x).
Note that we are using the Lorentz gauge 0 - A = 0.

109. Propagator in the Lorentz gauge Show that

oV
s~ (- a) B

D/W<$) — / p b efip-x
(2m)4 p? + i€
d'p v pHp” ipa
1

A = —

r(p) p? + i€

is the solution to the equation
1
[829“0‘ + (a — 1) (9“80‘] Doy (z) = g",6(x)
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(1.133)

(1.134)

(1.135)

(1.136)
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110.

111.

112.

113.

114.

115.

Propagator in the axial gauge We can choose the axial gauge n - A = 0. In this case, gauge
fixing term can be written in the form to have our Lagrangian

1 .. 1 2
L= FWEy = JH Ay, — o (n- A). (1.139)
Show that
. v : d4 v nﬂp’/ +punu pﬂp’/ —ip-x
) = i f k| T ) | e (40
1
A = 1.141

is the gluon propagator in the axial gauge.

Massive spin-1 propagator The Lagrangian for a massive spin-1 field is just like chat for the
photon except that the particle has nonvanishing mass. We insert the mass term - B*B,,

1 m?
L = _ZFWFW + 7B“BM — J“BM (1.142)

FM = @rBY — 9B (1.143)

Show that the equation of motion is

(0% + m*)g" — 0"9"] B, = J*. (1.144)
The 7 matrix for a massive spin-1 field is
iT =i | Aol = —i / d*zJ"B,,, (1.145)

where the equation of motion is

(0% + m*)g" — 0"9"] B, = J*. (1.146)

We want to find the solution to

[(82 + m?)gh — M| Doy () = g",6(). (1.147)
B'(@) = [ D" (e 1)) (1.148)
if [(82 +m?) g — "0”] Doy (z) = g",0(x) (1.149)
Show that
iT = i / ALy = —i / d*zJ,(z)B"(z) (1.150)
= —i/d4xd4yJ#(:B)DW(1:—y)Jl,(y) (1.151)
= [ dtadty [, (@) (D" (@ - )] [, () (1.152)
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116.

117.

118.

Show that

LoV
drp —9F £ ]; .

Duu($) — m e—zpw
(2m)4 p2 —m? + ie

d4 v ip” —ip-x
T [
1

Arl) = e

is the solution to the equation
(0% +m?)g" — 0"9"] Doy (z) = g",6(x)

Note that p? # m? in general.

1.10 Feynman rules

Momentum-space Feynman rule Let us go back to the 7 matrix
iT =i / d*x Lin

— [ttty [-is(a) - (D ) [-iT(w)
where indices are suppressed for vector particles.

Expand the currents as

4 .
Iy = / (;@J(mﬂw

and show that
iT = i / d*z Ling
= / diadty [—iJ ()] - [iD(z —y)] - [—iJ ()]

4
= [ G D) (D) i)
Consider monochromatic currents
J(x) = J(p1) = N2J(p1)e "
J(y) = Jp2) = N*J(py)e ¥

(1.153)

(1.154)

(1.155)

(1.156)

(1.157)

(1.158)

(1.159)

(1.160)

(1.161)

(1.162)

(1.163)
(1.164)

where N2 came from the normalization of the initial and final states involving the current.

Show that in this case

iT = i/d4:u£mt = N*(2m)*6* (p1 + p2) M

M = [=id(p)] - D@ =pr = —p2)] - |~ ()
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119.

120.

121.

122.

123.

124.

Show that the propagators for a scalar field and massless/massive vector fields are even functions;
D(z) = D(~z), D(p)= D(-p) (1.167)

Hint: Look into the partial differential equation for the propagator.

Show that
2
T2 = i / d*aLine| = N3 [(27)"6* (o1 +p2)]* IM[? (1.168)
= NS X VT x (21)*6%(p1 + p2) IM|? (1.169)
M = [=id()] D =tp1or £p2)] - [~id ()] (1.170)

Hint: (27)%6%(0) = [ dtd*z.
Show that the probability of the transition per unit volume per unit time is

TE_ 1
TV ~ VA
M = [—ij(pg)} [iD(p = £p1 or £ ps)] - [—z‘j(pl)} (1.172)

P = 2m)46% (p1 + p2) IMJ? (1.171)
where we used N = 1/\/V

Cross section Show that the number density of a particle with energy E in V is

2F

. 1.173
= (1.173)
Show that the flux of the two colliding particle is
2F, 2E,
F = |v,— ——_— 1.174
|vg — vp| X v X T ( )
= 4(|pal By + |pb| Ea) /V? (1.175)
= 4\/(pa -pp)2 —mZm? JV? (1.176)
where v;, p;, and E; are the velocity, momentum and energy of the i—th particle.
Show that the number of states in the final state is
dN = VoS - m) L vaae - m2) L2
final states — (pl) (pl - ml) (271’)4 (p2) (pQ - m2) (27T)4
Vd? Vd?
- p1 p2 (1.177)

2E1 (27‘[‘)3 2E2 (27‘(’)3
if there are two final particles.
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125. Cross section is defined by
P

do = f X dNﬁnal states
1
= W(%)%(pa +py — p1 — p2)|M|?
« V2 " Vd®pr  Vd®ps
4\/(pa - pp)? — mZm? 2F1(2m)3 2F5(27)3
M 2 d3 d3
- M @) 5(pa + 10— p1 —po) L2 47
4\/(pa - pp)? — m2m? 2B, (2m)3 2F5(2n)

126. We usually define the phase space d® after including the energy-mpmentum delta function

d® = (27T)45 (P - Zp2> dNﬁnal states (1179)

(2

where P is the sum of initial momenta p; is the momentum of the i—th final-state particle.

127. We find V dependence exactly cancels. If we redefine the phase space

dd = (27)*5(p, —p - . 1.18
(2m)48(pa + Py — p1 p2)£112Ei(27r)3 (1.180)
we have
2
do = M| dP (1.181)

4\/(10@ “py)? — mZm}

128. Show that the mass term %m2A“Au for a gauge field is NOT invariant under gauge transforma-
tion )
AP 5 UARUT + L(0rU)UT, = Uy, DF = 9P +igA” (1.182)
q
This guarantees that the gauge field is massless.

129. Show that gauge field is travelling with the speed of light.

1.11 Dirac equation

130. We would like to construct a relativistically covariant theory for a fermion. If we ignore the
spin, the equation must reduce to the Klein-Gordon equation. But we want to have an equation
which has linear time derivative instead of &/ 9t2, which appears in the Klein-Gordon equation.

O

zazﬂw, H=—ia-V 4+ m (1.183)
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131. Show that ¢ must include the four states

)= 1.E>0), [2) =] LE>0), (1.184)
3) = 1B <0), [4)=| 1, E<0) (1.185)
132. Show that H is Hermitian.
133. Show that
(m|Hn) = /p>+m?, if m=n=1,2 (1.186)
(mlHn) = —vp?>+m?, if m=n=3/4 (1.187)
(m|Hln) = 0, if m#n (1.188)
> (n|Hln) = 0 (1.189)

134. Show that o', a?, o?, and 8 are Hermitian.

135. If the Dirac equation is equivalent to the Klein-Gordon equation if we neglect the spin dependence
and the sign of the energy, show

H?>=-V? 4+m? = @*+m*yY=0 (1.190)

136. Show that the condition requires

%(aiaj—i—ajai) = 69 (1.191)
QB4 Bat = 0 (1.192)
B =1 (1.193)

137. Show that the conditions (a?)? = 1 and 32 = 1 require that the eigenvalues for the matirces are
+1.
From now on we will use the notation

{A,B} = AB + BA. (1.194)

138. Let us choose the basis so that the first two components are positive-energy components and
the other two are negative-energy components. By taking p = 0, show that

10 0 0
01 0 0 1 0

5=1 0 0 1 o —><0_1> (1.195)
00 0 -1

139. From now on we express any 4 X 4 matrix in spinor space in terms of 2 x 2 block matrices.

140. Show that 32 = 1.
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141. Let us try arbitrary 4 x 4 matrices
ol = ( Zﬁ Z@' > (1.196)
142. Show that the condition {3, a’} = 0 requires
; 0 b
. ( o ) (1.197)
143. Show that the condition af = « requires ¢ = bf.
144. Show that the condition {a?, a?} = 26% requires
VO + /()T = 269 (1.198)
OO + ()b = 257 (1.199)
145. Choose the term i = j to find b’ is unitary
b (9T = (b1)Tp' =1 (1.200)
The solution is the 3 = 22 — 1 SU(2) generators, Pauli matrices; b° = ¢, where Pauli matrices
are
0 1 0 —i 1 0
1_ 2 _ 3 _
U_<1O>’U_<i 0),0—<0_1) (1.201)
Therefore, we have
1 0 0 o
p=(1 %) = (2 9) .
146. Show that
ool = 69 4 ieikgh (1.203)
{o%, 07} = 209 (1.204)
(0", 0’] = o'o? — oo’ = +2ie Tk gk (1.205)
147. Show that
a-cb-o=a-bt+iaxb o (1.206)
148. Show that
. o 0
a-ab-a=a-b+iaxb- -3, Zz(o cr> (1.207)
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149.

150.

151.

152.

153.

154.

155.

156.

Defining v* = (7°,~) = (8, Ba), show that

0_10 _00'
T\ o -1 )7 "¢ 0

Show that the anticommutation relations for 8 and a'’s reduce to a single formula

{v* 7"} = 29"
where the 4 x 4 identity matrix

Let us define

f=~"a,
Show that
i+ =20-b =
Show that
() = ()T =*
Show that

T

P =4 (1) =

Multiply 8 to the original Dirac equation and find
(iv* 0y —m)y =0
Taking the Hermitian adjoint and find
—i8u1/3’y“ —Ym=0

where ¢ = 1140,

Show that the Euler-Lagrange equation for the 1 field in the Lagrangian

L= &(i’y“@u —m)y

gives the Dirac equation
(iv" 0y —m)y =0

Show that the Lagrangian can also be written as
L= —i(0u) Y9 — mapp
if we neglect the surface term.

Show that the Euler-Lagrange equation for 1 field is
—i0 " —hm =0
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(1.209)

(1.210)

(1.211)

(1.212)

(1.213)

(1.214)

(1.215)

(1.216)

(1.217)

(1.218)

(1.219)



157. Show that the Lagrangian for the Quantum electrodynamics

1
L = YD, —m)p — ZFWFW (1.220)
: - 1
= —i(Du) 9" — miep — T F (1.221)
is invariant under the gauge transformation

b — U, A" — UARUT + L(0rU)UT, DF = 9" + igA¥ (1.222)
q

158. Introducing the covariant derivative D* = 0¥ + iqA*, show that

L = ("o, —m)yyp—JFA, (1.223)
T = qir (1.224)

159. Making use of the Dirac equations
Vo =mip,  —i ()Y =my (1.225)
show that the current is conserved

B J" =0 (1.226)

1.12  Spinor

160. Let us consider an electron with momentum p* and z—compenent spin s, where p° = E > 0.
Show that the wavefunction v (x) = u(p, s)e =" should be normalized to be

Pl (@)p(x) = 2E — ul (p, s)u(p, ') = 2Edy. (1.227)
161. Using the length contraction, show that the number of electron in the whole space of volume V'
is 1.

162. Show that
u(p)u(p) = 2m (1.228)

using u'(p, s)u(p, s’) = 2md,y and Lorentz covariance only.

163. Remind the fact that ¥yt is transforming like a four vector. Using the result uf(p, s)u(p, s) =
2F and Lorentz covariance only, show that

u(p)vu(p) = 2p". (1.229)

164. Using spinors for an electron at rest p = (m,0), show that

Zu(p, s)u(p, s) = 2m x ( (1) 8 > = 2m X %(1 +49). (1.230)

S
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165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

Using Lorentz covariance, show that

Zu(p, s)u(p,s) = 2m x ﬁ;mm =p+m. (1.231)

S

Let us consider a negative-energy electron with momentum —p* and z—compenent spin s, where
p’ = E > 0. Show that the wavefunction 1 (z) = u(—p, s)et®* should be normalized to be

Yl (z)y(x) = 2B — ul (—p, s)u(—p, s') = 2Edy. (1.232)

Explain why it is not proportional to —2F < 0 but proportional to 2E > 0.

