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Linear distortions only, flattening  
proportional to growth rate: 
depends on amount and kind of 
dark matter and dark energy 

Full distortions, 
including small-
scale “spindle” 
due to clusters of 
galaxies, 
Ωm=0.25, 
ΩΛ=0.75 

No redshift distortions 
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But we need to look at both sides of the story… 
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Add dark energy Modify gravity theory [e.g. R ! f(R) ] 
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“…the Force be with you” 



4个引力模型: GR，
f(R)，DGP，
TeVeS 

张鹏杰等提出在宇宙学 
尺度上检验广义相对论与其 

他引力论的Eg方法 



l  We also consider the dependence on the information used: the 
full galaxy power spectrum P(k), P(k) marginalized over its 
shape, or just the Baryon Acoustic Oscillations (BAO). We 
find that the inclusion of growth rate information (extracted 
using redshift space distortion and galaxy clustering 
amplitude measurements) leads to a factor of  3 improvement 
in the FoM, assuming general relativity is not modified. This 
inclusion partially compensates for the loss of information 
when only the BAO are used to give geometrical constraints, 
rather than using the full P(k) as a standard ruler. We 

Key assumption: 
K_max=0.1 Mpc/h for z=0 and 
k_max=0.2 for z>1	



Challenge 
to model RSD at 1% accuracy 

at k<0.1-03 h/Mpc 
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A nominal way in Literature 
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One can change this easily for a 
deterministic linear bias b 



Systematic error detected at 10% level 
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Torre & Guzzo, 1202.5559 
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Fig. 4.— Redshift distortion parameter β reconstructed from; (a) the monopole-to-real-space ratio of the power spectra; (b) the monopole-
to-real-space ratio of the correlation functions; (c) the quadrupole-to-monopole ratio of the power spectrum; (d) the quadrupole-to-monopole
ratio of the correlation functions. The horizontal lines represent the prediction from linear theory for each measurement with the same
color and line type, where the best fit parameter for the biasing is used for the prediction. Error bars are the standard error of the mean.
The diamonds and the open circles have been offset in the horizontally positive direction for clarity while the open squares and the triangles
in the horizontally negative direction.

tribution from smaller halos. Note that here we used
the real-space power spectrum measured from the sim-
ulations. It is not a direct observable and translation
of the power spectrum from redshift space to real space
usually draws the additional error.
Figure 4 (b) is the same as Figure 4 (a), but the β

values are measured as a function of separation r com-
puted from the ratio of the redshift-space and real-space
correlation functions ξ(0/r) = ξ0/ξ(r). The slight differ-
ence of the linear theory prediction between Fourier and
configuration space is due to the difference of the best fit
parameters for the biasing seen in Figure 3. The scale
dependence of the reconstructed β found by using ξ(0/r)

is more prominent than that by using P (0/r). Even the
result obtained from the LRGs is monotonically increas-
ing, intersects with the prediction from linear theory, and
does not draw closer to a constant on all scales probed. A
similar behavior has also been found for dark matter by
Cabré & Gaztañaga (2009) up to 40 h−1 Mpc (see also
the red line in Figure 4b), but the tendency is much
more significant for dark matter halos, even for those
with b ∼ 1. Constraints on β are usually given under
the assumption of one constant parameter over a scale
range for which the χ2 statistics is computed. However,
according to Figure 4 (b), it could be a coincidence that

one gets the true value of β as a best fit parameter. Thus
one should be cautious when the deviation from general
relativity is investigated through the measurement of β
from the ratio ξ0/ξ(r).
In measuring β from the quadrupole-to-monopole ratio

