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Motivation

• Explore the landscape of N=1 SCFTs

• Restrict to the class S, class Sk

• (non-Lagrangian) N=1 SCFTs from deforming (non-
Lagrangian) N=2 SCFT. 

• Renormalization group (RG) flows between (non-
Lagrangian) N=2 and N=1 theories. 

[Bah-Beem-Bobev-Wecht],[Xie],…  
[Gaiotto-Razamat][Hanany-Maruyoshi],…



Summary
• We study certain class of N=1 preserving deformation ρ of 

N=2 SCFT T with non-abelian global symmetry G. 

• The deformation triggers a flow to new N=1 SCFT TIR[T ,ρ].

• We study a number of non-Lagrangian/Lagrangian examples. 

• By deforming TN, we obtain N=1 SCFT associated to the 
sphere with no puncture.

• Argyres-Douglas theories, SQCDs



Summary - Surprise!

• Emergent N=2 supersymmetry: 

• For a number of cases, SUSY enhances to N=2 at the 
fixed point. 

• N=1 RG flows between (known) N=2 SCFTs

N=2 SUSY

N=1 SUSY



Summary - Surprise!
• Simple N=1 deformation of the Lagrangian N=2 SQCD 

flows to the “non-Lagrangian” Argyres-Douglas (AD) 
theories! 

• This enables us to compute the full superconformal 
indices of the AD theories. 

• One can use this “Lagrangian description” to compute 
any RG invariant quantities. 

• cf) N=1 gauge theory flowing to N=2 E6 SCFT
[Gadde-Razamat-Willett]
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Outline

• ‘Lagrangian’ for the Argyres-Douglas theory H0,H1,H2

• N=1 deformations of N=2 SCFT with non-abelian global 
symmetry

• Deforming N=2 SQCDs: Flows to the (generalized) 
Argyres-Douglas theories

• Flows between generalized AD theories, rank 1 
SCFTs, Class S theories, … 



‘Lagrangian’ for the 
Argyres-Douglas theory



Argyres-Douglas theory

• Originally discovered by looking at a special point in the 
Coulomb branch of N=2 SU(3) SYM [Argyres-Douglas] or 
N=2 SU(2) SQCD [Argyres-Plesser-Seiberg-Witten].

• At this special point, mutually non-local massless 
particles appear. Upon appropriate scaling limit, one 
obtains interacting SCFT. 

• It is a strongly-coupled theory with no tunable coupling. 



Argyres-Douglas theory H0

• Seiberg-Witten geometry is simple (A2 singularity).  The 
BPS particle spectrum in the Coulomb branch 
determined. [Shapere-Vafa]

• There is a chiral operator of dimension 6/5. 

• Central charges have been computed [Shapere-Tachikawa].  
 

• The c above is the minimal value of any interacting N=2 
SCFT! [Liendo-Ramirez-Seo]

a =
43

120
, c =

11

30



Generalizations
• One can obtain AD theories from higher-rank SYM or 

SQCD by going to a special point in the Coulomb branch. 

• H0, H1, H2 theories (subset of 4d N=2 SCFTs living on a 
single D3-brane probing 7-brane singularities.)

• one-dimensional Coulomb branch 

• Chiral operator of dimension 6/5, 4/3, 3/2 respectively.  

• H1, H2 has the Higgs branch given by 1-instanton moduli 
space of SU(2) and SU(3) respectively. 



Even more generalizations

• (Ak, An), (Ak, Dn), (Ak, En), … :  This nomenclature is 
from the shape of the BPS quiver [Cecotti-Neitzke-Vafa]

• H0=(A1, A2), H1=(A1, A3)=(A1, D3), H2=(A1, D4)

• General Argyres-Douglas theories from 6d (2, 0) theory 
wrapped on a sphere with one irregular puncture (and a 
regular puncture). [Xie][Xie-Zhao][Wang-Xie]



AD theory at conformal point

• Not much has been known about the conformal point of 
the AD theory.

• Dimension of the chiral operators = Coulomb branch 
operators

• Central charges

• Supposedly the minimal model among the N=2 SCFTs, 
good target for a conformal bootstrap.

[Lemos-Liendo]

[Shapere-Tachikawa ‘08]

[Beem-Lemos-Liendo-Rastelli-van Rees]



AD theory at conformal point
• The chiral algebra associated to the AD theory is given by 

non-unitary minimal model.  The vacuum character gives the 
Schur index.

• Schur index has been computed using the relation between 
massive BPS spectrum on the Coulomb branch and the 
index.  

• Macdonald index was computed inspired by the M5-brane 
realization. 

• It is given by the ‘refined’ vacuum character of the chiral algebra

[Cordova-Shao][Cecotti-JS-Vafa-Yan] 
[Cordova-Gaiotto-Shao] 

[Buican-Nishinaka][JS]

[JS, to appear]

[Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees]



N=1 gauge theory 
flowing to H0=(A1, A2)

q q’ ϕ M

SU(2) 2 2 adj 1

W = �qq +M�q0q0

This theory has a anomaly free U(1) global symmetry that 
can be mixed with R-symmetry. (R-charges are not fixed)

Matter content

Superpotential



a-maximization

• UV R-symmetry may not be the same as the IR R-
symmetry when there is non-baryonic U(1) symmetry. 

• The exact R-charge at the fixed point is determined by 
maximizing the trial a-function, which is given in terms of 
the U(1)R ’t Hooft anomalies:  
 

[Intriligator-Wecht]

RIR = RUV +
X

i

✏iFi

a(✏) =
3

32
(3TrR3

✏ � TrR✏)

[Anselmi-Freedman-Grisaru-Johansen]



a-maximization and 
decoupling

• Upon determining exact R-charge, we can determine the 
operator dimension via Δ = 3/2 R. 

• There is a caveat here. We have to check whether all the 
gauge invariant operators satisfy the unitarity bound:  
Δ >1. 

