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SUPERSYMMETRIC BRANES:

susy : δεθ = ε

κ-symmetry : δκθ = (1 + Γ)κ(σ)

⇒ BPS : (δε+δκ)θ = 0 = ε+(1+Γ)κ(σ) ⇒

� Γε = ε

� Dp-brane:

Γ = (−det(g + F))−1/2
∑

2l+s=p+1

1
l!s!2l

εn1...n2lm1...msFn1n2
. . .Fn2l−1n2l

γm1...ms
Ps+1 .

with Pn =

(
0 1

(−1)[(n+1)/2] 0

)
and P =

(
1 0

0 −1

)
� without WW excitations (F = 0):

Γ0 = (−det(g))−1/2 1
(p+1)!ε

m1...mp+1γm1...mp+1Pp+2

� “linear”” and “non-linear” components

ε = ε+ + ε− =
1

2
(1 + Γ0)ε+

1

2
(1− Γ0)ε



BULK SUPERSYMMETRY (type II):

Democracy ⇔

 DM = ∇M + 1
8HMNPΓNPP + 1

16e
φ
∑
n

1
(2n)!FM1...M2nΓM1...M2nΓMP2n

/D = /∇+ 1
24/HP − /∂φ modified dilatino

• Lichnerowicz theorem (for Levi-CIvita):
(
∇a∇a − (/∇)2

)
ε = 1

4Rε

• Bismut-LT:(
(∇a + 1

8HabcΓ
bc)(∇a + 1

8H
a
bcΓ

bc)− (/∇+
1

24
/H)2
)
ε =

[
1
4 (R− 1

12H
2)+γabcd∇aHbcd

]
ε

• gen. LBT:
(
D(NS)
a )2 − (/D)2

)
ε =

[
1
4S

(NS) + γabcdIabcd
]
ε

� S (NS) = R+ 4∇2φ− 4(∂φ)2 − 1
12H

2

� Iabcd = 1
6∇[aHbcd] = 0

• More gLBT:
(
DADA −D2

)
ε =

[
1
4S + γ(n)I(n)

]
ε tensorial S & BI/EOM I(n) = 0

� e.g. for Het. strings: DA = (D(NS)
m , Dα = − 1

8

√
2α′F̂abαγab)

� Effective action: S = R+ 4∇2φ− 4(∂φ)2 − 1
12H

2−α
′

4 tr F̂2

� Iabcd = 1
6∇[aHbcd]−α

′

8 tr F̂[abF̂cd] = 0



REWIRING BRANE SUPERSYMMETRY:

• Γ = e−a/2Γ′0e
a/2 with Γ′0 ∼

 (Γ11)
p−2
2 Pp+2Γ0

(σ3)
p−3
2 σ2 ⊗ (Pp+2Γ0)

; a =

 − 1
2Yijγ

ijΓ11

1
2Yijσ3 ⊗ γ

ij

F = tahn(Y )

• Γε = ε ⇒ 1
2

(
{Γ,Γ0} −[Γ,Γ0]

[Γ,Γ0] −{Γ,Γ0}

)(
ε+

ε−

)
=

(
ε+

ε−

)
Further rewrite:√

det(g)

det(g + F)

(
����cosh(F) ����sinh(F)P

−����sinh(F)P −����cosh(F)

)(
ε+

ε−

)
=

(
ε+

ε−

)

BULK + BRANE SUPERSYMMETRY:

Γε = ε & Dmε = 0

ε = ε+ + ε−

 ⇒

(
{Dm,Γ0} −[Dm,Γ0]

−[Dm,Γ0] {Dm,Γ0}

)(
ε+

ε−

)
= 0

similar for dilatino variation /D



BRANES IN SUPERSYMMETRIC BACKGROUNDS

OPEN→ A B C D

−−−−−−
↓ CLOSED − Γ0ε = ε Γ0ε = Γε = ε Γε = ε

1: special holonomy calibrations + HYM NL instantons [MMMS]

∇mε = 0 Ricci = 0 Φ|Y = 0 (/Fε = 0) Im
(
eiαΦ|Y eF

)
= 0

2: − Global SYM “2 B + 1C” ⊃ “landscape of HYM”

Dmε+ = 0 on curved spaces O(FRR, H)/Fε = 0

3: Gen. CY generalised − X

Dmε = 0 dΦ = 0 + ... calibrations



SUPERSYMMETRIC BACKGROUNDS

10D string theory with

• the metric: ds210 = e2A(y)ds24(M4) + ds26

• the fluxes: F (10) = F + vol4 ∧ λ(∗F ) (where λ(Fn) = (−1)Int[n/2]Fn)

Equations

of motion
⇔



• pure spinor equations

d (e3AΦ1) = 0 ⇔ Gen. CY structure

d (e2AReΦ2) = 0

d (e4AImΦ2) = e4Ae−B ∗ λ(F )

• Bianchi identities

(d−H∧)F = δ(source)

Φ1 and Φ2 are even/odd poly-forms for IIA/B: IIA→
Φ1 = Φ+

Φ2 = Φ−
IIB→

Φ1 = Φ−

Φ2 = Φ+



PURE SPINORS and GCG

Φ+ = 8 e−φe−B |η1+ ⊗ η
2 †
+ |norm

Φ− = 8 e−φe−B |η1+ ⊗ η
2 †
− |norm

(use: η1+ ⊗ η
2 †
± = 1

8

∑6
k=0

1
k!