in Fourier space P (2/0) = P2/P0, one needs to measure
P (s)(k, µ) in finite bins, usually constant separations in
µ, and numerically integrate it along µ direction. Hence
the finite bin size may cause a systematic error in mea-
surement of β. Using linear theory, we test the accu-
racy of the integration between constant µ and constant
θ = cos−1 µ binnings. We found constant µ binning un-
derestimates β by 2.5% while constant θ binning overes-
timates by 1.3% for 10 bins. We thus adopt the constant
θ binning and take the number of bin to be 10 between
0 ≤ θ ≤ 90◦. Figure 4 (c) shows β measured from the
quadrupole-to-monopole moments P (2/0). This quantity
can be directly measured in observation. We put artifi-
cial large-scale cuts in β values measured from the L600
samples because they have limited number of modes and
thus are strongly affected by the cosmic variance. We
can see this by the difference between the green and gray
lines because they have similar halo mass. On the other
hand, we did not use such strong scale cuts in Figure 4
(a) because the effect of the cosmic variance can be elim-

Okumura & Jing, 2010 

And many more works 
14-11-4 

Beta=f/b 



Single-Probe Measurements from SDSS BOSS CMASS & LOWZ 15

Figure 6. We compare the constraints of f(z)σ8(z) from CMB data
(Planck and WMAP9) with the measurements compiled by Samushia et al.
(2013a). We include three more data points (blue points): the constraints
from SDSS DR7 LRG (Chuang & Wang 2013b), DR11 CMASS (this
study), and DR11 LOWZ (this study). The constraints from CMB are ob-
tained given ΛCDM model.

Figure 7. We compare the constraints of f(z)σ8(z) from CMB data
(Planck and WMAP9) with the measurements compiled in Samushia et al.
(2013a). We include three more data points (blue points): the constraints
from SDSS DR7 LRG (Chuang & Wang 2013b), CMASS (this study), and
LOWZ (this study). The constraints from CMB are obtained given oΛCDM
model.

surements does not improve the constraints of cosmological pa-
rameters.

(v) Our measurements are more consistent with WMAP9
than Planck. Among three simple dark energy models, ΛCDM,
oΛCDM, and wCDM, our measurements favor wCDMwhen com-
paring with WMAP9.
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Often further compressed  
into a single number 
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f(z)�8(z) /
dD

da
a

Can achieve 1% for 
stage IV surveys such 
as MS-DESI and SKA.  

f ⌘ d lnD

d ln a
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Challenging to achieve 1% accuracy 
•  Many works to improve RSD model 

–  e.g. Peebles 1980,…, Kaiser 1987,…, Hamilton 1992,…,  Scoccimarro, 2000, …, White 
2001,…, Yang et al. 2002,…, Kang et al. 2002,…, Szapudi 2004,…, Zu et al. 2007,…, 
Tinker 2007, …,  Matsubara 2008,…,Taruya et al. 2010,…, Kwan et al. 2011,…, Seljak 
& McDonald, 2011,..,Reid & White 2011,…Jennings et al. 2012,… 

•  Entangled complexities 
–  Nonlinear mapping between real and redshift space 

•  Redshift space 2pt is the sum of all N-pt in real space 

–  Nonlinearity in the dark matter density and velocity statistics 
•  Non-Gaussianity, no compact expression of redshift space ps 
•  Stochastic velocity-density relation 

–  Nonlinear galaxy-dark matter relation 
•  Stochastic scale dependence density bias 
•  Velocity bias 

•  Disentangle them!  
–  ZPJ, Pan & Zheng, 2012; Zheng et al. 2013; ZPJ, Zheng & Jing, 2014, Zheng et al. in preparation,… 

–  Pengjie Zhang (SJTU), Yi Zheng (SHAO, Shanghai; Daejeong, Korea) 
KIAS 2014 14-11-4 



Disentangle RSD:  
A generic velocity decomposition 

•  Velocity decomposition into 
three eigen-modes: 
–  Gradient part vE 

•  vδ: correlated with density: 
mostly linear, dominant at 
large scale 

•  vS: uncorrelated: 
significant at intermediate 
scale 

–  Curl part vB 
•  Highly nonlinear, small scale 

•  Different origins 
•  Different scale/z dependence 
•  Different RSD 

KIAS 2014 
Zhang,, Pan, Zheng, 2013 Zheng et al. 2013 
14-11-4 



The	  way	  to	  measure	  the	  three	  
components	  in	  simula@on 
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x

s = x+
v · x̂
H

x̂ x

s = x+
vz
H

ẑ

P

s(k) =

Z
h(1 + �1)(1 + �2)e

ikz(v1z�v2z)/Hieik·rd3x

P s
g (k, u) =

h
Pg(k)(1 + �W̃ (k)u2)2 + u4P✓S✓S (k) + · · ·

i
DFOG(ku)