• If any operators hits the unitarity bound along the flow, 
it becomes free and get decoupled.  We have to remove 
them and re-a-maximize. [Kutasov]



RG Flow to the H0 theory
[Nardoni-Maruyoshi-JS, work in progress]

Adjoint SQCD SU(2), Nf=1 

W=0 fixed point

Trϕ2 decouples

to any perturbation in the other coupling: the generic RG flows then end up at point (C)

in the IR, with both g∗ and g′
∗ nonzero. Another possibility, shown in fig. 2, is that g′

is interacting in the IR only if g = 0, but that any arbitrarily small, nonzero, g would

eventually overwhelm g′, and drive g′ to be IR irrelevant, g′ → 0 in the IR; generic RG

flows then end up at point (A), with g′
∗ = 0. Fig. 3 depicts an opposite situation, where

an otherwise IR free coupling g′ is driven to be interacting in the IR by the coupling g.

Fig. 4 depicts two separately IR free couplings, which can cure each other and lead to an

interacting RG fixed point (this happens for e.g. the gauge and Yukawa couplings of the

N = 4 theory, when we break to N = 1 by taking them to be unequal).

g’

A

B C

g

g’

A

B

g

Figure 1 : Figure 2 :
A and B are saddlepoints. The plop. B is a saddlepoint.
C is stable, and there both A is stable, and there g ′

groups are interacting is driven to be IR free.

C

g

g’

A

g’

g

Figure 3 : Figure 4 :
The opposite of fig . 2. Two separately irrelevant couplings

g ′ is IR free for g = 0 but combine to be interacting .
g ̸= 0 drives g ′ IR interacting . N = 4 SYM is such an example.

2

H0

N=1 fixed point

@C, we get: a =
43

120
, c =

11

30
�(M) =

6

5

Coulomb branch emerges in the IR!



N=1 gauge theory flowing to 
H1=(A1, A3)=(A1, D3)

• Matter contents:

• Interaction: 

q q’ ϕ M

SU(2) 2 2 adj 1

This theory has a U(1)xU(1) global symmetry. 

One of the U(1) can be mixed with R-symmetry. 

W = Mqq0



Flow to H1 theory
• Trϕ2 operator decouples along the 

flow to W=0 fixed point. 

• Mqq’ is relevant (R < 2) at W=0 fixed 
point. 

• We obtain: 

• From the superconformal index, we 
find the baryonic symmetry U(1) gets 
enhanced to SU(2). 

a =
11

24
, c =

1

2
, �(M) =

4

3

h3

h2

h1

H1

Figure 5

W = 0

W = W1

�W3

�W2

�W3

H1

Figure 6

2.1.2 Flow to (A1, A5)

W1 = h1M1�
4qq̃,

W2 = h2M2�
3qq̃,

W3 = h3M3�
2qq̃.

W4 = h4M2�qq̃,

W5 = h5M1qq̃,

(8)

[EN: Did similar analysis, haven’t made the plots yet. There’s a fixed point of the zero super-
potential theory, from which W3,W4,W5 are all relevant. Only need W4,W5 to flow to the AD
point. Diagram looks like 6 with an extra layer. One (possibly?) interesting thing: the theory
with W = W3 +W4 flows to an SCFT with a = 361

384 . ]

6



N=1 gauge theory  
flowing to H2=(A1, D4)

• Matter contents:

• Interaction: 

q1, q1’ q2, q2’ ϕ M

SU(2) 2 2 adj 1

This theory has a U(1)3 global symmetry. 

One of the U(1) can be mixed with R-symmetry. 

W = �q1q
0
1 +Mq2q

0
2



Flow to the H2 theory
• Trϕ2 operator decouples along the flow to W=0 fixed 

point. 

• Two terms in the superpotential are relevant at W=0 point. 

• We obtain 

• From the superconformal index, we find the baryonic 
symmetry U(1)2 gets enhanced to SU(3). 

• One should be able to compute the elliptic genus of the 
SU(3) instanton strings by putting this theory on S2. 

a =
7

12
, c =

2

3
, �(M) =

3

2

[cf. Talks by Seok Kim and Guglielmo Lockhart]



N=1 Deformations of 
N=2 SCFTs



N=1 Deformations of N=2 
SCFT with global symmetry

• For an N=2 SCFT with global symmetry F, it has a 
moment map operator μ (dim=2) transforms as the 
adjoint of F. 

• Add a chiral multiplet M transforming as the adjoint of F. 

• Add the following superpotential:  

• SU(2)xU(1) R-symmetry broken to U(1)RxU(1)F

W = Tr(Mµ)



N=1 Deformation  
- Nilpotent Higgsing

• Now, we give a nilpotent vev to M. 

• This triggers an renormalization group flow. 

• Any nilpotent matrix is classified by SU(2) embedding ρ: 
SU(2) → F. [Jacobson-Morozov]  

• Commutant becomes the global symmetry of the IR SCFT. 

• It preserves the U(1) symmetry that can be mixed with R-
symmetry.

hMi = ⇢(�+)

[Gadde-Maruyoshi-Tachikawa-Yan] 
[Agarwal-Bah-Maruyoshi-JS] 

[Agarwal-Intriligator-JS]



Some group theory
• Under the embedding ρ, the adjoint representation of G decomposes 

into 
 
 
where Vj is the spin-j irrep. of SU(2) and Rj is the rep. of the commutant. 

• The principal embedding leaves no commutant. Under this, the adjoint 
decomposes into  
 
 
where di are the degrees of Casimirs of F. 

• For classical groups SU(N), SO(N), Sp(N), the SU(2) embeddings are 
classified by the (subset of) partitions of N. 

Then we conclude with some remarks in section 7. In addition we give a brief explanation on

our convention of the N = 2 R-charges and ’t Hooft anomaly coefficients in appendix A.