(
η2 †± γmk...m1η

1
+

)
γm1...mk for spinors

IIA → ε1 = ζ+ ⊗ η1+ + ζ− ⊗ η1− IIB → ε1 = ζ+ ⊗ η1+ + ζ− ⊗ η1−
ε2 = ζ+ ⊗ η2− + ζ− ⊗ η2+ ε2 = ζ+ ⊗ η2+ + ζ− ⊗ η2− )

On Generalized tangent bundle: 0 −→ T ∗M −→ E
π−→ TM −→ 0 ,

Φ± ∈ L⊗ Λeven/oddT ∗M .

EXAMPLES: SU(3) structure (1A) SU(3) holonomy (3A)

Φ+ = e−φe−B−iω Φ+ = e−iω

symplectic

Φ− = e−φe−BΩ Φ− = Ω

complex



1B: calibrations - susy cycles in manifolds of irreducible non-trivial holonomy

p+1 SU(2) SU(3) G2 SU(4) Spin(7)

2 divisor/SLag holomorphic − holomorphic −

3 − SLag associative − −

4 X divisor coassociative Cayley Cayley

5 − − − − −

6 − X − divisor −

7 − − X − −

8 − − − X X



EXAMPLES:

(SU(N) - holonomy)

SLag (A) holomorphic (B)

Im(eiϑΩN |Y ) = 0 ωn|Y ∼ vol(Y )

F = 0 ΩN |Y = 0

1C:
∀ two statements, the third follows:

for product spinor anstaz


Γε = ε

Γ0ε = ε

/Fε = 0

NOT very good.... for e.g. mirror symmetry

Im(eiϑΩN |Y ) = 0 ωn|Y ∼ vol(Y )

ΩN |Y = 0

F = 0 F (2,0) = F (0,2) = 0; F ∧ ωn−1 = 0

ϑ MISSING!!!



1D: NonLinear Instantons

Im(eiϑΩN |Y eF ) = 0 hol. cycle

flat connection Im(eiϑe−iω|Y eF ) = 0

• slope( SLag ) ⇔ slope( deformed HYM )

• type B branes on holomorphic cycles:

� EX (4d): ω|Y ∧ F = tanϑ (vol4 −F ∧ F)

� Euclidean space: gµν = εδµν and introduce ξ = ε/2πα′

◦ zero-slope limit ( α′ → 0, ε fixed; ξ →∞ ): F ∧ ωn−1 = µωn

B µ = deg/rk where deg = c1[ω]n−1

◦ SW limit ( ξ → 0, α′ ∼ ε 1
2 → 0; ξ → 0) ) - NC instantons:

B F̂ ∧ ωn−1 = 0; F̂ (2,0) = 0 (F̂ = 1
1+FθF )

� slope ϑ = arg(
∫
eF−iω)(+ikπ)

� in general (?) ch(F) →
√
Â(TY )/Â(N)e−c1(N)/2ch(F) and ϑ = arg(Z)



Aside: gLT and (not-so) linear supersymmetry

• D=4: 1
p+1 (1− /FP + qγ4) Γ0(ε+ + ε−) = Γε = ε = Γ0(ε+ − ε−) ⇒

ε± = (ε1±,∓iγ4ε1±) ⇒

 /Fε1+ = −(2 + p+ qγ4)ε1−

(p− qγ4)ε1+ = /Fε1−

? ε+/ε− generate linearly/non-linearly realised susy (cf [SW])

? with p =
√

det(δ + g−1F)− 1 (ε = 1); q = 1
4 (?F)mnFmn

? cf (ε1+)† (/F − r)2 ε1+ to LYM

• D=6: “linear susy” ⇒

 (/F − r)ε1+ = 0

(p− qγ6)ε1+ = 0

? q = − 1
4 (?F)mnpqFmnγpq; r = − 1

3!
1
23 ε

mnpqrsFmnFpqFrs
? for normalised ε1+ :

(ε1+)† (/F − r)2 ε1+ =
1

2
FmnFmn − (1− 1

2
FmnFmn)p− 1

3!
(
1

2
FmnFmn)3



2B (F = 0) :
type II + susy D-branes :

{DM ,Γ0}ε+ = 0, ...

 ⇒

 Killing spinors⇒ Riem. manifolds for N = 1 4D SYM

auxiliary sugra fields⇔ NS and RR fluxes

(M, g) ∈ S (the set of all d = 4 Riemannian manifolds admitting N = 1 susy theories) if
and only if the manifold M admits a pair of Killing spinors η± of opposite chirality:

(∇m + iAm + iVnγ
nγm) η+ −M+η− = 0

(∇m − iAm − iVnγnγm) η− −M−η+ = 0

A, V,M± ⇐

 background profiles of the auxiliary fields of N = 1, d = 4 sugra

made of fluxes of type II theoreis

3D (F 6= 0)

Γε = ε & Dmε = 0

ε = ε+ + ε−

 ⇒

(
{Dm,Γ0} −[Dm,Γ0]

−[Dm,Γ0] {Dm,Γ0}

)(
ε+

ε−

)
= 0

General (non-linear) BPS equations (for different amounts of susy) for SYM on curved
spaces....



• N = 4 solutions for (M, g) + non-linear instantons

• N = 1

� on top of D3 add D7 susy projections

� choice of projections (D7)

� solutions for (M, g) + (non-linear) instantons

Questions/Future:

• Beyond BPS equations

• Computable α′ expansion of SYM in curved spaces

• SYM + curious notion of “linear” susy in D ≥ 4

• Landscape of field theories (?)

• ...