Using the length contraction, show that the number of electron in the whole space of volume V'
is 1.

Show that
u(—p, s)u(—p,s') = —2mbsy (1.233)

using uf(—p, s)u(—p, s’) = 2mdsy and Lorentz covariance only.

Show that
Zu(—p, s)u(—p,s) =2m x ( 8 _01 ) =2m X %(—1 ++9). (1.234)

s

Using Lorentz covariance, show that

Zu(—p, s)u(—p,s) =2m x ]é;mm =p—m. (1.235)

s

Explain why this formula cannot be obtained if we substitute p — —p to the postive energy case

Z u(p, s)u(p, s) = p + m. (1.236)

s

Following the results for the charged scalar field, we would like to make use of the negative-energy
solution for the positive energy antiparticle with momentum —(—p) = p. Then the wavefunction
for the antiparticle with momentum p can be v(p) = u(—p). Show that

UT( U(pasl) = 2E(Sss’a (1237&)
o(p,s)v(p,s’) = —2mdsy, (1.237b)
> u(p,s)ilp,s) = p—m, (1.237¢)

s

where p = (E,p) and E = /p?> +m? > 0.

Wavefunction for a positive-energy antiparticle with momentum p* is

D, s)
D, s)

v(p)e Pe, (1.238)
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175.

176.

177.

178.

179.

180.

181.

For the final state, we use

v(p)etPe, (1.239)
Using Dirac equation, show that
(#—m)u(p) = 0, (1.240a)
u(p)(p —m) 0, (1.240b)
(@ +m)v(p) 0, (1.240¢)
v(p)(p +m) 0. (1.240d)

Using the fact that —p — p in the replacement v(p) = u(—p), explain why the spin-up positive-
energy positron state is expressed in terms of spin-down negative-energy electron state.

Formal way to prove this is involving charge-conjuagtion operation with the transformation
matrix

0 0 0 1
0 o2 0 0 -1 0 0 —i
2 _ 2 _
" _<i02 0 >_ 0o -1 0 0| 7 _<i 0> (1241)
1 0 0 0

to the spin-half Lagrangian.

Replacing the derivative in Dirac equation by the covariant derivative D* = 0* 4 igA*, show
that

(i —q4d —m)p=0. (1.242)

Taking complex conjugate, show that
(—id* — qA* —m)Y* =0 — [—y"* (10, + qA,) — m]Y* =0, (1.243)
where A7 = A,,.

Using the fact

70:<(1) _01>, 7:(_00 ‘g) (1.244)

and
0—1:<(1)(1)>,02:<?_()i),o*?’:(é_ol), (1.245)
show that
—yH = { IVYZ ﬁz 4 y (1.246)
Show for
U =iy (1.247)



182.

183.

184.

185.

186.

187.

188.

189.

that

U? = 1-U0t=U0"=1, (1.248a)
U WU = —F 5 UyF = —~A*U if p # 2, (1.248b)
U WU = AH S5 U =4HU if p = 2, (1.248c)

Therefore,
i (=) = (%) - (1.249)

Show that
iy? [—yH* (10, + qA,) —m]yp™ =0 = [y (10, + qAu) —m)] (i’y21/)*) =0. (1.250)

Therefore, ir?1* is the wavefunction for the antiparticle.

1.13 Fermion propagator

Show that the Dirac
(V'O —m)p=J (1.251)

Be careful with the sign in front of the source term on the right-hand side; H = i9°.
Show that the propagator satisfies the equation
(iv"0u —m) Sp(x) = Ié(x) (1.252)
where I is the 4 x 4 identity matix in spinor space.
Replacing Sp(x) = (iv#0, + m) f(z), show that f(x) satisfies the equation
(02 +m?) f(z) = —d(z) (1.253)

Show that the solution to the above equation is

Sr(x) = (i7" 0u + m) Ap(z) (1.254)
Show that dp (4 m)e-ive
Sp(z) = / (273;4 e _Tzﬂe T (1.255)
Show that the Dirac

P (—z’v“ O —m) =J (1.256)

where A 5ME 0uA. Be careful with the sign in front of the source term on the right-hand side;
H =id".

Show that the propagator satisfies the equation
-
Sp(x) (—i'y’“‘ Oy —m) = I4(x) (1.257)
where S7. is the propagator for the ¢ field. We will show that S7(x) # Sp(z)
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190.

191.

192.

193.

194.

195.

196.

197.

Replacing S%(z) = g(x) (—iv“ 5M —i—m), show that g(x) satisfies the equation

(0% +m?) g(z) = —6(x)
Show that the solution to the above equation is
/ . Y
Sp(x) = Ap(x) (—’L’y” Oy +m>

Show that

, d*p (— m) e T
Srlw) = / (271']))4 (pfjmg + i€
[ L e

(

2m)% p2 — m?2 + e

= Sp(=2) # Sr(2)

(efip-a: 7& eip-:r)
Show that Sg is not an even function

Sr(=x) # Sr(x), Sr(=p) # Sr(p)

Show that
Y(x) = / d'ySp(z —y)J(y) = / d'ySe(z = y)[ar" Au()]e(y),
d(a) = / d'yJ(y)Sr(y — x) = / Ay (y)[ar" Au(y)]Sr(y — 2)
Show that the positive-energy component propagates as

SF(QZ) = Q(SCO)Sret,(l')+0(_$0)Sadv.(x)

. d3p +m —ip-x
Sret. (1) = _Z/(27r)3]62Ee ’

) dp —p+m iz
Sadv.(x) = _Z/(Qﬂ_)?) ]ﬁQE' e

(1.258)

(1.259)

(1.260)

(1.261)

(1.262)

(1.263)

(1.264)

(1.265)

(1.266)

(1.267)

where p° = E = \/m?2 + p? > 0 From now on we neglect the normalization factor N = 1/ VV

which does not affect the invariant measurables like cross section.

Transition amplitude M Once we know the transition amplitude M in momentum space, we

can calculate the cross section of a process.

For a scalar-exchange process

(1.268)



198. For a photon-exchange process

= [—id (- ~id,(p)] 1.269
M= [=idu(=p e i1,p) (1.269)
199. For a massive-vector-exchange process
oV
i [—g““ + P pQ }
~ m LA
M= [~id, = e e i | (1.270)

M = [—z‘j] _iptm) [—z‘j} (1.271)
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Chapter 2

QCD Lagrangian

2.1 QED Summary

1. In the previous chapter we wrote the QED interaction Lagrangian, derived Feynman rules, and
learned how to write the amplitude. QED Lagrangian is given by

L = (iy, D" —m)p — iFWF’“’, (2.1)
where the covariant derivative is defined by
DV = o" + igA* (2.2)
with ¢ = Qe, e = V4ma > 0 and Q = —1 for the electron.

2. Wavefunctions for incoming positive-energy electron and positron with momentum p are

: o(p)e” P2, (2.3)

—ip-x

e :u(pe , €

3. Wavefunctions for outgoing positive-energy electron and positron with momentum p are

e u(p)etPT, et u(p)etPe, (2.4)

4. Wavefunction for incoming and outgoing photons with momentum & are

in:e(k)e ™ out: e (k)ethT, (2.5)

5. Propagator for the electron with momentum p is
i

iSp(p) = F—mtic (2.6)

6. Propagator for the photon has various forms depending on the gauge, which does not change
the observables. In the Feynman gauge, the propagator for a photon with momentum £ is

—ighv

(2.7)

31



10.

11.

12.

13.

14.

15.

The vertex factor can be read from the interaction Lagrangian iL;,; as

eAte = +igy*, q = —e. (2.8)

. Show that once the coupling ¢ is defined by the covariant derivative, the coupling is same

inclusing sign for both electron and positron.

We can re-express the field strength tensor in the form

FW— QA — 9Y A — 1 [pr DY DI — 91 1 igAb. (2.9)
q

Check the gauge invariance of the Lagrangian.

L =1 (i, D" —m) ¢ — Tr ([D", D" [Dy, Do), (2.10)

1
A(iq)?
under the gauge transformation

v — Uy, D* — UDHUT. (2.11)

Note that the trace is for the 1 x 1 matrix U.

2.2 QCD Lagrangian

It is known that there are three (N, = 3) color states for a quark, which is a spin-half particle.
The color is independent of spin and momentum.

We can extend QED to treat this new degree of freedom by introducing gauge fields mediating
the color force between any two quarks. This can be done by declaring the spinor field ¢ has
the wavefunction of the form

Yuark = Vquark (SPIiN) X Yquark (color). (2.12)
We can introduce the gauge transform for the quark just like that for the electron as
v — Uy, D* — UDHUT. (2.13)
Note that the matrix U is now a 3 x 3 matrix and acts only on the color wavefunction.
Uthquark = Yquark (5pin) x Uthguark (color). (2.14)
We know that U must be unitary. Show that the matrix U can be parametrized by
U=¢' Ei@flT“a”, (2.15)

where a® is real and T%’s are the SU(V.) generators.

Show that T is traceless and Hermitian.
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16.
17.

18.

19.

20.

21.

22.

Show that the number of generators for the SU(N,) is N2 — 1.
The covariant derivative can be generalized to the SU(N,) as
DH = o' + igs A*, (2.16)
where A" is the matrix-valued gluon field
AP = ART, (2.17)
Note that g, is the strong coupling. Therefore, gluons can have N2 —1 = 8 different color states.

We can imagine the QCD Lagrangian should be of the form

L = (i, D" —m)p — iGgVGZV, (2.18)

because there are 8 gluons. Note that G4” is the field strength tensor for the gluon with color
a, which is a QCD analogy of the photon field strength tensor.

Let us check the gauge invarince of the Lagrangian. We can use the fact

1
Tr (T“T”) = o, (2.19)
to derive ) |
—ZGg”GzV = —§Tr (G"G ) - (2.20)
Again, G* is a matrix
GH = GH'T“. (2.21)

Show that the covariant derivative transforms as
D — UDFUT, DHDY — UDFDYUT, (2.22)
under the gauge transformation

1
Y — Uy, AF - UARUT — g(a“U)UT. (2.23)

Show that the QCD Lagrangian
L= (iv, D' —m)p — %Tr (G*"G ) (2.24)

is invariant under the gauge transformation. We have constructed the QCD Lagrangian, which
is gauge invariant and Lorentz invariant.

In the previous section, we have written the QED Lagrangian as the following.
— 1
L =1 (i, D* —m) — ZGZVGZV‘ (2.25)

Show that
1

G = -
19s

[DH, DY) = P AV — & Al + ig, [AM, AV]. (2.26a)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Show that
GHY = 9Ty (GHYT?) = Q" AY — 9" Al + 2ig, Al' AV Tr (T“[Tb, TC]> . (2.27)
Using the identity [T, T¢] = i f**°T%, show that
Gl = O AL — O Al — g, [P Al AL, (2.28)
Show that there exists three-gluon coupling in QCD.

Show that there exists four-gluon coupling in QCD.

2.3 Gauge Fixing in QED
We learned that we need gauge-fixing term such as

1
£gauge-ﬁxing = _27 (8,LLAM)2 (229)
Q@
in the Lorentz gauge in order to derive the photon propagator.
Show in QED that the gauge transform changes the photon field as
AF + OFy, (2.30)

if we choose ‘
U =e X, (2.31)

Show that the gauge condition 9,A* = 0 transforms as
OuA* +0,0"x = 0. (2.32)
There appears unpleasant term 0,0"x.

Show that
0,0"x =0, (2.33)

if we want to keep the gauge condition 9, A" = 0. Under the transform, gauge field is shifted to
another gauge field which still satisfies the condition 9, A" = 0.

Once we introduce a gauge-fixing term, our gauge transform cannot be completely general. The
transform must keep the gauge condition in order for the Lagrangian to be gauge invariant. The
gauge invariance is valid only in the group of gauges satisfying the same gauge condition.