2 Deformation of N = 2 SCFT with non-Abelian flavor symmetry

In this section we consider the N = 1 deformation procedure in a generic fashion. This is

applied for any N = 2 SCFT with non-Abelian flavor symmetry.

Suppose we have an N = 2 SCFT, T , with a non-Abelian flavor symmetry F . The F

could be a subgroup of the full flavor symmetry of T . The R-symmetry of T is SU(2)R ×
U(1)r. We denote the generators of the Cartan part of the SU(2)R and of U(1)r as I3 and

r respectively. Due to the flavor symmetry, there exists the associated conserved current

multiplet whose lowest component µ is the scalar with charge (2I3, r) = (2, 0).

We deform T by adding an N = 1 chiral multiplet M transforming in the adjoint repre-

sentation of F and the superpotential coupling

W = TrµM. (2.1)

This superpotential breaks the supersymmetry to N = 1. In the following we denote the

R-symmetry of the theory as

2I3 = J+, r = J−, (2.2)

and sometimes set R0 = 1
2(J+ + J−). The residual symmetry F = 1

2(J+ − J−) is the global

symmetry of the N = 1 theory. The N = 1 R-charge in the N = 2 algebra of the original

theory T is given by

RN=1 = R0 +
1

3
F =

2

3
J+ +

1

3
J− . (2.3)

The charges of µ and M are (J+, J−) = (2, 0) and (J+, J−) = (0, 2) respectively. Even though

the superpotential (2.1) makes the theory N = 1 supersymmetric, this term turns out to be

irrelevant and the deformed theory in the IR simply decouples into the original T and the

free chiral multiplets M we added in the beginning.

A nontrivial N = 1 fixed point can be produced by giving a nilpotent vev to M , as in

[28–31, 34]. From Jacobson-Morozov theorem, any nilpotent element of a semi-simple Lie

algebra f is given via embedding ρ : su(2) → f as ρ(σ+). Under the embedding, the adjoint

representation of f decomposes into

adj →
⊕

j

Vj ⊗Rj , (2.4)

where Vj is the spin-j representation of su(2) and Rj is a representation under the commutant

h of f under the embedding ρ. The commuting subgroup becomes the flavor symmetry of the

theory after Higgsing.

– 4 –

f di

su(n) 2, 3, . . . , n

so(2n + 1) 2, 4, 6, . . . , 2n

sp(n) 2, 4, 6, . . . , 2n

so(2n) 2, 4, 6, . . . , 2n− 2, n

e6 2, 5, 6, 8, 9, 12

e7 2, 6, 8, 10, 12, 14, 18

e8 2, 8, 12, 14, 18, 20, 24, 30

f4 2, 6, 8, 12

g2 2, 6

Table 1: Degrees of the Casimir invariants of the simple Lie algebras.

When the flavor group is F = SU(N), the vev is written in the block-diagonal Jordan

form ρ(σ+) =
⊕

k J
⊕nk
k , where Jk is the Jordan form of size k and nk are integers. In other

words this is specified by a partition of N :

N =
ℓ
∑

k=1

knk. (2.5)

Under the embedding, the adjoint representation decomposes into

adj →
⊕

k<l

k
⊕

i=1

V l−k+2i−2
2

⊗ (nk ⊗ n̄l ⊕ n̄k ⊗ nl)⊕
ℓ
⊕

k=1

k
⊕

i=1

Vi−1 ⊗ nk ⊗ n̄k − V0 . (2.6)

The commutant h of su(N) under ρ(σ+) is given by s[
∏

k u(nk)], where s means the overall

traceless condition.

In this paper, we will mainly focus on the case of principal embedding ρ, which breaks

the flavor symmetry F completely upon Higgsing. In this case, the adjoint representation of

f decomposes as

adj →
r
⊕

i=1

Vdi−1 , (2.7)

where r = rank(f) and di are the degrees of Casimir invariants of f. The degrees of invariants

of the semi-classical Lie algebra are shown in table 1. The numbers di − 1 are also called the

exponents of f.

Upon Higgsing via vev ρ(σ+), the superpotential term becomes

W = µ1,−1,1 +
∑

j,j3,f

Mj,−j3,fµj,j3,f , (2.8)

where Mj,j3,f is the fluctuation of M from the vev, and j, j3 and f labels the spins, σ3-

eigenvalues and the representations of the flavor symmetry h. Due to the first term of (2.8),

– 5 –



Nilpotent Higgsing - general
• Upon Higgsing, the superpotential can be written as 

• U(1)F symmetry is preserved, upon appropriate shift. 

• After Higgsing, the conserved current for F is no longer 
conserved:  

• The operator appear on the right-hand side is non-BPS.  
All the M components that couple to the ones on the RHS of the 
above equation decouples.  Therefore we’re left with Mj, -j, f

f di

su(n) 2, 3, . . . , n

so(2n + 1) 2, 4, 6, . . . , 2n

sp(n) 2, 4, 6, . . . , 2n

so(2n) 2, 4, 6, . . . , 2n− 2, n

e6 2, 5, 6, 8, 9, 12

e7 2, 6, 8, 10, 12, 14, 18

e8 2, 8, 12, 14, 18, 20, 24, 30

f4 2, 6, 8, 12

g2 2, 6

Table 1: Degrees of the Casimir invariants of the simple Lie algebras.

When the flavor group is F = SU(N), the vev is written in the block-diagonal Jordan

form ρ(σ+) =
⊕

k J
⊕nk
k , where Jk is the Jordan form of size k and nk are integers. In other

words this is specified by a partition of N :

N =
ℓ
∑

k=1

knk. (2.5)

Under the embedding, the adjoint representation decomposes into

adj →
⊕

k<l

k
⊕

i=1

V l−k+2i−2
2

⊗ (nk ⊗ n̄l ⊕ n̄k ⊗ nl)⊕
ℓ
⊕

k=1

k
⊕

i=1

Vi−1 ⊗ nk ⊗ n̄k − V0 . (2.6)

The commutant h of su(N) under ρ(σ+) is given by s[
∏

k u(nk)], where s means the overall

traceless condition.