Distant observer 

P s
g (k, u) = Pg(k)(1 + �u2)2DFOG(ku)

Single streaming 
No magnification bias 

Cumulant expansion theorem 

Deterministic 
density-velocity 
 

Linear density-velocity 
relation, no velocity bias 

Negligible high 
order corrections 

Further approximations  often used in observations 
•  Scale independent galaxy density bias 
•  DFOG: Gaussian, Lorentz, more complicated? Meaning ofσv? 

Incomplete list of approximations/simplifications in RSD modeling 

Neglecting AP/relativistic effects/lensing distortion 

KIAS	  2014 14-11-4 



Challenging to achieve 1% accuracy 
•  Many works to improve RSD model 

–  e.g. Peebles 1980,…, Kaiser 1987,…, Hamilton 1992,…,  Scoccimarro, 2000, …, White 
2001,…, Yang et al. 2002,…, Kang et al. 2002,…, Szapudi 2004,…, Zu et al. 2007,…, 
Tinker 2007, …,  Matsubara 2008,…,Taruya et al. 2010,…, Kwan et al. 2011,…, Seljak 
& McDonald, 2011,..,Reid & White 2011,…Jennings et al. 2012,… 

•  Entangled complexities 
–  Nonlinear mapping between real and redshift space 

•  Redshift space 2pt is the sum of all N-pt in real space 

–  Nonlinearity in the dark matter density and velocity statistics 
•  Non-Gaussianity, no compact expression of redshift space ps 
•  Stochastic velocity-density relation 

–  Nonlinear galaxy-dark matter relation 
•  Stochastic scale dependence density bias 
•  Velocity bias 

•  Disentangle them!  
–  ZPJ, Pan & Zheng, 2012; Zheng et al. 2013; ZPJ, Zheng & Jing, 2014, Zheng et al. in preparation,… 

–  Pengjie Zhang (SJTU), Yi Zheng (SHAO, Shanghai; Daejeong, Korea) 
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A	  formula	  of	  Zhang	  et	  al.(2013) 
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Disentangle RSD: nonlinear velocity-density 

KIAS 2014 

Zheng et al. 2013 

P s(k, u) =
h
P (k)(1 + fW̃ (k)u2)2 + P✓s✓s(k)u

4 + CG(k, u) + CNG,3(k, u)
i
DFOG(ku)

•  Velocity growth is 
suppressed w.r.t density.  

•  Leading order correction 
to the Kaiser formula 

•  10% at k=0.1h/Mpc 
and z=0 

to understand its behavior. Nevertheless, [55] found that
PvBvB

ðzÞ / D7ðzÞ. Our results confirm this relation (Fig. 3).

Figure 1 shows that vB grows later than vS. It is less than
1% of v! at k ¼ 0:3 h=Mpc. It is subdominant to vS at
k & 3 h=Mpc. Our convergence tests presented in the
Appendix do not find significant numerical artifacts on
vB measured from the 100 Mpc=h G100 simulation at
k & 3 h=Mpc. So the above results should be reliable.
We may also expect that the velocity field becomes
completely randomized at sufficiently small scales, so
PvBvB

!2PvSvS
. We do find this sign of equipartition at

k$ 10 h=Mpc. However, numerical artifacts at these re-
gimes are non-negligible, as shown in the Appendix.
Simulations with resolution higher than G100 are required
to study this issue.