Show that
0,0"x =0, (2.34)

is the equation of motion for the Lagrangian
L =0"x10,x. (2.35)
We can include this term into the Lagrangian in order to correct the gauge invariance of d,A*.

Show that inclusion of this scalar field does not make any physical contribution in reality because
it does not have any interaction term with any other fields.

34



34.

35.

36.

37.

38.

39.

2.4 Gauge-Fixing and Ghost Terms in QCD

We can introduce the same kind of gauge-fixing term like that of the Lorentz gauge in QED. We
can try the QCD analogy of this

1
‘Cgauge—ﬁxing = _27 (auAff)Q . (236)
a
Note that there are N2 — 1 conditions 8,44 = 0 for a =1, 2, ---, N2 — 1.

We learned that in QCD the gauge transform changes the gluon field as

1
AF 5 UARUT — o (OrU) UT, (2.37)

where A* = ALT®. Let us find how each gluon field A} transforms in QCD.
It is convenient to choose the parametrization as
U = e 901", (2.38)

Note that a® should be real to preserve U unitary. Expanding the matrix U in powers of a upto
corrections of order o, show that

AP = (1 —igsalT) ARTT (1 +igsaT€) + Mg T (2.39a)
= (AL + 0" ay) T + igs AL[T*, T ), (2.39b)
= (A 4+ 0" a,) T + igs AR (i f*°) a . T°. (2.39¢)

Therefore, A4 transforms as
Al — AR 4 [0M04c + 19s AL (1 f49)] ce. (2.40)

Let us introduce a matrix in the adjoint representation
(t%) 4o = 0 £ (2.41)

Show that _
Al — AL+ [0M0qc + igs AL (t7) 0] c. = AL + DEoa, (2.42)

where the covariant derivative f)ac in the adjoint representation has the same form

Dl = 9184, — gs AP FO¢ = OH 4 + igs AV

ac?

Al = A (%), = AL (i 7). (2.43)
as that in the fundamental represenation.

The problem is resolved if we include the ghost term to the Lagrangian. One can find detailed
discussion in most field theory text book such as Peskin.

Lghost = (auﬁa) Dhne = (8u77a) (0"dac — gs f*CAL) Me. (2.44)

Ghost 7 is a complex scalar field. However, it behaves like a fermion in statistical sense. We will
find later.
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40.

41.

42.

43.

44.

2.5 SU(N,) algebra summary

SU(N.) Generator 7% a=1,--- ,N? —1

[T, T = ifere (2.45)
(t)ge = ifobe (2.46)
a a a a a 1 a
Fj = F'T{ + F*=2Te(FT%), Tx(T%T") = 30 b (2.47)
famyfb;ty — chsab
= _(ta)wy(tb)wy = (ta)ﬂcy(tb)yw = Tr(tatb) (2.48)

2.6 QCD Feynman rules
we are ready to derive QCD Feynman rules from the QCD Lagrangian.
— 1
L =1 (i7, D' —m)y — 1(8“%12 — 0" Al — gsf“bcAgAZ) (8MA$ -0 Af, — gsfaquﬁAg). (2.49)

where the covariant derivatives are defined by

Dt = 00" + z'gSAg(tb)ac = 0gpO" — gstjf”‘bC — (tb)ac — jfabe (2.51)
where indices i, j,k,--- and a, b, c,--- denote color indices for quark and gluon, respectively.

Let us recall the followings. Field strength tensor from fundamental representation

G = _QL[DM7 DV] = _gi[alﬁ + Z‘gsAgTav 0" + igsAl’;Tb]
= OMALT, — 0" ALT, +igs AL AT, T,
= OMALT® — OV ALT™ — g AR AY fryoT* < [T, T = i foP°T° (2.52)
G = 2Tx(GM'T*) = O' A}, — 0V Al — g farc A A (2.53)
(t)ae = if™ (2.54)
Derivative
Oy — —ipy(incoming line), J, — +ip,(outgoing line) (2.55)
Vertex
+i L (2.56)

Wavefunctions for incoming positive-energy quark and antiquark with momentum p are
q:u(p)e™P*, G:o(p)e P?, (2.57)
where we have suppressed the color wavefunction. The color wavefunction is of the form

¢i, Clej =i, ii=1,2,3. (2.58)
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45.

46.

47.

48.

49.

50.

ol.

52.

93.

Wavefunctions for outgoing positive-energy quark and antiquark with momentum p are

eJrzp-ac €+1,p-:p'

q : u(p) , q:v(p)

Wavefunction for incoming and outgoing gluons with momentum & are
in:et(k)e”™*T out: et (k)e TR,
The color wavefunction for the gluon with color index a is

Car Chcy = 0Oap, 1,0 =1,2,-,8.

Propagator for the quark with momentum p with initial and final color indices ¢ and j is

Z'(Sji

iSp(p) X 0ji = m

The factor shows the color is preserved d;;.

(2.59)

(2.60)

(2.61)

(2.62)

Propagator for the photon has various forms depending on the gauge, which does not change
the observables. In the Feynman gauge, the propagator for a photon with momentum #k is

. —ig"" Opq
iDE (k) X Opg = —o—.
F (k) X 00 = 25
The ;AL g; vertex factor can be read from the interaction Lagrangian iLiy; as

qj AL« —igsTin".

Coupling g5 is universal for any quark.

2.6.1 Gluon Vertices

From the QCD Lagrangian

L = —i(amg—amg)t - A%)?

1
25
1 1
o f DAL — 0 ARV AL AT — S gR F F A AY AG AL
derive the following Feynman rules.

gluon propagrator

g —i gt — 2 prp? p?
' p? +ie

Three-gluon vertex gh!(py : in) — gh?(pa : in) — gk (ps @ in) is

999 = — gsf° (o1 = p2)" g2 + (p2 — p3)" g™ + (3 — p1)"2g™M").
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54. Solution:

1
iLggg = i[—4GZVGQ“’} =igf“b”AZA28uA$ (2.68)
999
=0 Y it a4 260
perm.{1,2,3}

= —g Z fabC/d4p1d4p2d4p3€i(p1+p2+p3)-w
perm.{1,2,3}

8 10 A5) + (ps - AD)(AT - AS) -+
o |

4p1d4p2d4p36 (2?1-I-P2-1—733)'351421 (pl)Azg (pQ)AZ3(p3)

Il
\

(=g fa%) - [gMF2 (py — pa)H® + gH2F3 (py — p3)Ht + gh3H (pgy — pp)H2].  (2.70)

(abc) = (cicacs) If we choose the momentum direction into the vertex(annihilation at x), mo-
mentum dependence is e ¥ style and derivative can be replaced by —ik in momentum space.

55. Followmg the above way, derive the four-gluon vertex g¢i'(p; : in) — ghZ(ps : in) — ghi(ps3 :
in) — ge' (pa + in) is

9999 — ig? [ +f0102xf6364m (guwsg#zuzx _gmuz;guws)
_f01C3xf6264x (gmmguzm _ gmuzgusm)
- fOLCAT FO2CT (gHIN2 glU3HA _ gHINS gli2fi4) ] (2.71)

56. Show the Bose symmetry of three- and four-gluon vertices explicitly.

2.6.2 Ghost Vertices
57. From the ghost term
L= —6%T,0%0c + gs FabeTTaOu AL e, (2.72)
derive the following rules
58. ghost(p) propagator

i

h :
g p? + i€

(2.73)

59. ghost(prout,cy) — g(u, c¢q) — ghost(p;in, color = ¢;)

ghy —g—ghi + +phgsfT% (2.74)
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Chapter 3

SU(N)

In this chapter, we review the properties of the special unitary group, SU(N), which is useful in
calculating color factors in various QCD processes.

3.1 Generators and structure constants

1.

Consider a transform N x N matrix U which transforms a matrix O and a vector % in complex
field as

v =U¢p and O — 0O =U0OU " (3.1)
Show that 174 is invariant under this transformation
WOy = TUTUOU Uy = T Oy, (3.2)
if the transformation operator is unitary:
Ut=ut. (3.3)
When the transform is infinitesimal, U may be expressed as
U=eale =1 _je,T,, (3.4)
where €,’s are the infinitesimal real parameters and T},’s are the generators of the transformation.

Show that 7% must be antihermitian.

. Show that T* must be hermitian.

Show that T must be traceless. Since U is unitary, T,’s are Hermitian. If we restrict detU = +1
as the case of the identity transformation, the T, matrices are restricted to be traceless as

det U = 6i1i2,...,iNU1i1U2i2 UNiN
= €irin,in (010 — 1€aTy ") (02iy — 1€, T22) .. (Snipy — i€aTy™)
= €12,..N — iea (61‘11‘27“_71']\, (Talil(slil 5NiN + ...+ (511‘1 6N—1iN,1T(y1))
= 1—1¢, (62'127__,7NTalil + ...612’.__71‘NT(£WN)

= 1—ieTrT, =TT, =0 <+ detU =+1. (3.5)
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10.

Show that there are N2 —1 free real parameters for €?. Consider how many 7,’s are independent.
Since a transformation matrix U is an N x N complex matrix, there are 2N? parameters at first.
Hermitian constraint discards N? parameters and traceless condition does one more parameter
so that we now have N2 — 1 independent 7}’s.

. If N3 = 2, the problem is the same as that for a spin-1/2 particle. Show that the generators for

the SU(2) are Pauli sigma matrices. Are there N2 — 1 = 3 generators?

Consider a commutator —i [T, T3]. It is a traceless and hermitian operator. Therefore it can be
expressed as a linear combination of the generators as

[T, Ty) = i fapeTe, (3.6)

where f%¢ is the ab anti-symmetric evidently from the definition using commutator.

. Show that f%¢ is totally anti-symmetric.

fabc _ fbca — fcab
— _fbac — _fcba — _facb — % (fabc + fbca + fcab _ fbac _ fcba _ facb) ) (37&)

You can prove it if you use the relations
Tr[AB] = Tr[BA] — Tr[ABC] = Tr[BC A] = Tr[C AB], (3.8)

which are valid for any matrices.

. Since the trace of any two generator product is symmetric under the exchange of the color

indices,
T [T°TY] = Te[T%T9] = % (Tr[T“Tb] + Tr[TbT“D , (3.9)

Tr[T°T?] is proportional to 6** and the normalization can be chosen freely. Conventionally ) is
set to 1/2.

1
T [TuTy] = S0u- (3.10)

We can infer that the antisymmetric term in 7,7}, is proportional to i fup. 1, from the commutation
relation. Therefore we can express the product of any two generators as

TaTb = [(Afabc + Bdabc>TC + C((sabI] 5 (311)

N =

where dgpe is ab-symmetric and A, B and C' are to be determined as follows. Directly from the
commutation relation, we can find A = ¢ and from the normalization condition, Tr[T,Tp] = dap/2,
we can find C'= 1/N. Setting B = 1 also, we get

14, 1
1.1, = 5 (Zfabc+dabc)Tc+ N(Sabl ’
1
{TaaTb} = dgcIe + N(sabl‘ (3.12)
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11.

Then we find that dg,. is fully symmetric as

1
T {T,, Tp} T = dapaTr[TyTe] = Edabc <+ ab — symmetric
= T[T + TyTLTY] = Tr [Ty T, + TyTuTy]
= Tr[T,{T,,T.}] + ac — symmetric. (3.13)

12. And these are the useful relations

13.

1

Te[T°T%] = i(sab, (3.14)
1
Te[T°TTY] = Z[d“bc—i—if“bc], (3.15)
de = 2Tx[{T*,T°}T°], (3.16)
febe = —Tx[[T?, T°|T¢], (3.17)
171 1
TI‘[TaTbTCTd] — 1 Nfsab(st—i-i(dabe+ifabe)(d6de+if0de) ) (318)

3.2 Derivation of completeness relation

Any N x N traceless and hermitian matrix A can be expressed in the linear combination of the
generators as

N2-1

A= D" a'T?, (3.19)
a=1

where a®’s are real. There are N2 degrees of freedom in arbitrary N x N hermitian matrices
and there are N2 — 1 generators, 7%s. Therefore, we need one more N x N matrix to form a
basis of the hermitian matrix other than the N? — 1 generators, T%'s. Since identity matrix is
an hermitian and it is independent of the generators, we can form a basis by adding the identity
matrix.