In this paper, we will mainly focus on the case of principal embedding ρ, which breaks

the flavor symmetry F completely upon Higgsing. In this case, the adjoint representation of

f decomposes as

adj →
r
⊕

i=1

Vdi−1 , (2.7)

where r = rank(f) and di are the degrees of Casimir invariants of f. The degrees of invariants

of the semi-classical Lie algebra are shown in table 1. The numbers di − 1 are also called the

exponents of f.

Upon Higgsing via vev ρ(σ+), the superpotential term becomes

W = µ1,−1,1 +
∑

j,j3,f

Mj,−j3,fµj,j3,f , (2.8)

where Mj,j3,f is the fluctuation of M from the vev, and j, j3 and f labels the spins, σ3-

eigenvalues and the representations of the flavor symmetry h. Due to the first term of (2.8),

– 5 –

the R-symmetry gets shifted

J+ → J+, J− → J− − 2ρ(σ3), (2.9)

in order for the superpotential to have (J+, J−) = (2, 2). Furthermore the non-conservation

of the flavor current (D2JF )j,j3,f = δW = µj,j3−1,f shows that the components of µj,j3,f with

j3 ̸= j combine with the current and become non-BPS. The corresponding multiplets Mj,j3,f

with j3 ̸= −j thus decouple. The remaining multiplets Mj,−j,f have charges (J+, J−) =

(0, 2 + 2j), coupled to µj,j,f . Therefore, we end up with the superpotential

W =
∑

j,f

Mj,−j,fµj,j,f . (2.10)

When ρ is the principal embedding, we have r chiral superfields Mj,−j with j = di− 1 having

charges (J+, J−) = (0, 2di), i = 1, . . . , r.

Chiral multiplets The deformed theory has many N = 1 chiral operators, in addition

to Mj,−j,f . They come from the original theory T which has Coulomb, Higgs and mixed

branches. A Coulomb branch operator belongs to an N = 2 short multiplet Er(0,0) [35] with
r = 2∆3. The components in the multiplets are

0r(0,0) →
(

1

2

)r−1

(0,± 1
2 )

→ 0r−2
(0,±1), 0

r−2
(0,0), 1

r−2
(0,0) →

(

1

2

)r−3

(0,± 1
2 )

→ 0r−4
(0,0) (2.11)

where (I3)r(j1,j2) stands for a component with spin (j1, j2), U(1)r charge r and SU(2)R charge

I3. The scaling dimension of the components are r
2 ,

r+1
2 , r+2

2 , r+3
2 , r+4

2 respectively.

This N = 2 chiral multiplet can be decomposed into N = 1 chiral multiplets. (See

appendix A of [36] for the detailed discussion on N = 1 short multiplets.) In terms of their

notation, the N = 2 multiplet Er(0,0) can be decomposed into

Er(0,0) → B r
3 (0,0)

⊕ B r+2
3 (0,0) ⊕ B r+1

3 (0, 12 )
⊕ B r+1

3 (0,− 1
2 )

, (2.12)

where the notation BRN=1(j1,j2) stands for the short multiplet with N = 1 R-charge RN=1.

The N = 1 short multiplet BR(j1,j2) contains

R∆
(j1,j2)

→ (R − 1)
∆+ 1

2

(j1,j2± 1
2 )

→ (R− 2)∆+1
(j1,j2)

, (2.13)

where R∆
(j1,j2)

denotes operator with R-charge R, spin (j1, j2) and dimension ∆. For com-

pleteness, let us write down N = 1 chiral operators in Er(0,0) multiplet and their charges.

N = 1 multiplet (j1, j2) J+ J− ∆UV = 3
2RN=1 RIR = 1+ϵ

2 J+ + 1−ϵ
2 J−

B r
3 (0,0)

(0, 0) 0 r r
2

1−ϵ
2 r

B r+2
3 (0,0) (0, 0) 2 r − 2 r

2 + 1 1−ϵ
2 r + 2ϵ

B r+1
3

(0, 1
2
) (0, 12) 1 r − 1 r+1

2
1−ϵ
2 r + ϵ

B r+1
3 (0,− 1

2 )
(0,−1

2 ) 1 r − 1 r+1
2

1−ϵ
2 r + ϵ

(2.14)

3Our convention is slightly different from the one in [35] where r charge was normalized to be equal to the

scaling dimension for the Coulomb branch operators, so that rours = 2rtheirs.

– 6 –



Nilpotent Higgsing - 
Lagrangian theory

• For a Lagrangian theory, giving a vev to M is to add a nilpotent 
mass to the quarks. 

• Quarks can be integrated out. 

• Some components of M remain coupled. 

• Write all possible superpotential terms consistent with the 
symmetry. (many of them are dangerously irrelevant)

Figure 7: A Nilpotent vev to the adjoint chiral gives a Fan attached to the end of the quiver

with N = 1n
1

+ 2n
2

+ · · · 5n
5

and N 0 = 0.

3.3 Fan as a quiver tail

In this section, we describe how the Fan and quiver tails appear in class S theories. A quiver

tail associated to the partition Y of N is given by a punctured sphere with one maximal,

a number of minimal punctures and a puncture labeled by Y . Here Y corresponds to the

partition N =
P`

k=1

knk.

Starting from the linear quiver given in section 2.2, we can get the quiver tail by Higgsing

one of the maximal punctures to Y . When the puncture has the same color as that of the pair-

of-pants, this is same as giving a nilpotent vev to the quark bilinear µ
0

= eQ
0

Q
0

� 1

NTr eQ
0

Q
0

.

When the color of the puncture is di↵erent from that of the pair-of-pants, we give a vev to

the adjoint chiral multiplet. In both cases, the U(1)
0

⇥SU(N)
0

flavor symmetry of the quiver

is broken down to
⇣Q`

i=1

U(ni)
⌘
.