B. The window function ~Wðk; zÞ
The window function, WðkÞ [Eq. (3)], and the normal-

ized one, ~WðkÞ % WðkÞ=Wðk ! 0Þ ¼ WðkÞ=f, are of cru-
cial importance for the following reasons in understanding
and reconstructing the velocity field and in improving
RSD modeling (Paper I). (1) ~W describes the impact of
the nonlinear evolution on the velocity-density relation.
(2) ~W quantifies a major systematic error in RSD cosmol-
ogy. We have shown that the leading term in the redshift
space matter power spectrum Ps

!!ðk; uÞ is P!!ð1þ
f ~WðkÞu2Þ2. Hence, the widely adopted Kaiser formula
underestimates f by a factor ~WðkÞ ' 1. Perturbation the-
ory predicts a $10% bias at k ¼ 0:1 h=Mpc and z ¼ 0
(Paper I), much larger than the statistical error associated
with stage IV dark energy surveys. (3) W behaves as a
window function exerting on the density field to reveal the
underlying velocity field. This deterministic function can

be inferred from RSD in spectroscopic redshift surveys in
less model dependent way. So it is essential in three-
dimensional peculiar velocity reconstruction in redshift
surveys, at cosmological distances.
Figure 5 shows ~WðkÞ at different redshifts measured in

the J1200 simulation. It confirms our theoretical prediction
using third-order Eulerian perturbation theory (Paper I),
which is applicable at k & 0:2 h=Mpc. As expected, ~W
changes from unity at k ! 0 to zero at k ! 1. As ex-
plained in Paper I, 1( ~W quantifies a systematic error in f.
Since stage IV dark energy surveys have the potential to
measure f to$1% level accuracy, this ~W-induced system-
atic error becomes significant, even at relatively high red-
shift z ¼ 2 and pretty linear scale k ¼ 0:1 h=Mpc. The
situation worsens towards lower redshifts and smaller
scales. For example, 1( ~W * 10% at z & 0:5. It is
already significant for stage III dark energy surveys like
BOSS and eBOSS [58–60]. This systematic error may
contribute a significant fraction to the tension in f between
existing measurements and the prediction from Planck
cosmology [61].
We expect the degrees of freedom in ~W is limited. The

perturbation theory predicts [57], for a power law initial
power spectrum with power index n,

~Wðk; zÞ ¼ 1þ "!#ðnÞ!2
Lðk; zÞ þOð!4

LÞ
1þ "!!ðnÞ!2

Lðk; zÞ þOð!4
LÞ

’ 1

1þ!"ðnÞ!2
Lðk; zÞ

:

(12)

Here, !2
L is the linear matter power spectrum variance

and !2
NL is the nonlinear one. The " symbols follow the

notation in [57] and !"ðnÞ % "!!ðnÞ ( "!#ðnÞ. However,
in reality, the power index depends on k. So !" is a

FIG. 5 (color online). Left panel: the ~Wðk; zÞ ( k relation, calculated from the J1200 simulation. ~W changes from unity at k ! 0 to
zero at k ! 1. 1( ~W * 10% at k ¼ 0:1 h=Mpc and z & 0:5, indicating a significant systematic error in RSD cosmology even for
stage III dark energy surveys like BOSS and eBOSS. Right panel: the ~Wðk; zÞ (!2

!! relation. Long dashed lines represent the fitting
formula [Eq. (13)] with the best-fit !" listed in Table II. Comparing to the ~W-k curves in the left panel, the redshift dependence of
~W-!2

!! curves is greatly reduced.

PECULIAR VELOCITY . . . . II. DARK MATTER . . . PHYSICAL REVIEW D 88, 103510 (2013)

103510-7
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Disentangle RSD: stochastic velocity-density 

KIAS 2014 
Zheng et al. 2013 

P s(k, u) =
h
P (k)(1 + fW̃ (k)u2)2 + P✓s✓s(k)u

4 + CG(k, u) + CNG,3(k, u)
i
DFOG(ku)

•  Stochastic velocity vS 
has a leading order 
contribution with u4 
directional dependence 

•  O(1%) effect at k=0.1h/
Mpc and z=0-2. 

ratio ! ! PvSvS
=Pv"v"