Show that any N x N Hermitian matrix is expressed in a linear combination of the identity
matrix and SU(/V) generators.

N2-1
H=a"T+ Z aT?, (3.20)
a=1
where o for i =0, 1, ---, N? — 1 are all real. Then we can obtain useful relation from this

completeness condition. By choosing the normalization
1
T [TaTh] = 5 0ab, (3.21)
we obtain the explicit values of the coefficients as

1
TrH =a’N and Tr[T°H] = 504“. (3.22)
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14. Rewriting the hermitian matrix H

N2-1

1
H = S T[H]1+2 > Te[TH] T, (3.23)
a=1
in matrix representation, show that
N2-1
H,LLI/ == Haa(suy + 2 Z TO((ZﬁHBO“
a=1
N2-1

Hpa(0updva) = Hpa | ~70ap0u + 2 Z iwlap | - (3.24)

15. Using the fact that #H,, is an arbitrary complex number for any p > v and an arbitrary real
number for any p = v, prove the completeness relation

N2-1

a a 1
Z uvtap = (6u561/04 - N(s;wfsaﬁ> . (325)

With this relation, we can calculate any color factor involving SU(N) gauge theory.

3.3 Useful trace formulas

We can derive various trace formulas and relations among the structure constants which are very
useful in practical calculations concerning perturbative QCD. In this section, we derive these
practically useful relations in detail, by using the results shown in previous sections.

From now on, we use summation convention, where any two repeated indices are assumed to be
summed over color indices.

16. By using the completeness relation, we can show that the sum of squared generators is propor-
tional to the identity matrix as

N2-1 N2-1

a a a a 1 1

Z 7T = Z T,uaTon = 5 <5MV55V04 - N(Syadal/)

a=1 v a=1
1 1

N2-1

N?2 -1

N Z T — 5N 1. (326)

For SU(N = 3),
N2—-1 4
Cp — ——— 3.27

F oN 3 (3:27)

The color factor appears in the quark wavefunction renormalization factor.
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17. When we calcualte gluon-loop corrections to ferimion-gluon-fermion vertices, we need to evaluate
the matrix such as

> TertTe. (3.28)
a
Using the completeness relation to re-order the matrix product and using the formula
N%Z -1
TT* = I 2
> o b (3.29)
a
show that
N? -1
TTT" = T 3.30
T (3.30)
1
7T = —__T" 3.31
SN L (3.31)
N? — 1)
pepoprre = D7 32
T (3:32)
N? -1
T T = 1 :
NZ b (3.33)
N2 —1)2
rertrire — U7 34
N2 (3.34)

18. We can derive the following trace formulas using the same method used above. Here are the
SU(N) trace formulas up to 4 pairs of indices

1
Te[T°T%] = 55‘”’, (3.35)
Te[T°T*T®] = 0, (3.36)
1
Te[TT) T[T°T¢] = 15“, (3.37)
N2 -1
Te[TT°T'T] = ———™ :
1
Te[ToT°TT¢] = —-——-o% .
[ ] o (3.39)
1
Te[TT°Te) Te[T°T T = —ﬁécd, (3.40)
a crya N2+ 1 C
Te[TeT’TeTeT TY) = TR d (3.41)
arbrc brard N2_2 cd
T[T T T[T TTY = — =5, (3.42)
a C a 1 Ci
Te[T°T T T°TY) = el d (3.43)
ara c (N2 B 1)2 C
Te[TeT*T T’ T°TY] = vz d (3.44)
arparpbreband N2 -1 cd
T[T T TP TT T = ===, (3.45)
Trrertrortrerd — 2 - L ed 3.46
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19.

20.

3.4 Adjoint representation

In this section we investigate the properties of the structure constant f’s and symmetric d**¢’s.
And we will look into the adjoint representation which is made up of the structure constant £
itself.
Compare the above identity with the one driven in previous section,

1[1

70T = 5 N60b1+(d“bc+if“bC)Tc . (3.47)

If we multiply 6% and sum over color indices, then we get the properties of the structure constant
and symmetric d®¢ as

f* =0 and d*® =0. (3.48)

If we use Eq.(3.47) two times we get

1
TaTch 1 [dabc Z-fabc] I
111 1
G I A (@ i) | T (3.49)

Let us consider triple product 7%T°T¢. By using Eq. (3.26) we get

porery — N - Lrv and roptre — — L
2N 2N
N N2 -2
— TYT, T = ETb and T{T% T’} = I T’ (3.50)
Comparing the result by using the Egs.(3.6), (3.12)
. . 1
Ta [Ta’ Tb] — TaifabcTc — %fabc [Ta7 TC] — %fabcifaceTe — §facbfaceTe’
1 1 1
TefTa Tb - T dabcTc 76ab1 — 7dabc T T¢ 7Tb
1 1
= SddT + T 3.51
5 + T (3.51)
show that
fabCfabd — N(SCd (352&)
fabeqabd = 0 (3.52b)
N2 —4
dedtt = ———p. (3.52c)

21. With the identities and Egs. (3.16) and (3.17) we obtain other relations

dabt:fabd — 0’
N2 —1)(N? — 4)
dabcdabc (
N )
fregate = N(N? —1). (3.53)



22. The structure constants f%° themselves define adjoint representation

b __ .
Fac = Zf(le‘

(3.54)

23. Show that F’’s are traceless, hermitian, and anti-symmetric (N? — 1) x (N2 — 1) matrices.

24. By using the Jacobi identity, show that

([T, 7", T + [[T°, T, T + [[T°,T°), T"]
7;fabd [Td, TC] + ibed[Td, Ta] + Z-fcad [Td, Tb] _

ifabdifdceTe + ’ibedifdaeTe + ifcadifdbeTe
(—ifabd)(—ifdce) + (—ibed)(—ifdae) + (—ifcad)(—’ifdbe)
(—ifabd)(—ifdce) _

(—ifadc)(—ifebd) _
(FaFe)bc _ (FeFa>bC _
- [Fa,Fb] _ ifachc_

25. Defining the fully symmetric d?¢ likewise(D{, = d®*), we get

(T, T T+ {T°, T}, T°) + ({T°, T°}, T"] = O,

dabd[Td,Tc] + dde[Td,Ta] + dcad[Td,Tb]
dabdifdceTe + ddeifdaeTe + dcadifdbeTe

(I
L L

dabd,l'fedc _ dadcifebd — —db

_(DaFe)bc + (FeDa)bc — ifeadDgc,

N [Fa,Db] — ifabch.

o o o o

Z-Jroted(_ifdbc)7

Z-faededc

califalae7

(3.55)

(3.56)

26. Formulas related to the structure constants can be rewritten in terms of adjoint representation

as

faab

daab

fabCfabd
fabCfabd

dachcabd

dabc fabd

dabc dabd

dabc dabd

0 — TrE* =0,

0 — TrDb’=0,

(—ifcab)(—ifdba) _ TI”[FCFd] _ N(SCd,
NZ-1

(—ifad))(—ifabd) _ Z (FaFa)cd _ Nch,

a=1
0 — Tr[D°FY =0,

N2-1
0 — Z (D*F%)cq = Ocq,
a=1
dcabddba _ Tr[Dch] _ N2 — 45€d’
N2-1
N? -4
dacbdabd _ Z (DaDa)Cd _ N ch.
a=1

45

(3.57)
(3.58)
(3.59)

(3.60)
(3.61)

(3.62)

(3.63)

(3.64)



27.

Now we summarize the results concerning the two representations. Regardless of the two repre-
sentations
N2-1
T(R) 0oy = Tr[T,Ty] and Co(R)I= Y TOTH) (3.65)
a=1

where I is the identity matrix in the representation R and the label R is given as
T =1, and TW =F,. (3.66)

We can set the normalization of the generators by setting the value of T'(R). Standard normal-
izations are given as

1
T(R)=5 and T(R)=N. (3.67)
Then the values of Cy(R) are fixed as
N2 —1
C2(R) = 5N and C3(R) = N. (3.68)

3.5 SU(3) Clebsch-Gordan coefficients

As the meson formed from ¢q into singlet and octet in flavor SU(3), the color state formed by
@ and @) with color ¢ and j form a color singlet and a color octet states as

33=108. (3.69)

Obviously the singlet state is the identity matrix and octet states are the eight generators of
SU(3) in the fundamental representation up to normalization as

<32,§j’1> = Nléij and <3Z,§j‘8a> = Nsﬂ?. (370)

The octet coefficient is proportional to the physical vertex ; gluon with color a goes to a color ¢
quark and a color j antiquark. One should be cautious not to confuse the order of indices ¢ and
J in above equations.

Normalizing the nine states as

(1) = > (113i;35)(34; 34[1)
ij
= INi?) 8idy
ij

= |NPTx[II] = 3|N{)? =1, (3.71)
(8a|8a) = Z(l]3i;§j><3i;§j[l) (not sum over index a)
ij
2 axa

= ‘NS‘ ZTij Tij

ij
— 2 ama
=[N3 ZTJsz

ij

1
= | Ng|*Tx[T°T?] = 5\]\78\2 = 1. (3.72)
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28.

If we perform the same derivation for the case of SU(N), then we get

5 1 ey
(3i;34]1) = ﬁéij and (3i;35(8a) = V2T, (3.73)
provided that the generators of the fundamental representation are normalized as
arb 1 ab
Te[TT°]) = 55 . (3.74)

To find the color factor for singlet and octet in this case, we use this kind of method: Since any
product of color matrices are expressed as

T,=T"T*?7% ....T = A(ay,as,...,a,)+ B*a1,a2,...,a,)T" (3.75)
1

Alar,ag,...,ay) = NTI(T,L) (3.76)

B%(ai,az,...,an) = 2Tr(T°T,) (3.77)

Then the total color factor is

CT = TI'TTLTQ; = A(al, ag, ..., an)A*(al, as, ... ,an)Tr(I)
+ B%ai1,as,...,a,)B® (a1, a,. .., a,)Te(TT?)

= A(ay,a2,...,an)A%(a1,a2,...,a,)N

+ B“(al,ag,...,an)B*b(al,ag,...,an)%éab

= NA(ai,az,...,a,)A(a1,a9,...,a,)

+ %Ba(al, ag,...,an)B*(a1,a9,...,ay) (3.78)

And the singlet and octet factors are

Cy = Aar,ag,...,an)A(a1,a2,...,ay)
_ %Tr(Tn)Tr(Tn) (3.79)
Cgd® = Ba(al,ag,...,an)Bb(al,ag,...,an)
= Ngai lB“(al,aQ, coyan)Bay,a9,. .. ap) (3.80)
Cy = N21— 1B“(a1,a2,...,an)B“(al,ag,...,an)
- %Tr(T“Tn)Tr(T“Tn) (3.81)

Therefore there is a relation among the total color factor, singlet and octet color factor

Cr = NCy+ %(NQ —1)Cs (3.82)
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3.6 Examples

29. In calculations of QCD amplitudes such as gg — gg, we have to calculate color factors such as

30.

fabe pazy pdbu pdez. (3.83)

which is very involved.
fabe pavy pdbe pdez J% N25v° (3.84)
dabe pawy pdvr pdez ) (3.85)
debegary pdve pdez _ —i—% (N2 — 4)§%= (3.86)
dabe pawy gdbe pdez - _ _%( N2 _ 4)§v7 (3.87)
dobedazy gdbe pdez (3.88)
Jabe qazy gdbe gdez +2T172(N2 _ 4)(N2 — 12)6¥7 (3.89)

where the last formula is not derived directly from the relations given above, instead, with

4% % Te(TOT T Te(TT*TY) Te(T4TCT*) Te (TATT?)
— (dabc + Z-fabC)(daxy + ifamy)(ddbx + ifdbx)(ddcz + ,ideZ) (390)

and the remaining formulas. And the relation is invariant under cyclic rotations such as

Aabc BTy Cdba: Ddcz — Babccazy Ddb;r Adcz

— CabcDaxyAdmedcz
— DabcAaxdemedcz (3 91)
The completeness relation is the most powerful tool in calculating color factors. You are ad-
vised to transform any color factors into the fundamental representation first. Then using the

completeness relation to reorder the color matrices so that you can express the color factor as a
linear combination of products of color factors made of

1
T[T = 55“. (3.92)
Then the remaining calculations are products of

6% = N? —1 and/or 6% = N. (3.93)
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Chapter 4

Tree-Level Calculation

4.1 Cross section formula Summary
1. Discuss the difference between the two matrices 7 and M.
S=14+1T, (4.1)
2. In the transition matrix 7T, scalar wavefunction factor
e T (4.2)
for each particle is included.