Now, let us describe the quiver tail associated to the partition above. If the color of the

puncture we Higgs is di↵erent from that of the pair-of-pants, the theory we obtain is given

by attaching the Fan with (N,N 0 = 0) as in the figure 7.

If the color of the puncture is the same as the pair-of-pants, we proceed as follows.

1. When the neighboring gauge node of Q
0

is N = 2, the flavor node becomes n
1

and the

gauge node becomes N
1

=
P`

i=1

ni. If it is N = 1, then go to step 3.

2. When the next neighboring gauge node is again N = 2, the gauge group becomes

N
2

= N
1

+
P`

i=2

ni, and add n
2

fundamental flavors to it. If it is N = 1, then go to

step 3.

3. Proceed until we hit an N = 1 gauge node. In this case, the neighboring gauge node

remains to be SU(N), since the Higgsing stops propagating. Suppose we hit the N = 1

node at step k. In this case, the remaining flavor boxes ni with k < i < ` should be

attached to the gauge node of Nk. Therefore we get the Fan labelled by (N,Nk) with

partition N �Nk =
P`�k

m=1

mnm+k.

See figure 8 for the case with ` = 5 and k = 3. We see that the Fan serves as a role of gluing

N = 1 nodes with di↵erent ranks in the quiver tail.

– 15 –



SU(N) with Nf=2N, Principal

• Upon Higgsing F=SU(2N) with the principal nilpotent vev, we 
obtain the above theory. It has U(1)B symmetry. 

• Along the RG flow, Trϕk (k=2, …, N), Mj (j=1, …, N) decouples. 

• Removing all the decoupled operators, we obtain:  
 

fields SU(N) U(1)B (J+, J−)

q ! 1 (1,−2N + 1)

q̃ !̄ −1 (1,−2N + 1)

φ adj 0 (0, 2)

Mj, (j = 1, 2, . . . , 2N − 1) 1 0 (0, 2j + 2)

Table 6: Matter content of the “UV Lagrangian description” for the (A1, A2N−1) theory.

a-maximization. The result is ϵ = 3N+1
3N+3 . The field MN has dimension 1, thus decouples, and

Mj with j = N + 1, . . . , 2N − 1 has dimensions

∆(Mj) =
j + 1

N + 1
(5.3)

This is exactly the operator spectrum of the (A1, A2N−1) theory which we review in section

3.1. Indeed the central charges are calculated, after subtracting the contribution of MN , as

a =
12N2 − 5N − 5

24(N + 1)
, c =

3N2 −N − 1

6(N + 1)
(5.4)

Note that the unbroken U(1)B symmetry of T is precisely the U(1) of the (A1, A2N−1) theory.

Note also that when N = 2, the (A1, A2N−1) theory has the enhanced SU(2) flavor symmetry.

Thus we expect in this case that the global symmetry is also enhanced in the IR.

Lagrangian for the (A1, A2N−1) theory Before the deformation, we have 2N quarks/anti-

quarks in the fundamental/anti-fundamental representation of the gauge group that has

charge (1, 0). The adjoint chiral multiplet in the N = 2 vector has charge (0, 2). Then

we add the chiral multiplet M transform under the adjoint of SU(2N), which has the charge

(0, 2), with the coupling W = TrMµ.

We can easily get an N = 1 theory after giving the nilpotent vev to M . The remaining

components of the quarks and M fields are given by the “Fan” associated to the partition

2N → 2N considered in [30]. In the end, we obtain SU(N) gauge theory with one adjoint

chiral multiplet φ with charge (0, 2), a pair of fundamental and anti-fundamantal chiral mul-

tiplets q, q̃ with (1,−2N + 1), and gauge-singlet chiral multiplets Mj with charge (0, 2 + 2j)

with j = 1, 2, . . . , 2N − 1. (See the table 6.) The superpotential is given by

W =
2N−1
∑

j=1

Mj(φ
2N−1−jqq̃) , (5.5)

where µj = φ2N−1−jqq̃ are the remaining components of the moment map µ of SU(2N) after

nilpotent Higgsing.
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quarks in the fundamental/anti-fundamental representation of the gauge group that has

charge (1, 0). The adjoint chiral multiplet in the N = 2 vector has charge (0, 2). Then

we add the chiral multiplet M transform under the adjoint of SU(2N), which has the charge

(0, 2), with the coupling W = TrMµ.

We can easily get an N = 1 theory after giving the nilpotent vev to M . The remaining

components of the quarks and M fields are given by the “Fan” associated to the partition

2N → 2N considered in [30]. In the end, we obtain SU(N) gauge theory with one adjoint

chiral multiplet φ with charge (0, 2), a pair of fundamental and anti-fundamantal chiral mul-
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SU(N) Nf=2N, Non-Principal [2N-1, 1]
fields SU(N) U(1)1 U(1)2 J+ J�

q1 N 1 2N � 1 1 0

eq1 N̄ -1 �(2N � 1) 1 0

q2 N 1 -1 1 �2(N � 1)

eq2 N̄ -1 1 1 �2(N � 1)

� adj 0 0 0 2

Mj , (j = 0, . . . , 2N � 2) 1 0 0 0 2j + 2

fMN�1 1 0 2N 0 2N

ḟMN�1 1 0 �2N 0 2N

Table 1: Matter content for the “UV Lagrangian description” for (A1, D2N ) theory.

removing any decoupled fields, the interacting theory now consists of SU(N) gauge theory

with U(1)2 flavor symmetry and matter fields as given in table 1 , where U(1)1 denotes the

U(1) in the disconnected part of SU(N)⇥ U(1) and U(1)2 denotes the U(1) ,! SU(N) that

commutes with hMi. The e↵ective superpotential now becomes

W =Treq1�q1 +TrḟMN�1q1eq2 +TrfMN�1eq1q2 +Trq1eq1M0 +Trq2eq2�2N�1+

2N�2X

j=0

2N�2�jX

l=0

Trq2(M0)
lMjeq2�2N�2�j�l .