. Stage IV dark energy projects such
as BigBOSS/MS-DESI, CHIME, Euclid, and SKA can
achieve 1% level statistical precision for the velocity
measurement through RSD. So once !> 1%, the vS
component becomes non-negligible in RSD modeling. !
reaches ’ 1% at k ¼ 0:1 h=Mpc and z & 1 (Fig. 4). Even
at high redshift z ¼ 2, ! ’ 1% at k ¼ 0:2 h=Mpc. These
results agree with calculation by high-order perturbation
theory (Fig. 1, Paper I). It confirms our conclusion in Paper
I that, in general, vS is a non-negligible velocity compo-
nent, even at scales which are often considered as linear.
Its contribution to the redshift space matter power spec-
trum will be quantitatively studied in future works. Future
work will also explore information encoded in vS. For
example, it may be used to probe the environmental
dependence of modified gravity theories (Paper I).

Perturbation theory is also useful to understand the
redshift evolution of vS. From the continuity equation,

_"þr $ ð1þ "Þv ¼ 0; (10)

the leading-order contribution to vS comes from _"ð2Þ and
"ð1Þvð1Þ. Here, " ¼ P

i"
ðiÞ is the sum over contributions of

ith order density component. To a good approximation,
"ðiÞ / Di [57]. So both contributions to vS evolve as
/ D2fH. Unlike the case of the density power spectrum,
the leading-order contribution to PvSvS

does not have con-

tribution from third-order components (e.g., h _"ð3Þvð1Þi)
because vS vanishes at linear order (vð1ÞS ¼ 0). So the
perturbation theory predicts that

PvSvS
ðzÞ / ðD2fHÞ2: (11)

Figures 2 and 3 verify this relation at k & 0:1 h=Mpc. But
it quickly loses accuracy toward higher k (smaller scales).
Surprisingly, perturbation theory works much better to

understand ! ! PvSvS
=Pv"v"

. It predicts ! / D2 [Eqs. (9)
and (11)]. Figure 4 shows that it works even at k ¼
0:7 h=Mpc. Another interesting finding to report is the
surprisingly simple scale dependence of !ðk; zÞ, despite
complexities in shapes of both v" and vS (Fig. 1). It is
well described by a power law. Over the range k 2
ð0:01; 1Þ h=Mpc, !ðkÞ / kn! with n! ’ 2:2 (Fig. 4).
Whether these behaviors are coincident or generic requires
further investigation. If these behaviors are generic, they
can be utilized to further reduce degrees of freedom in RSD
modeling.
vB, the curl component, grows only where shell crossing

and multistreaming happen. This is the place where
perturbation theory, which is based on the single fluid
approximation, breaks down. So we lose a powerful tool

FIG. 3 (color online). Redshift evolution in !2
v#v#

(#¼",
S, B). Dashed lines correspond to predictions of the linear
perturbation theory (v" / fHD), third-order perturbation theory
(vS / fHD2), and the finding by [55] on vB (!2

vBvB
/ D7).

FIG. 4 (color online). ! ! PvSvS
=Pv"v"

is shown at z ¼ 0, 0.5,
1.0, 2.0. ! quantifies the velocity-density stochasticity (r"$ ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ !

p
). It also shows the relative importance of vS with

respect to v". Future surveys require 1% accuracy in RSD
modeling and hence require the inclusion of vS at k *
0:1 h=Mpc. To compare with the perturbation theory prediction
(! / D2), we plot !resc ¼ !ðzÞ 'D2ðz ¼ 0Þ=D2ðzÞ (long
dashed lines). The prediction works well such that the rescaled
lines largely overlap with each. We find that, to a good approxi-
mation, !ðk; zÞ / D2ðzÞkn! , with n! ’ 2:2 at k & 0:7 h=Mpc.