3. When we obtain the transition amplitude M, position variable in 7 for each vertex is integrated
out to give energy-momentum conservation delta function

/d4xei2ipi' (2m)*6™ <Zpl> . (4.3)
4. When we square the matrix 7, we treat the space-time volume finite TV

[(27r)45(4> (Z pi>} =TV x (2r)*6@¥ <Z pz) (4.4)

5. In the transition matrix 7, each external particles have the normalization to get

/W(m)ip(w)d?’ % x V = 2E, (4.5)

6. Show that the cross section formula for the following process
A(p1, M) + B(p2, M2) — fi(qi,m1) + falgz,m2) + - + fu(gn, mn), (4.6)
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is given by

M2
do = = do, (4.7a)
Flux = 4y/(py +p2)? — MEMZ, (4.7b)
. dq,
A, = (2m)%6® _ S L 47
(2) p1+p2 3:1% =197, (2m)8 (4.7¢)

By = mi+qi (4.7d)

The notation Y stands for

1 n
(2J4 + 1)(2Jp + 1) N 4(color) Ng(color) Z Z Z Z =1 Z Z (4.8)

spin 4 color 4 sping colorp spiny, colory

summation over all the final states and averaging over all the initial states. The states includes
all possible degress of freedom such as spin and color.

7. Show that the following average factors

1 1 1
ete” S5 it 4 fn = <> <) =, (4.9a)
2 et —spin 2 e~ —spin 4
1 1 1
e~ —spin ~y—spin
1 1 1
~y—spin y—spin
_ 1 1 1 1 1
g—spin q—color g—spin g—color
1 1 1 1 1
49— fit- ot fn = <2> (3> (2> <8) =55 (49¢)
q—spin q—color g—spin g—color
1 1 1 1 1
g—spin g—color g—spin g—color

4.2 efe” = putpu”

8. Neglecting masses, show that
4 2
tem s utu) = ga . (4.10)
S

o(e

9. Draw the Feynman diagram in the leading order in a.

10. Draw the Feynman diagram in the next-to-leading order in a.
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11.

12.

13.

14.

15.

16.

17.

18.

Write the transition amplitude for the process et (p1)e™ (p2) — u(q1)p~ (g2) in the light-cone
gauge, n- A = 0 with n? = 0.

—gh + (P1+p2)n” +nH (p1+p2)¥

—iM = [(+ie)v(p1)yuu(p2)] x (+i) (p1 +p§)(p::?

x [(+ie)u(gz)yv(qr)] - (4.11a)

Write the same amplitude in the covariant gauge 0 - A = 0.

—g + (1 _ 1) (p1+1(vz)“(p1)-2kpz)”
—iM = [(+ie)v x (+i - Ll
? [( le)v(pl)’YMu(pQ)] ( 7’) (p1+p2)2+26

x [(+ie)u(g2)wol(qr)] - (4.12a)

Write the same amplitude in the Feynman gauge 9 - A = 0 with gauge-fixing term —i(@ - A)?
and a = 1.

. - . —gh
—iM = +ie)v u X (+4)——m———
(i)l ynlp)] * (+) oy
X [(+ie)u(g2) 1 v(q1)] - (4.13a)
Explain why the three amplitudes must give the same answer.
What happens to the gauge-dependent terms proportional to
(p1 + p2)H(p1 + p2)” (4.14a)
(1 + p2)Fn” + n#(p1 + p2)” (4.14D)

in the propagator in the long run?

Show that the squared amplitude in the Feynman gauge becomes

4
Z M WTT [V (B2 + me)y” (b1 — me)] Tr [V (d +m )y (dh —my)] . (4.15)
Using
YA A = 2gM, (4.16)
show that
Tr[¢f] = 4a-b, (4.17a)
Tr[@h¢d] = 4[(a-d)(c-d)—(a-c)(b-d)+ (a-d)(b-c)]. (4.17D)
Neglecting m,. and m,,, show that
> M m [PhDs + Py — g"p1 - pal [V &5 + dbd — 9" a1 - o] - (4.18)

spin
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19.

20.

21.

22.

23.

24.

Using four-momentum conservation

pP1+ P2 =q1+ q2,

show that
_ 2 _ 2
s = (p1+p2)” = (a1 +q),
t = (m-a)’=p—a)
u = (p1— Q2)2 = (p2 — Q1)2,
s+itt+u = 2mg+2mi — 0.
Show that
1% v 14 174 1
Pivslas +dbal — 9" -] = S +ut =57,
1
PhrYllds + dbal — 9" -] = (Ut =57,
S S S
—9"pp2ldidy F a9 0] = g (_5 Tt

Using above relations, show that
16e* 1
YNIMP = =S +u?)
= 7(152 + uz) — e = 4ra,

- 1 2(4m)2a?
SiMP = 23 ime= 2 e )

Show that the colliding flux is

Flux = 4/ (p1 + p2)? = 2s.

Show that the phase space for the two-body final state is Lorentz invariant.

(4.22a)

(4.22b)

(4.23)

Show that the phase space for the two-body final state in the center-of-momentum frame of the

colliding pair becomes

q2

dby = (2m)*%Y(p1+p2— a1 — @) Par__&
d3q*
- 2 _ B — E*

Ef = \mi+aq?=|q"],

Vs = Ef+ Eyx,

where g* is the momentum q; measured in the center-of-momentum frame.
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25.

26.

27.

28.

29.

30.

Neglecting azimuthal (angle ¢) dependence, we can write

dq* = |q*|2d|q*|d = 2n|q*|>d|q"|d cos 6*. (4.25)
Using the relation,
§(x — ;)
6(f(a)) =3 (4.26)
2 | (z4)]

i

for a function made of single zeros at x = x;, show that

[dasws-Ei - B = [laPdlalaesws - B - B)

* ZdQ* *
_ A g o (4.27a)
o] 1a°] /s
By T

Show finally that
1 2|g*| d9F
ddy = — . 4.28
2T s (4.28)

For massless final states, show that

1 aa* ~ dcos o*

dPy = — = 4.29
7 8r 8 a7 167 ( )
If the amplitude is independent of Q* (rotationally symmetric), show that
Dy = (4.30)
2 — 87-[-' .
Combining previous results, show that
1 U dcos6* [2(47)%a?
o= <> / o8 [ ( ”3 L (42 4 u?) . (4.31a)
28 ) prux J—1 167 s ST m 2
In the center-of-momentum frame, show that
p1o= ‘f(l, 0,0,1), (4.32a)
P2 = \ég(laoa()? 1)7 (432b>
g = \ég(l, sin 0 cos ¢*, sin 0" sin ¢, cos 0*), (4.32¢)
g2 = (1,—sinf* cos ¢, —sin 6" sin ¢*, cos 6%). (4.32d)
Therefore,
t = —2p1-q = —g(l — cosf"), (4.33a)
u = —2p1-q2 = —%(1 + cos0*), (4.33D)
2+ u? 1
2 = 5(1 + cos® 0%). (4.33c)
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31. Using the following definite integral

L | 4
dr—(1+2%) ==
/1 oy +a%) =3,

1 2 2
t 4
/ dcos 6* —|—2u = —.
1 S 3

show that

32. Substituting above results to the cross section formula, show that

_ _ 1 2(4n)%a? /1 2 +u?
+ + _ *
N = X d 9
olete ) 2s 167 1 o8 52
- 4o
35

4.3 ete” =5 q+q

33. Neglecting masses, show that

+ +

olee” = qq) = N, X eg xo(ete” = putu™),

where e, is the fractional charge of the quark.

44 qi—= g —qd+7

34. Neglecting masses and QED interaction, show that

— oy 2 (s)? +.- +,,-
U(qq%QQ):§<E) ><U(e e = uu ),

where e, is the fractional charge of the quark.
35. We first replace the coupling —e by gs that is a — as.
36. The color factor in the amplitude level is
T3
where the color idices are for ¢;q; — ¢ + G,

37. Squaring the color factor, we get

1\7371_2
=2

And we have to average over the initial color states by multiplying the factor

< ; )
=5 .
3 color-average

_ _ 2 rag\2 _ _
(a4~ ¢q) =5 (f) xo(ete” = ptp),

1
Te(TT°) Tr(T4T?) = Zaabaab =

38. Therefore,

(4.34)

(4.35)

(4.36a)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



Chapter 5

Higher Order Correction

5.1 Fermion Self Energy
Define —iX( p) as sum of all the one particle irreducible diagrams.

pjmx(—iE(p))xpim = /i)imx;_m

(5.1)

where () commutes with ( p—m)~!. Then full fermion propagator is given by an infinite geometric
series

= ! x |1+

bp—mpg bh—m

ZNCO

(p-m) (1-39)  b=—m=%(h)

where Z is the wavefunction renormalization constant and mpg is the renormalized mass. Expanding
right hand side of above equation around the renormalized pole mass:

S0 = Sem+th-m) [ 7] +oh-m) (5.4
/pZ;lR = p—m—3(p) (5.5)
- p—m—z(m)—[cﬁhm( ~m) (5.6)

= (1 - [Cﬁh) - (m —m [;ZLm +3(p= m)) (5.7)

bl
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Here left hand side is renormalized one and the right hand side is bare perturbation result. RHS is
expanded in terms of bare perturbation quantities(bare mass m,...). we have

IR ax

Z2 B 1_|:dp:|ﬂm

mp = m E(pd:m)
1_[71’(}1%:771

If we define (™ as n-th order irreducible diagram
y = 2W4n@ 4 (5.9)

Therefore, if we need to calculate wavefunction renormalization factor with af accuracy, we should
calculate —dX,, /d p at p=m and add to n — 1th order result:

A1) gxn(©2)
Z;t = 1—[ + 4o (5.10)
d d
b b e
< [qzm]"
Zy = 1 11
2 = 1) 1T (5.11)
k=1 p=m

In our case : QCD N-loop correction to J/¢ — ¢T¢~ Full amplitude My valid to this order can be

calculated by summing all the k-th(k < N) order vertex correction diagram M%f )
perturbation theory multiplied by quark wavefunction renormalization factor Zg.

obtained by bare

k
| g
M = ZogMy =Zo(1+ MO = [1+) [ y (1+A) MO (5.12)
k=1 /{) p=m
where we use
My = MO L3 MY = (1 +3 W) MO = (14 )MO (5.13)
k=1 k=1
M%f) = AOMO N = ZA(k) (5.14)
k=1
If we consider one loop correction
1
M o= (14204 % +0(g3) | MO (5.15)
dp
p=m
In two loop correction,
2
(1) $(2) (1) (1)
M o= (14 a0y 27 L@y d Lam @ L d +0(g%) |(346)
d "’ d e d p e dp|,




ik —i +i
_ 2—d 2 a ra a
S o= i(—igu* E T”Tjk/ 92 5 m) (5.17)