(3.5)

The anomalies of the resulting theory can be easily calculated by using table 1 and are given

by

J+, J3
+ = �(2N + 1) ,

J� = 2N2 � 3 ,

J3
� = 16N4 � 24N3 + 10N2 � 3 ,

J2
+J� = 6N2 � 3 ,

J+J2
� = �32N3

3 + 8N2 + 2N
3 � 1 .

(3.6)
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SU(N) Nf=2N, [2N-1, 1]  
after decoupling

• We obtain the (A1, D2N) theory.  

• The flavor symmetry enhanced to SU(3) for N=2 and 
SU(2)xU(1) for (N>2). 

fields SU(N) U(1)1 U(1)2 RN=1 =
3N�1
3N J+ + 1

3N J� F = 1
2J+ � 1

2J�

q1 N 1 2N � 1 3N�1
3N

1
2

eq1 N̄ -1 �(2N � 1) 3N�1
3N

1
2

q2 N 1 -1 N+1
3N

2N�1
2

eq2 N̄ -1 1 N+1
3N

2N�1
2

� adj 0 0 2
3N �1

Mj , (N  j  2N � 2) 1 0 0 2j+2
3N �(j + 1)

Table 3: Matter content (modulo decoupled Coulomb branch operators) of interacting theory

in IR of the “Lagrangian” for (A1, D2N ) theory.

Similarly, for superconformal theories with N = 2 supersymmetry, the superconformal

index is defined by

IN=2(p, q, t) = Tr(�1)F pj1+j2+
r

2 qj2�j1+
r

2 tR� r

2 , (3.43)

where R, r are the Cartans of the SU(2)R ⇥ U(1)R symmetry of the N = 2 superconformal

algebra, with r charge normalized to be such that the exact dimension of Coulomb branch

operators is given by � = r
2 . The fugacities p, q and t are constrained to satisfy

|p| < 1, |q| < 1, |t| < 1, |pq
t
| < 1 . (3.44)

For N = 2 superconformal theories, we can also compute their N = 1 superconformal index

by using (3.38). This can, then be mapped to the N = 2 index by mapping ⇠ ! (t(pq)�
2
3 )� .

Here, � is determined by the normalization of U(1)F inside SU(2)R⇥U(1)r. For our purposes,

it will be useful to reparametrize the fugacities such that p = t

3y, q = t

3/y, t = t

4/v. The

N = 2 superconformal index then becomes

IN=2(p, q, t) = Tr(�1)F t2(E+j2)y2j1v
�R+ r

2 , (3.45)

where, E is the scaling dimension of the operator contributing to the index. The reparametrized

index of (3.45) can be easily expanded in terms of t, when doing explicit computations.

(A1, D2N ) theory We can obtain the N = 2 superconformal index of the (A1, D2N ) theory

by considering the N = 1 index of the theory described in section 3.2 (with appropriate

corrections due to decoupling of operators) and then redefining ⇠ ! (t(pq)�
2
3 )� , as explained

earlier. Modulo decoupled operators, the interacting theory at the IR fixed point is an SU(N)

gauge theory with matter fields and their exact (RN=1,F) charges given in table 3. TheN = 1

– 16 –

W = �q1q̃1 +Mj�
2N�2�jq2q̃2

a =
1

12
(6N � 5), c =

1

6
(3N � 2), �(Mj) =

j + 1

N



Sp(N) with 1/2 Nf=4N+4: Principal

• Upon principal Higgsing SO(4N+4) and integrating out 
massive quarks, we get the theory above. 

• Trϕk (k=2, 4,…, 2N), Mj (j=1,…, 2N+1), M’2N+1 decouples. 

• Removing all the decoupled operators, we obtain:  

fields Sp(N) (J+, J−) (R0,F)

q ! (1, 0) (12 ,
1
2)

q′ ! (1,−4N − 2) (12 (−4N − 1), 12 (4N + 3))

φ adj (0, 2) (1, 1)

Mj , (j = 1, 3, . . . , 4N + 1) 1 (0, 2j + 2) (j + 1,−j − 1)

M ′
2N+1 1 (0, 4N + 4) (2N + 2,−2N − 2)

Table 7: Matter content of the “UV Lagrangian description” for the (A1, A2N ) theory.

Lagrangian for the (A1, A2N ) theory One can write down the matter content of the

deformed Sp(N) SQCD theory that flows to (A1, A2N ) theory. In order to see the remaining

quarks after nilpotent Higgsing, we note that the fundamental of SO(4N + 4) decomposes

into

4N + 4 → V2N+1 ⊕ V0, (5.12)

under the principal embedding. Therefore we have two fundamental quarks q, q′ having

charges (1, 0) and (1,−2N + 1) from (2.9). We have the chiral multiplet φ in the adjoint of

Sp(N) and singlet fields Mj with j = 1, 3, . . . , 4N + 4 and M ′
2N+1. The superpotential is

given by

W = φqq +
2N+1
∑

i=1

M2i−1
(

φ4N+3−2iq′q′
)

+M ′
2N+1qq

′ . (5.13)

The terms φ4N+3−2iq′q′ and qq′ are the components of the moment map µ of SO(4N + 4)

that survive upon Higgsing.

5.3 The full superconformal index of (A1, AN ) Argyres-Douglas theory

Recently, the superconformal index in various limits for the Argyres-Douglas theory has been

computed [49–54]. Here, we compute the full superconformal index of the Argyres-Douglas

theory using the gauge theory description we obtained.