ZHENG et al. PHYSICAL REVIEW D 88, 103510 (2013)

103510-6
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Disentangle RSD: Finger of God 
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Zheng et al. 2013 
14-11-4 

Similarly	  for	  s	  and	  delta	  velocity	  components 



One-‐point	  distribu@on	  func@on 
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Gaussian,	  not	  Lorentz 



Disentangle RSD: 1% at k<0.2 Mpc/h 

KIAS 2014 

•  CG, CNG,3 arise from vδ .  
•  Fully determined by W! No 

degrees of freedom (ZPJ et al. 
2012) 

•  Including them improves the 
accuracy, without sacrifice on 
constraining power.  

•  Many more tests to fully quantify 
its accuracy (Zheng et al. 2014, in 
preparation) 

P s(k, u) =
h
P (k)(1 + fW̃ (k)u2)2 + P✓s✓s(k)u

4 + CG(k, u) + CNG,3(k, u)
i
DFOG(ku)

14-11-4 



Now	  galaxy	  bias 

•  Spa@al	  sampling	  bias	  
•  Dynamical	  velocity	  bias	  
•  Spa@al	  +velocity	  coupling	  bias	  
•  …..	  
•  First,	  go	  to	  dark	  maVer	  halos 

14-11-4 KIAS	  2014 



Challenging to achieve 1% accuracy 
•  Many works to improve RSD model 

–  e.g. Peebles 1980,…, Kaiser 1987,…, Hamilton 1992,…,  Scoccimarro, 2000, …, White 
2001,…, Yang et al. 2002,…, Kang et al. 2002,…, Szapudi 2004,…, Zu et al. 2007,…, 
Tinker 2007, …,  Matsubara 2008,…,Taruya et al. 2010,…, Kwan et al. 2011,…, Seljak 
& McDonald, 2011,..,Reid & White 2011,…Jennings et al. 2012,… 

•  Entangled complexities 
–  Nonlinear mapping between real and redshift space 

•  Redshift space 2pt is the sum of all N-pt in real space 

–  Nonlinearity in the dark matter density and velocity statistics 
•  Non-Gaussianity, no compact expression of redshift space ps 
•  Stochastic velocity-density relation 

–  Nonlinear galaxy-dark matter relation 
•  Stochastic scale dependence density bias 
•  Velocity bias 

•  Disentangle them!  
–  ZPJ, Pan & Zheng, 2012; Zheng et al. 2013; ZPJ, Zheng & Jing, 2014, Zheng et al. in preparation,… 

–  Pengjie Zhang (SJTU), Yi Zheng (SHAO, Shanghai; Daejeong, Korea) 
KIAS 2014 14-11-4 



Velocity bias at z≥0: No velocity biass for k<0.1 h/Mpc 

1.	  Systema@c	  errors	  	  
	  	  	  	  	  	  with	  clustering	  
2.	  Halos	  residing	  in	  
	  	  	  	  filaments? 

Preliminary;	  stay	  
tuned!	  
	  
Zheng	  et	  al.	  2014 

>1013	  M_sun/h 
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Conclusions 

•  1%	  level	  accuracy	  presents	  a	  key	  challenge	  to	  the	  
theore@cal	  modeling	  of	  RSD;	  

•  A	  way	  of	  decomposing	  velocity	  into	  3	  
components	  can	  filter	  out	  unwanted	  and	  simplify	  
the	  modeling;	  our	  results	  point	  to	  a	  promising	  
start:	  1%	  accuracy	  is	  achievable	  for	  k<0.1-‐0.3	  h/
Mpc;	  

•  Finger-‐of-‐God	  effect	  is	  a	  Gaussian	  form,	  
determined	  by	  the	  velocity	  power	  spectrum	  of	  
the	  density	  induced	  gradient	  part;	  

•  No	  significant	  halo	  velocity	  bias	  for	  k<0.1	  h/Mpc	  
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Future 

•  Now	  we	  are	  applying	  the	  model	  to	  BOSS	  
sample;	  

•  Including	  subhalos	  to	  study	  galaxy	  velocity	  
power	  spectrum;	  

•  We	  are	  using	  scale-‐free	  models	  to	  improve	  
our	  model	  accuracy;	  

•  Hydro	  simula@ons	  (big	  enough?)	  
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