. _ d’k p— k+m
_ 2 4—d . a
= —ig°u C’Q(R)(S,k/ on )d%é Rlp— k)2 = m2)7 (5.18)
dk (2—d)(p— k) +dm
= G / 2m)4 k2((p— k)2 — m?2) (5.19)
Cs = —ig?u* 90y (R)di (5.20)
ZQ_;E‘ = Cp a S( b, m)‘ (5.21)
f) P= p=m
_ 2212 [—4m2I1 —2(d — 2)Ig — 8T, — 2(d — Am2L, + (d—2I',] (5.22)
Cs (d—1)(d-2)
—53 X -3 I (5.23)
where we use
I = (d—2n—3)I11 (5.24)
d—n-—1
I = 2m2(d — 2n — 1)1”‘1 (5.25)
2m? 2
dk —1 +1
_ 2— d/2 a
by lgu Z i ]k/ dﬁ)/a‘ L2 /ﬁ /k m) (527>
. _ ddk: p— kE+m
_ .2 4-d A o
B dk (2 —d)(p— /f) +dm
- c/ e (et (5.29)
ddk (2 - b+ d—2 d
= G / 2 o T 2 n T2 = 5{3-30)
R+ k2 —m?) 2 p(prRE—m?) K ((p+ k)2 —m)
_dx(p) B ddk 1 (2 —d) 1
=0, - / " GG T G, 5
_ 2
~ ol T 3F2(m ) (5.32)
 dedmay T(%Y) ., 1-d
4o 3 3 m?
= 3. [2(d " 1+ 1 (7]3 + log <47r>ﬂ (5.34)
so that one-loop correction factor is set as
B ax(p) Savg
A+ Zg=A+ 7 p Lm . (5.35)



C0=I/(4 Pi)~(d/2) Gammal[(4-d)/2]
I0[0]=2 C m"2/(d-2) m~(d-4)

Fnln_]:=Product[(d-k-1)/((2m~2)*(d-2k-1)),{k,1,n}]/; (n>0)

I0[n_]:=I0[0]*Fn[n]
IP[n_]:=(d-2n-3) IO[n+1]

F=(d-2)/( 2m~2(d-1) )I0[0]+(d-2)(d-3)I0[1]/(d-1)-4m~2 IO0[2]
CS=-I%4/3 * 4%Pix*As

V=CS*F
TST=Simplify[ Series[Expand[V/.C->C0],{d,4,0}]]
Unprotect [Log,Power]
Log[m~2]=2Log [m]
FSELF =(4 As)/(3 Pi)*(
3/(2(4-d) ) -1 -3/4x(EulerGamma+Log[m~2/(4Pi)])
)
Simplify[Series[ Expand[TST-FSELF],{d,4,03}]]

(**********************************************)

F=(1-d)/(d-3)IP[0]
V=CSx*F
TST=Simplify[ Series[Expand[V/.C->C0],{d,4,0}]]
FVTX =(4 As)/(3 Pi)*(

3/(2(d-4) ) -1 +3/4*(EulerGamma+Log[m~2/(4Pi)])

)

Simplify[Series[ Expand[TST-FVTX],{d,4,0}]]
Simplify[Series[ Expand[FSELF+FVTX],{d,4,03}]]

5.2 Gluon Self Energy

Define iII( 4) as sum of all the one particle irreducible diagrams.

—ighe . —igPv — T
7 X (’l/]:[aﬁ) X 7 = q4 (536)
—i[g“”-—gﬁgq
q
= (g% x 2 (5.37)
o = T(¢*)|g*g"™ — ¢"q"] (5.38)



Then full gluon propagator is given by an infinite geometric series

—i 739"
q2

) R TR
_Zg:u'l/ 2 [g q2 :| 9
+ x II(g”) + - -~
7 7 (a7)
— [g/w B q’;ig”} 2 2/ 2
2 x [T(g?) +T1%(¢%) + -] —
. KoV
i [g“” B qqg } g
¢*[1 —1I(¢?)] gt
—ighv
q* [1 —11(¢?)]
—ighv

¢ [1 —1I(g* = 0)]

gt q”

q

4

(5.39)

(5.40)

(5.41)
(5.42)

(5.43)

where Z3 is charge renormalization constant. If TI(¢?) is regular at ¢ = 0, pole structure remains and
therefore gluon is massless for all order.

Zy = ——
ST 1I-N(2=0)
gr = VZ3g

where gr is renormalized color charge.

5.3 Scalar Integrals

dek 1
In = /@@MMW@Lahm

, dk 1
L :l/@muMW@taka

dk kH
L E{/@wwwwwhahm

;o dik o
b = /(%)d (k)" (k% — 2k - p)?
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Reduction formulae

o /ddk k
nT ) @od (k) (k2 - 2k p)
o= Ap
) ddk k-p
4" = / @) () (k2 — 2k )
ddk 1 2—2k p 1 k2
B [ 2 (k)" (k? — 2k - ) 2<k2>n<k2—2k-p>}
ddk 1 1
N [ 2 (k 1<k2—2k‘p>]
ddk dk? 1
b= 2p2[f" e <2w>d<k2>n} | G =0 <
o= 2o o
n 2]92 n
1 1 1 1
(k2 —2k p)(K2+2k-p) W[(k?—zk-p)+(k2+2k-p)
dk 1 dk 1
/ @) (k)" (k2 — 2k - p) / (2m)? (k2)" (k2 + 2k - p)

5.4 Vertex Correction

Using
/ dk 1 _
mdk2 (k2 +2k-p) (k2 —2k-p)  °
/ dk Kt ~
m)d k2 (k2 + 2k -p) (k2 — 2k -p)
/ dk k2 _
mak2 (k2 +2k-p) (k2 —2k-p)
/ dk kb kY _ 1 I, P (dh
(2m)d k2 (k2 + 2k - p) (k2 — 2k - p) a—n |9 g )t 4
I / ddk: —AmEFT + A* ((d — 2)k? — 4m?) +2(2 — d) k"
k2 (k2 + 2k - p) (k2 — 2k - p)
: (d—2)Iy  (d—2)(d—3)] 2
AN = G — 4m?I
o' [2m2(d—1) d—1) e
o 1 d—7\ 4.
i Ao

o [ 15 (v (5))]
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(5.49)

(5.50)
(5.51)
(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)
(5.58)

(5.59)
- 1'1)](5.60)

(5.61)
(5.62)
(5.63)

(5.64)



where we neglected p* = 0*

CO=I/(4 Pi)~(d/2) Gammal[(4-d)/2]
I0[0]=2 C m~2/(d-2) * m~(d-4)

Fn[n_] :=Product[(d-k-1)/((2m~2)*(d-2k-1)) ,{k,1,n}]1/; (n>0)

Fn[1]

I0[n_]:=I0[0]*Fn[n]
IP[n_]:=(d-2n-3) I0[n+1]

F=(d-2)/( 2m~2(d-1) )I0[0]+(d-2)(d-3)I0[1]/(d-1)-4m"~2 IO[2]

CS=-I%4/3 * 4xPixAs

V=CSx*F

TST=Simplify[

Series[Expand[V/.C->C0],{d,4,0}]]

Unprotect [Log,Power]

Log[m~2]=2Log [m]

FF =(4 As)/(3 Pi)*(

3/(2(4-d) ) -1 -3/4x(EulerGamma+Log[m~2/(4Pi)])

)

Simplify[Series[ Expand[TST-FF],{d,4,0}]]

5.5 Gloun Self Energy

5.5.1 Scalar Integrals-Massless fermion loop

Let us define an integral

i 1
1= [y ¢ A=k

From now on, these are useful

/(iiidzl? B /(jgdql?_o
/ [

ddl B dd l2 — / ddl l4 - 0
(2m)d N / (2m)d - 27)d N -
kel = S(@-P-K) ¢ =k+D) =k +1+2k-1

1See vtx1.red
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Reduction formulae
atr e
[ Gy = A
N
N 2m)dq22 2 ) (2m)d 212
d 2
— 1/ d’l l_l_kgxi :_ILI
2) @2mn)d 12 ¢ q>1? 2
/ddll“ _ _k“/ddll__k”f
(2mdq2i2 2 ) (2n)d¢i2 2

For tensor integral, we may use the same method

B

il m kHEY
= _gnv
| Grpgm = A

di 12 dil 1
* / (2m)? 212 / @2m)i ¢

dil (k- 1) 1/ dd (qQ—z2—k2)2_k4/ 1
(

BA+E) = /(27r)d 2 1

where all the other terms vanish. Solving

— 2
—~dA+B = 02 A - K
A+B Ly Hd—1)

—Atrb = B dA

2m)d q%1? 4

And
4 1t U IO R Y % I ,
= .y, — k29" + dk" K
/(27T)d 212 /(27r)d P21 2 +4(d—1)[ gt ]
I

- e e

di 1
I = [ ——s =k 41
I I
/dﬁ Sy L .
2l2 2 ) (@n)derr 2
kM
/ 2l2 - + I
dl l“l” il gtg” 1
= = —k*g" + dkF K
/ d 212 /(Qﬂ)d 22 4d—1) [k g™ + ]
ddl l“q a1k + 1) I 5
= = —K2g" + (2 — d)k"E”
/ 22 /(27r)d PP a1 R 2o dRE]

2See gluonl.red
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(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)



5.5.2 Scalar Integrals-Massive fermion loop

Let us define an integral

1

s / ar 1 / dl
! (2m)d 2 —m2 | (2m)9q? —m?
dl 1
= =k+1
2 / et (@ - mE-m?) TN
From now on, these are useful
/ d?l s _ 0
(2m)d 12 —m?2
/ d?l B / d?l l2/ d?l T _0
@emd — ) ¢em® ) @emd

— @Bk =3 [ md) = () - ]

= (k+1)?=K+1+2k-1
d; 12 _ .2
_ / P —m? s,

Cr)! ¢ = m?

Reduction formulae

/

/

/ aror
(2m)d12 —m2

A4l 12 —m?
/27Td2—m2
(2m)%q

/ ddl q2_m2 _
(2m)d 12 —m2

dl s

(2m)¢ (¢* —m?)(I* — m?)

AK? =

dl s

(2m)¢ (¢* —m?)(I* = m?)

d4l m?
[ o [+ ] =

/ di (1— k)% — m?

(2m)d 12 —m?2 <
/ ah (kP m?
2m)d 12 —m?

/ ddl q2 _ m2
(2m)® [2 — m?

/ di 1?2 —m?+2k- 1+ k?
(2m)d 12 —m?

translation

function of k>

22— m2

d’l 1o
/ — [1 + 2kq + K

(2m)d
d? 1
k? g =k’
/ (2m)d 2 — m? h

Ak

dl k-l
/ (2m)? (¢? = m?)(I* —m?)

1
12— m2

(5.76)

(5.77)

1/ d?l 1 1
2) 2m)d |[12—m2 ¢*—m?

kM

-5 f
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For tensor integral, we may use the same method

dl i kF kY
= —g"A B 5.89
K e B 559
d 12— m?2+m?2
—-dA+B = = 2 :
0 = | G (590
dl (k- 1)2
k*(-A+B) = 5.91
v 20
_ 1 / At [l —m?) — @ =m)]" (@ —m?) — (P
4 @md (¢ —m?)(* —m?) (¢ —m2) (12 —m2)™~
k‘4
5.93
gr=rcer] 5:99)
R N L o
Co4) end [2-m2 T 2-m2] " 4 ) 2m)d (¢ —m2)(12 ~m?)
k2 k4
= — — 5.95
SRAREEE (5.95)
where all the other terms vanish. Solving
1
—dA+B = fi+m?f A = ——— [2fi + (4m® — k) fo]
4 1 k2 4<d1— b ) ) (5.96)
—-A+B = §f1+zf2 B = =T [2(d — 2) f1 + (dk? — 4m?) f]
3
5.5.3 Sign Convention of II
Sign of II*¥ is chosen so that
N —igh s —ig? _ —ight T
Amplitude =I1 — 7 X i1 x 2= T X (5.97)
whereas Sign of ¥ is chosen so that
. . . 1
Amplitude = —i%  — pim x (—i%) x j)imx = pim x (E/f)—m) (5.98)
5.5.4 Fermion Loop
2 2 b g
Factor = (_i)convention X (_1)fermion—100p(_i)vertex(+i)propagat0rTr |:TaT } = 17 (599)

3See gm1.red
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§ab d4l Ty [y* mg)y” Mg
" (quark) = i3 /(27r)d h(q(ZA__;ﬁ)()lZ —(lm—g) ) (5.100)
_ 26@%)2/ ddl q“l”+q”l“ J;)((lﬂ”; —qq)l)g’“’ (5.101)

2

4dm 9
(1 + (d_;)kg) fo— 2f1] x [k*g" — kFEY]  (5.102)

. d?l q*lr + qVl* —q - Lg*v
= 2N 1
125 / 5 s (5.103)
d—2
= I(K*)N 5abgd_ 1; [K2g" — kMK (5.104)

where we neglected light quark mass m, where ¢ = u,d, s(Ny = 3).