Generalities The superconformal index [17, 18] for the N = 1 theory is defined as

IN=1(p, q, t;a) = Tr(−1)F pj1+j2+
R
2 qj2−j1+

R
2 ξF

∏

i

ai
Fi , (5.14)

where (j1, j2) are the Cartans of the Lorentz group SU(2)1 × SU(2)2, and R is the U(1)R
charge, F is the global U(1)F charge and Fi are the Cartans for the global symmetries. Here,

R can be any candidate R-charge, which we pick to be R0 = 1
2(J+ + J−). Upon finding the

superconformal R charge via a-maximization, we rescale ξ → (pq)
ϵ
2 ξ to obtain the proper

index.
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a =
N(24N + 19)

24(2N + 3)
, c =

N(6N + 5)

6(2N + 3)
, �(Mj) =

j + 1

2N + 3
 (A1, A2N) theory!



Sp(N) with 1/2 Nf=4N+4 
Non-principal [4N+1, 1, 1, 1]

• SO(3)=SU(2) global symmetry preserved. 

• Trϕk (k=2, 4,…, 2N), Mj (j<2N+1), decouples. 

• We obtain: 

fields Sp(N) SO(3) J+ J�

q1 2N 3 1 0

q2 2N 1 1 �4N

� adj 1 0 2

Mj , (j = 2k + 1 , 0  k  2N � 1) 1 1 0 2j + 2

M0 1 3 0 2

M2N 1 3 0 4N + 2

Table 2: Matter content for the “UV Lagrangian description” for (A1, D2N+1) theory.

Here Vj is the spin-j representation of SU(2). At energies below the scale of the vev hMi, the
matter content of the theory is given by the fields enumerated in table 2. The corresponding

low energy superpotential (up to appropriate insertions of ⌦) becomes

W =Trq1�q1 +TrM2Nq1q2 +TrM0q1q1 +Trq2�
4N+1q2 +

2N�1X

k=0

Trq2Mjq2�
4N�j |j=2k+1 .

(3.26)

The anomalies of the resulting theories are now given by

J+, J3
+ = �(2N + 6) ,

J� = 4N2 + 8N + 6 ,

J3
� = 128N4 + 224N3 + 116N2 + 24N + 6 ,

J2
+J� = 12N2 + 16N + 6 ,

J+J2
� = �128N3

3 � 64N2 � 70N
3 � 6 .

(3.27)

The central charges a(✏) and c(✏) are found to be

a(✏) =

✓
�9N4

2
� 99N3

8
� 387N2

32
� 81N

16
� 27

16

◆
✏3 +

✓
27N4

2
+

225N3

8
+

567N2

32
+

99N

32

◆
✏2+

✓
�27N4

2
� 153N3

8
� 129N2

32
+

15N

8
+

9

16

◆
✏+

9N4

2
+

27N3

8
� 51N2

32
� 9N

32
,

c(✏) =

✓
�9N4

2
� 99N3

8
� 387N2

32
� 81N

16
� 27

16

◆
✏3 +

✓
27N4

2
+

225N3

8
+

567N2

32
+

99N

32

◆
✏2+

✓
�27N4

2
� 153N3

8
� 125N2

32
+

35N

16
+

15

16

◆
✏+

9N4

2
+

27N3

8
� 55N2

32
� 15N

32
.

(3.28)
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a =
N(8N + 3)

16N + 8
, c =

N

2
, �(Mj) =

j + 1

2N + 1

(A1, D2N+1) theory!



Deformations of SU(N) Nf=2N

B Central charges corresponding to various nilpotent embedding

Table 6: Nilpotent embeddings of SU(2N) leading to rational values for a and c. The

partition corresponding to 2N ! [12N ], reduces to 4d N = 2 SU(N) gauge theory with 2N

hypers. The partitions [2N � 1, 1] and [2N ] reduce to AD theories listed in the last column

of the above table.

SU(2N) ⇢ : SU(2) ,! SU(2N) a c 4d N = 2 SUSY

SU(4)

[14] 23
24

7
6 Yes; Nc = 2, Nf = 4

[3, 1] 7
12

2
3 Yes; (A1, D4) AD th.

[4] 11
24

1
2 Yes; (A1, A3) AD th.

SU(6)

[16] 29
12

17
6 Yes; Nc = 3, Nf = 6

[5, 1] 13
12

7
6 Yes; (A1, D6) AD th.

[6] 11
12

23
24 Yes; (A1, A5) AD th.

SU(8)

[18] 107
24

31
6 Yes; Nc = 4, Nf = 8

[2, 16] 73801
17424

43121
8712 ?

[4, 4] 9097
3888

5129
1944 ?

[7, 1] 19
12

5
3 Yes; (A1, D8) AD th.

[8] 167
120

43
30 Yes; (A1, A7) AD th.

SU(10)

[110] 247
24

71
6 Yes; Nc = 5, Nf = 10

[5, 15] 5553943
1383123

6257387
1383123 ?

[5, 3, 12] 92540867
24401712

52091009
12200856 ?

[9, 1] 25
12

13
6 Yes; (A1, D10) AD th.

[10] 15
8

23
12 Yes; (A1, A9) AD th.

SU(12)

[112] 247
24

71
6 Yes; Nc = 6, Nf = 12

[43] 754501
138384

424727
69192 ?

[11, 1] 31
12

8
3 Yes; (A1, D12) AD th.

[12] 397
168

101
42 Yes; (A1, A11) AD th.

– 29 –

Here we list some of
the deformations that 
gives rational central 
charges. 

Other deformations 
give irrational central 
charges, therefore 
they flow to N=1 
theories. 



Deformations of Sp(N),1/2 Nf=4N+4
Table 7: Nilpotent embeddings of SO(4N + 4) leading to rational values for a and c. The

partition corresponding to 4N + 4 ! [12N ], reduces to 4d N = 2 Sp(N) gauge theory with

4N + 4 half-hypers. The partitions [4N + 1, 13] and [4N + 4] reduce to AD theories listed in

the last column of the above table.