5.5.5 Ghost Loop

Factor = (_i)convention X (_1>ghostfloop [(_fyxa)(_fccyb) (+i)]?)ropagator = 35" (5‘105>

vertex

di g
TI#v = 3j0% — 1
(ghost) = 3id / ) P (5.106)
1
= 5“b<d(k_)1) (K29 + (d — 2)k" k"] (5.107)

5.5.6 Gluon Loop

) 1 ) 3
Factor = (_'L)Convention X\ (_fyxa)(_fmyb) (+Z)2ro agator — _Zf(sal(5'108)
2 gluon—loop vertex propag 2

di] Gyl’u(_l’ q, _k)nyu(_(b L k)

3
pv —  _;"sab
1" (gluon) 22(5 / an) 2P (5.109)
_sigob 1 (k) [(6d — 5)k*g" + (6 — Td)k" k"] (5.110)
4(d—-1) ‘
5.5.7 Gluon + Ghost
v v ab 2 3d —2 2 _uv v
" (gluon) 4+ 1" (ghost) = —3id"1(k ) 2d=1) [k*g" — k'K (5.111)
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5.5.8 Gluon Self Energy

™ (k%) = T (quark) + 1" (gluon) + T (ghost) (5.112)
= TI(K?) [K*g" — kME"] (5.113)
ov  cabypoy 2N (d —2) +3(2 — 3d)
(k%) = 0"I(k*) 20— 1) (5.114)
. ab2Nf(d—2)+3(2—3d)/ d4l 1
= 2(d — 1) (2m)d 12(k +1)2 (5.115)
= i0PI(k?) <2];7f - 5> — d=4 (5.116)
Considering
2 — i ..
I(k*) = (4 )2e + (5.117)
Y 1 2N Y y
(k%) = = <5 — 3f> L S (5.118)
Therefore one loop gluon propagator
0] X X
a b a é : ; b a-""*'b
LR L5 I B
k c.e’
I y y
ONE PARTICLE IRREDUCIBLE DIAGRAM
‘ — —— + 1100P + 2L00P
"o"o’“**r*r\ = ——w— + 1-LOOP
is given by
—ighv
e H(k:2)7] (5.119)
and 1-loop correction term is
Agm/ ddl _Z-gm/
L ap2Np(d —2) +3(2 - 3d)
Cn = 1o 20— 1) (5.121)
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5.6 Zg Contribution

Sign of ¥ is chosen so that

. . : 1
Amplitude = —i¥  — pim X (—i%) x pimx - pim X (21)_ m> (5.122)
o 4 dk (2—d)(p— k)+dm
E:—24dCR/ 5.123
W) [ - 2 - ) (0129
dy Qg 1 1 2 4 47 p?
Zg—1 = — —1= — | —+— ) -z —1 O 5.124
: Th W[3(EUV+EIR) LR g(mQ> +O(0) (5129
After renormalizing heavy quark wavefunction as
Ur = \/Zgup and vg = \/Zgup (5.125)

The correction is

2x (VZg-1) = Zg -1 (5.126)

where factor 2 comes from heavy quark and antiquark one by one.

5.7 Z, Contribution

Sign of TI*¥ is chosen so that

ig™ x il1%7 x g _ g T

Amplitude =1 — .2 2 = 12 X 2

One loop gluon propagator
X X
a b a b a-""* b
LA [ I 2
k e ‘
y y

ONE PARTICLE IRREDUCIBLE DIAGRAM
‘ — — 4+ 11L00rP + 2L00P

"o"r“fﬁhr\ = —w— 1+ 1-LO0P
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is given by
—ighv
k21— TI(k)]
and 1-loop correction factor II is

2Ns(d—2)+3(2—3d) [ dl 1
2(d—1) / (2m)d [2¢2

204 1+1 . 2n 1 +5 o T g
= -+ = - = — + - — — ™
T |4 8 3 ! ey 3 B S mg

il
2

as |11 1 5 2 ,
—4+—(15-2 — - — log | =5

2+12( nf)<6UV—|—3 ”yE—l—og(m% + i

Since dimensional regularization guarantees

H(k:2 = 4m€2) = dray — q=—(k+1)

+ O(e)

+0(e)(5.127)

™

i 1 i T(epy) 2\ €
li = li — =0 0
50 / 2m)a 12(1 + k)2 (4m)2 2 — 2¢ 20 \ 4 €S
1 1 1
| — — 5.128
- 2(47‘()2 |:€UV 51R:| ( )
we have
s 1
Z, = 141k =0)|yy = 1 + —= (15— 2ny) [} (5.129)
127 (0a%

Note that UV divergence should be the same for any values of k2, since lim! — oo is not changed by
k. This will be used to check the charge renormalization process. If the gluon is on-shell, we could
have renoramlized the gluon wavefunction as

ey = \/Zgely (5.130)
and the correction term is
VZg—1 (5.131)

In our case to consider the gluon fragmentaiton, the gluon is off-shell and it is created by the operator
explicitly shown in the gauge invaariant definition of fragmentation. Therefore, we should renoramlize
this gluon operator instead of on-shell gluon.

5.8 1-gluon Exchange Vertex Contribution )\;

2 (d—2)(d—3) 2 _(d-2) 2
W mag [ odk M 20k PV Gy, 4o
PN (@) kK2(k? + k- p)(k2 — k - p)
2m g 1% (d—2)(d—3)/ d?k 1 N (d—2) / d?k 1
1
N, (d—1) @mIR2(K2+k-p)  2(d—L)m} ) 2m)? (k2 +k-p)
d’k 1
—4m? 132
% | G ) (132)
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+ O(e)

1 2 A7 p?
Moo= oo — 4+ =)+ 443 ym —log m;
247 €UV €IR mg,

5.9 tri-gluon Vertex Contribution )\,

d—2 1 dk 1 d d%k 1
Ny = —i2masu’N., -
2 1emast X{d—12mé/(27r)dk2—m2Q (d—l)/(

dk 1
+4/ (2m)d k2 (k2 + k 'p)]

9( 1 4y j
(—’yE—i-log( 77,121 >>—i—2—|—log2—Z7T
8\ eyy mg 2

5.10 Sum of vertex corrections

+ O(e)

™

A= M+
s |1 /13 1 A 13 i
= (2 ) gt log [ ) + 2 4 10g2— Z| 4+ 0(e)
T |12 \eyyv  €R mg 6 2
(2a) = Apgy x (1)
Apgy = 2Re[A+ (Zg — 1) +II(K* = 4m3))]
_as[12=mp 1 31
o7 3 €UV 2€IR

3

2m) K2 (k + p)?

(5.133)

(5.134)

(5.135)

(5.138)

Note that there is an IR divergence and it should be exactly cancelled by another IR divergence from

the rest of the contributions.

5.11 Charge renoramlization

Before doing final step calculation, let us consider the renoramlization process. Charge renoramlization

concerns only on the UV divergent term.

15—-2

/Zy—1 = QsB 10— <Nf
247 ey
asp 8
Zo—1 = -— —
@ 241 ey
N - asp 26
241 eyy
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Therefore

9sR = UsB ((\/Z:— 1)+ (Zg — 1)+)\>

33— 2n 1 A7
— g (14+%E ! — v +log [ L (5.142)
T 24 €UV U
In MS scheme,
s 33 — 2n 1 A7 2
aspg = agp |1+ sB / —7E+log T(;L (5143)
T 12 €UV I

where p and ug are dimensional regularization sccale and charge renormalization scale, respectively.
After summing over the diagrams, we can simply add

33 -2 1 A7 p?
_%s nf — v+ log WZH (5.144)
T 12 Vv MR

to the correction factor to get the charge renormalized result.

5.12 UV /IR-finite final result

e This this the results for the NLO corrections to ¢* — QQ process from the paper E. Braaten
and Jungil Lee, Nucl. Phys. B 586, 427 (2000), hep-ph/0004228.

If we write (38) as the §(1 — 2) contribution in QQ final state
(2b) + (2¢) + (2d) + (2e) + (30) = A~g x (1) (5.145)
Though we don’t know the origin of the divergence clearly,

A, = 30

. +0(e) (5.146)

1 A7 2 2
+1—7E+log< /;)4-2103;22—
€ meg, 6

now we can find the IR divergence part to cancell that of diagram 2(a) and we also obtain the UV
part simultaneously.

as |1 as |31 31
==t = 4 c = 5.147
U [J T [2 €UV * 26[R:| ( )

And
A(Q) = As+A.

as[33=2ny (1 5 Tu?
= — +o e tlog | o
T 6 ey 3 mg,

2 2
+§ +8log2 + 6log? 2 — 7;} + O(e) (5.148)
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The UV divergent term in above equation (§(1 — z) contribution ) is proportional to that of the gluon
splitting function

z 1—=2
(1—2)+ z

+2(1—2)+ (E - Tg) 5(1— z)} (5.149)
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Chapter 6

Dimensional Regularization

6.1 Minkowski space volume integral

1. If we calculate next-to-leading or higher-order contributions in perurbation theory, we find the
amplitude involves integrals over intermediate loop momenta in the form such as

dPk 1
/ 2m)P (k2 — m? +ie)”” (6.1)

Our original relativistic notation is written in the Minkowski space, where the scalar product of
any two vectors are defined by A- B = A°B" — A . B.

2. Find all the zeros of the denominator of the integrand.
3. Discuss physical meaning of the zeros.
4. Find all the residues of the integrand.

5. By an appropriate change of variables, we can rewrite the integral in the following form.

dPz 1
/ 2D (22— )" (6.2)

where 2 includes the infinitesimal imaginary part ie.

6. Evaluate the following integral.

dPzx 1 i rv-%2) o,
I(v, z) = = X 22 x 22 : t,beeRand zp e C— R
v = [ Gy Coran? T 0




dPx 1
I(v,20) = / ( 3 — 22=t2 -2 dPr=dtd’ ‘e = Qp_ydt rP2dr

2m)P (22 — )V
QD 1 D2 1
a / dt/ ar (=1)7(r2 4 (20 — t2))¥
—1 D-1
S P = g A=y
~ Qp_1 B(p,q) /°° dt
CrP 2 o (C1)(z0— 2
_ Qp1 B(p,q) [ =1 dt
= oo | e ca

_ 921 Bp,@)B(3.4-3) _ Q1 Bp.9)B(3,v — %)
(2m)P 2(—1)u+q(_Z0)q—% (2m)D 2(—1)V+2q_§zg_%

6.2 Wick Rotation

7. Our amplitude is written in Lorentz scalars. In the Minkowski space the metric tensor is not
symmetric for space and time. Using Cauchy integral formula, we can deform the contour as far
as the contour do not pass the poles.
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Wick Rotation Type |

Im kO
Im kO Type I+ pole Type |-
pole \\ @ \\
Ce > @ Re kO Cr > Re kO
+ pole 1
Cw Cw
m plane % I— plane
Wick Rotation Type I mi© T "
m ype li-
Im KO Type I+
C
pole W %
c. ®
> Re kO CF > Re kO
® y Y
pole CW J ~ J
m plane @ m plane

Too  f(t2)dt too  f(—u?)du
=m? F ie: = 41 2 + - +
= : ———— ==* RTUR R
zo = m” F 1€ /_oo (12 — 2g)" z/_oo (—1)"(u2-|—z0)”’ S , €E
;o /+°° f#2)at /ﬂ‘>o f(2)dt
—00 (t2 - ZO)V Fioco (t2 - ZO)V
—00 £((Lin)2) (i oo p(_ 2
/ f(( Zu)Q)( i)du j:z'/ M  t = 4y (6.5)
too ((Fiu)* —20)¥ —oo (—u? = 20)"
Type Iz =m? —ie = (& |mle )% m? >0
Type I” 2z = m2 —ie = (i|mlet€)? m? <0
Type IIT  z5 = m +ie = (£ |mlet)? m? >0
Type II- 25 = m? +iec = (£ilm|e )2 m? <0