SO(4N + 4) ⇢ : SU(2) ,! SU(4N + 4) a c 4d N = 2 SUSY

SO(8)

[18] 23
24

7
6 Yes; Nc = 1, Nf = 8

[32, 12] 7
12

2
3 ?

[4, 4] ⌘ [5, 13] 11
24

1
2 Yes; (A1, D3) AD th.

[5, 3] 6349
13872

3523
6936 ?

[7, 1] 43
120

11
30 Yes; (A1, A2) AD th.

SO(12)

[112] 37
12

11
3 Yes; Nc = 2, Nf = 12

[42, 22] 105027
59536

61145
29768 ?

[9, 13] 19
20 1 Yes; (A1, D5) AD th.

[11, 1] 67
84

17
21 Yes; (A1, A4) AD th.

SO(16)

[116] 51
8

15
2 Yes; Nc = 3, Nf = 16

[5, 111] 109031
27744

123889
27744 ?

[5, 33, 12] 18250741
5195568

10440877
2597784 ?

[13, 13] 81
56

3
2 Yes; (A1, D7) AD th.

[15, 1] 91
72

23
18 Yes; (A1, A6) AD th.

SO(20)

[120] 65
6

38
3 Yes; Nc = 4, Nf = 20

[22, 116] 4181
400

2463
200 ?

[34, 24] 29
4

133
16 ?

[44, 22] 28361329
4702512

16338643
2351256 ?

[9, 5, 3, 13] 737
192

817
192 ?

[11, 19] 6638927
1976856

3700169
988428 ?

[11, 22, 15] 106413731
31795224

59339969
15897612 ?

[11, 24, 1] ⌘ [11, 3, 16] 26650955
7990296

14869241
3995148 ?

[11, 3, 22, 12] 106793099
32127576

59613689
16063788 ?

– 31 –



Principal deformations
T F N = 2 Sugawara kF bound TIR[T , ρ]

(A1,Dk), (k ≥ 4) SU(2) yes yes no (A1, Ak−1)

(IN,Nm+1, F ) SU(N) yes yes no (AN−1, ANm+N )

H1 SU(2) yes yes yes H0

H2 SU(3) yes yes yes H0

D4 SO(8) yes yes yes H0

E6 E6 yes yes yes H0

E7 E7 yes yes yes H0

E8 E8 yes yes yes H0

SU(N) SQCD SU(2N) yes yes yes (A1, A2N−1)

Sp(N) SQCD SO(4N + 4) yes yes yes (A1, A2N )

N = 4 SU(2) SU(2) no yes no new

[IV ∗, Sp(2)× U(1)] Sp(2) no(?) no yes new

[III∗, SU(2) × U(1)] SU(2) no no no new

[III∗, Sp(3)× SU(2)] Sp(3)× SU(2) no no yes new

[II∗, SU(3)] SU(3) no(?) no no new

[II∗, SU(4)] SU(4) no no no new

[II∗, Sp(5)] Sp(5) no no yes new

TN SU(N)3 no no yes new

R0,N SU(2N) no no yes new

Table 8: Summary of results. Here F denotes the global symmetry that is broken by the

principal embedding. (not necessarily the same as the full symmetry of T ) We list whether the

deformed theory flows to an N = 2 theory and whether T satisfies the Sugawara condition for

the central charges of the chiral algebra [65] and whether the flavor central charge saturates

the bound of [65, 66].

7 Discussion

In this paper, we considered the N = 1 deformation of N = 2 SCFTs. Among various N = 2

SCFTs, we found the deformation of a particular class of theories flow to the IR fixed point

with the enhanced N = 2 supersymmetry. We list the summary of our result in the table 8.

To any N = 2 SCFT T , there is an associated two-dimensional chiral algebra χ[T ] as

discussed in [65]. The central charges for the chiral algebra are given as

c2d = −12c4d, k2d = −1

2
k4d . (7.1)

If the two-dimensional Virasoro algebra is given by the Sugawara construction of the affine

Lie algebra, the 2d central charge has to be given by c2d = cSugawara, where

cSugawara =
k2ddimF

k2d + h∨
, (7.2)

– 36 –



When does SUSY gets 
enhanced to N=2?

• Any 4d N=2 SCFT can be associated with a 2d chiral algebra 
with  

• If the chiral algebra is given by the affine Kac-Moody algebra of 
level k2d, one can use Sugawara construction to realize the 
Virasoro algebra. Then the central charge is given by 
 

• It seems all theories exhibiting SUSY enhancement under the 
principal deformation satisfies c2d = cSugawara.  Why?  
(except for N=4 SU(2) SYM, which has extended chiral algebra)
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7 Discussion

In this paper, we considered the N = 1 deformation of N = 2 SCFTs. Among various N = 2

SCFTs, we found the deformation of a particular class of theories flow to the IR fixed point

with the enhanced N = 2 supersymmetry. We list the summary of our result in the table 8.

To any N = 2 SCFT T , there is an associated two-dimensional chiral algebra χ[T ] as

discussed in [65]. The central charges for the chiral algebra are given as
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2
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[Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees]



Summary



Summary
• To a given N=2 SCFT T  with non-abelian global symmetry 

F, one can obtain N=1 SCFT TIR[T ,ρ] labelled by SU(2) 
embedding ρ of F.

• When T = SQCD, and ρ is (nearly) principal, TIR[T ,ρ] is 
Argyres-Douglas theory of type (A1, An) and (A1, Dn).  
N=1 Lagrangian theory flowing to the N=2 AD theory. 

• Experimentally, N=2 enhancement happens whenever 2d 
chiral algebra for the T  has the stress tensor given by the 
Sugawara construction and ρ is the principal embedding. 



Future directions

• When and why N=2 enhancement happens?

• Is ‘Sugawara condition’ necessary or sufficient? Why?

• string/M-theory realizations?

• Can we find N=1 gauge theory flowing to more general 
AD theory? 

• More supersymmetric partition functions

• Surface defects, line operators… 



Thank you!