Type I and IT have different sign since the orientation of the contour enclosing the pole is opposite
direction. By using Cauchy integral formular

(6.6)




if the contours C'r and Cyy have the same poles inside them. If there are poles as shown in the
above figure, and the integration over the large circle is neglegible,

K=z+4+iy, z1=Rek'=2, z=ilmk'=iy (6.7)
o0 +00 ;

fla) = / PRELCIN / dy 1iy) (6.8)

e T —a oo WY —a

For example,
d4k efik-a:

JAN = 6.9
iAp() /(27r)4k2—m2+i5 (69)

where p° integration is along the real axis. Since the pole with respect to the complex variable
p° is just like that of the above figure,

/ d4]€ y e—ik-x / d4]€E y 6+ikE~rE
= 1
(2m)% " k%2 —m? +ie (2m)* 7 —k%L —m? +ice

d4]€E 6+ikE~zE
= —i 6.10
Z/(Qw)‘lxk%—km?—is (6.10)
If we define k% = (k%)% + k2,
ke = (K4 E2L K kY = (K1 K2 B KD) (6.11)
ag-bp = a-b+a't*=a-b—ad"" =—-a b (6.12)
If a complex function f(k°) of a complexi variable k° has poles only in the
dPk (k2" dPk = dk%dk'dk?... dkP!
1 = ith K2 = (K92 — (ENH2 — (B?)2... — (kP12
/(%)D[k?_aum]m’ i R S W T 2

Wick rotation

e the pole is kY = w — ig, —w + ic
e the first and the third quarter plane is free from pole

e rotate the integration from (—oo,00) — (—ic0, i00)

KO — kP
[TdkY — i [T akP
k2 — =k =—[(K")2+ (kP2 ..+ (kP)?]
dPk = dkOdk'dk?...dkP-!
dPkp = dk'dk2dk ... dkP
[dPk  — i[dkE
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6.3 Useful Integrals in the Eucledian Space

_ 1 .
[ ke = [ ksl dlkslann = 5 [ kel 2dlkeas

= ;/ug_ldu = ;Z[}) /u’é’—ldu " (6.13)
/(d;’;’g = (2;)[) X rﬂf;) /u?—ldu " = (477)?1r(1;) /u?—ldu . (6.14)
2 s ™ s
/ dQp = /0 db, /0 df sin By /0 df3sin 63 . .. /0 dfp_1sin®20p 4
- e TN e
_ 13?]5) . since /0 " sin™ 0o = ‘/E(sz;) (6.15)

6.4 Feynman Parametrization

8. The following integral formulas are useful in Feynman parametrization, which simplifies the
integrals with multiple factors in the denominator.

[t 1 ~ 5d(3e) L 616
o WrEP T @ () e '
an _ 1N

C™ocnrge | m—DI\ 0C c?

) (@) e

o\" /1 n! I'(n

- () ()5 6)
(m—1)1 ~ qm-(r) gl
D(m—(n+1)L(n+1) ath-m

= () X Gt (6.19)




6.5 I function characteristics

2I(2) = I'(z+1)
. (n—1)! :n>1
= —1)Inl
(n+e) %(%_(1+%+...+ﬁ)—w+0(e)> . n<0
Fe) A= = %—(1+%+...—|—ﬁ)—'yE—logA—l—O(e)
. e (n—1)! :n>1
(it ad= = L (%—(1+%+...+ﬁ)—vE—logAJrO(e)) : n<0
VE = limp 0l +3+...4+2 —logn=0.5772157
D 2
(m-1 T-3)=2-v+0@)
D I'(m—2) 1
I(m—=) = D(m—2 = (m - 3)! 2- = f 2.
(m 2) (m—2)4+0(n) =(m-3)!+0(n) — e = =2’ or m >
'n) = (n—1! : n>1 (6.20)
lim I'(n) — Z$oo : (ny=0,-2,-4,..) (6.21)
n—n4+0
lim T'(n) — Foo : (n-=-1,-3,-5,..) (6.22)
n—n_=+0
lim T()A~ = lim |~ log (1) + 0(e) (6.23)
e—1>r—I|-10 ¢ o e—lg-lo € e 08 47 ¢ ’
1 z
e = zeI2 (1 + E)e_i (y=0.577216.... : Euler — Mascheroni constant)
z n
: =1 -
i(l+=)en = 14z Z z + 0(2’2))6722’“:1% =14+0(z2%), asz—0
k=1
1
O 2(1+v2+0(z%), asz—0
1
L(2) = (- =7+0(2), asz—0
A% = expllog A%] = e®184 51 4 azlog A+ O(2%), asz—0
. az 1 a
il_r}r(l)A ['(bz) — 0ty log A+ O(2)
. _n_.M 2
lim A72I(2) — ——v—logA+0(n)
n—0 2 n
D D
D=4—p, —Z=2-1 2 o T o Z_1
2 2 2 2 2
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Chapter 7

One Loop Recurrence Relations

7.1 Basic Scalar Integral Evaluation

a1 i Tln-9) e,
Fo(D) = /(27r)d (k2 — D)n (—1)"(4m)d/2 F(n)z v

R(D) = CD?‘Q |
¢ = Gt (23) ~mt ()

R(D) = 250D

(D) = oD

(D) = %CD‘%G

Fy(D) = (d—j)(;l—G)CDd;s

pyp) = WO 8 oy

(D) = - )<d4_ 6)8 )2(&(11;)2@_1))01)(1_22” if n>3
gjpaDF”(D) = nkp1(D)
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7.2

7.3

Feynman Trick

1 1
= dx
/o [(1—2)A+2B)?

1
I‘(n)/ dxidxg - - dx,0 Zm,—
0

:vaz]”
L2 ki) /1 )
i - dz,, 1)
L (k) dzidzy - - - dx (5(23? )[Ez AT
L(n+1) 1 N1
Antl A"~ T(n) A

S 9A
1

m—1
0B > /0 l—xA—i—xB]z

.

o) (o)

) (35

> e
)

T'(m)T(n) C
1 m+n—1 1 x)m 1xn 1
— dm
L(m)T(n) \ 0C o [(1—xz)A+ zB]
I'(m+4n) [! (1—367”1”1
T(m)T(n) /0 M=) A+ B

primitive recurrence relation

dk 1
In = / @m)d ()" (k2 + 2% - p)

. dk 1
b = /(27r)d(k2)”(k2+2k-p)2
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) 4—d d—4 d—4
Fy(D) = (47r)d/2I‘< 5 )Dz =CD 2

dk 1 dig 1 o2
/ (2m)e (k2 + 2k - p) = / ( — Fi(m?) = Fy(m?)

;o d’k 1 B A%k 1 B
Iy = /(27r)d (k2—|—2k"p)2 - / (27T)d (kg _m2)2 —F2(m2)

dk 1 1 dk 1
L = / (2m)d k2(k2 + 2k - p) /O dfc/ @m)2[(k + ap)? — 22m?]?

1 1 B (m2
= / dxFy(x*m?) = Fy(m )/ dzaxd = 2( )
0

0

o= /d / /ddk 2z
L= (2m) k2( k2+2k - p)? [(k + xp)? — 22m?]?

! d—4 1 1
= 2 ; drzF3(z*m?) = 2F3(m )/ dez®5 =2 p Fg(m )d—4:WF2(m2)

B Aok ddk‘ 2(1 — )
L = /( m)d (k?)? (k2+2k - p) / / k—i—:L'p) —x2m2]3

= /dm(l—m)Fg( m?) =2 4m FQ( )/0 dz(1 — 2)a™°

0

d—4 1 . 1 d—4 1 1
— d d—6 d d—=51) _ . F 2
2m2 (/0 o /0 o om? \d—5 a—1) ™)

1
- mF2(m2)

Iy

where we neglect the divergent term lim, o1/ 2(4=5) gince it is Coulomb divergence term and it will
be absorbed to the long-range matrix element.

7.4 Integration by parts

dek 1
I = /(27r)d(k2)”(k2—2k-p)

_ d’k 1
nT / (2m)? (k)" (k2 — 2k - p)?

dek :
@ )df( ) = I — if convergent

dk dk
a/< el D) = /( 0

d
= [ Gmalfte+ 8) = 1] = 0

A% 0
> [ e ® = 0
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By the same way,

dek dk 0
BOEY O Y o) —
If/ (27r)df (k) is convergent Then / (2 Ol (k)=0

By use of this method, we can obtain the relations among scalar integrals. For example,

;o 1
(k2 (k2 + 2k - p)
o= rf
§o= kS
i B —2nkH —2(k + p)H
okr’ (B2 HL(k2 42k -p)  (k2)n (k2 + 2k - p)?
0 0
L n — Bo— EEPNTR
ot = = Gt =0
0 —2nk?  —2k*—2k-p 5
o (BUf) = df + (31D - (e D = (K*+ 2k - p)
B d —2n —(D +k?)
- +(k2)nD + (k?)nD + (k2)nD2
_ d—2n—1 L -1
- (k,z)nD (k2)”_1D2
—1I_, = (d—2n-1)I,

0 —2nk-p —2k - p — 2m? 9
T (ph — D= o .
o V) = etk T e k) (k" + 2k p)

_ —n(D-k*)  —(D-k*—2m?
- (k2)"+1D (kQ)”D2
_o_n_ -1 1 N —2m?
- (k2)nD (kQ)nD (k2)n71D2 (k2)nD2
=0 = (n—DI,+1I,_, —2m?I,
d—n—2
In+l = In

2m?2(d — 2n — 3)

The two recurrence relation

d—n-—2
I I
s 2m2(d — 2n —3) "
or
d—n-—1
I, = n

I
2m2(d—2n—1) "

generates all the relations given in the previous section. Furthermore, now we should integrate only

one scalar integral such as
i 4—d 2m?
Iy = r
0 (4m) /2 < 2 )Xd—Q
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So that

i 4—d 2m? " (d—k—1)
I = (47r)d/2r< 2 >X(d—2)xnk:12m2(d—2k—1)

I = (d—2n—3)I

Here, we only considered the convergent part from the beginning, we did not faced the divergences
come from Coulomb interaction. Therefore the method integration by parts is powerful in the
loop-integral evaluation.

7.5 I, for non-integer n

With the aid of integration by parts we have obtained the recurrence relation. In order to get I,
for any real number, we should first evaluate the integral I, where 0 < x < 1 and extend by using
the recurrence relation. However, there is no more difficulties obtaining the integral I, for any real
number x since the Feynman parametrization is not more complicated than the case 0 < z < 1.

1 xn—l

1
—n [ d
AB n/o YEA+ (1= 2) B

Above formula is valid for any real number n. Using the Feynman parametrization, the integral I, is
evaluated as

ddk 1 mn—l
I, = — d
n/ (2m)d /0 x[mA +(1—2z)B]"™!

=n 1 z "L 'k !
- /o ! /(27T)d([k‘+(1—x)p]2—(1—x)2m2+ie)"+1

ni I (" +1- %) 2\ E—(n+1) ! n—1 d—2n—2
= )@ Tl (m® — ie) /0 dr 2" (1 —x)
B ni I'(n+1-9) (m? ie)g,(nﬂ) L'(n)I'(d—2n —1)
(= D)nti(4m)d/2 T(n+1) I(d—n—1)
B i T(n+1-9)T(d—2n—1) , 5 4 (o)
T (—1)t(4)d2 T(d—n—1) (m* — i)
i T(+1-9Td-2n-1) [ 4mp? ?(_ 2 4 i)l
REUTSE Td—n—1) m2 — e e

where A = k% +ie and B = k% + 2k - p.

Lo /ddk 1
T ) @nd (k2 —ion(k2 + 2k - p)
4—d

i Tn+1=-HT(d-2n—-1) [4ru?\ 2 n
= (D=0 ( F(dQ—)n(—l) )<ml;> (m?)’
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