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Introduction

The motion of an incompressible viscous Newtonian fluid is governed by a non-
linear system of partial differential equations, called the Navier-Stokes equa-
tions. The purpose of this note is to introduce a classical theory of the well-
posedness for the Navier-Stokes equations in three-dimensional domains.

The note consists of three sections. The first section, Section 1, is devoted to
proving some preliminary results which have been essential tools to the math-
ematical theory of fluid mechanics. Of particular importance to the (incom-
pressible) Navier-Stokes equations is the De Rham theorem in Sobolev spaces
of arbitrary order which characterizes the gradient of a scalar field; such a result
allows us to deduce the existence of a pressure from the weak formulation for the
Navier-Stokes equations. Among several approaches to the De Rham theorem,
we follow a duality approach based on the solvability of the equation divu = g
with u being an unknown vector field. As a byproduct, we prove the so-called
Helmholtz-Weyl decomposition of vector fields in Lebesgue spaces. The section
ends with discussing the well-posedness for the stationary Stokes equations and
introducing the Stokes operator.

The goal of Section 2 is to develop the existence theory of global weak so-
lutions due to Leray. Weak solutions of the Navier-Stokes equations may be
defined, as usual, by multiplying the equations by divergence-free test functions
and integrating by parts. We derive several equivalent definitions of weak solu-
tions, which are indeed necessary to prove the existence and regularity of weak
solutions. On the other hand, by virtue of the nonlinear character of the prob-
lem, any existence proof of weak solutions should rely on suitable compactness
results in vector-valued Lebesgue spaces. The so-called Aubin-Lions compact-
ness lemma is proved in a quite self-contained manner. Finally, the global exis-
tence of weak solutions is established, by applying the standard Faedo-Galerkin
method.

The uniqueness and regularity of weak solutions have been the most out-
standing open questions in the mathematical fluid mechanics and are closely
related to one of the seven Clay Millennium Problems: the so-called ”Navier-
Stokes existence and smoothness problem”. Some partial answers are given in
Section 3. First, we establish weak-strong uniqueness results which show that
weak solutions are unique if a strong or smooth solution exists. It is also shown
that a strong or smooth solution exists at least for a short time interval and
globally in time if the data is sufficiently small. The regularity of weak solutions
is then studied in the last part of the section. We prove the Leray structure the-
orem for the singular time set of a weak solution. A refinement due to Scheffer



is also discussed. Finally, further regularity of weak solutions is deduced from
the classical maximal regularity results for the linear Stokes equations.

1 Preliminaries

1.1 The equation divu =g

Let £ be a bounded domain in R”,n > 2. Consider the problem of finding a
vector field u = (ul,...,u™) : @ — R™ such that

divu=g¢ in Q, (1)

where g : 0 — R is a given scalar function.

A solution of (1) can be constructed by a classical potential technique, pro-
vided that ¢ is sufficiently regular. Let I' be the fundamental solution of the
Laplace equation, defined by

Ll Ll ifn>3
r _ n(2—n)w, |z|"—2 1 =
() { > log |z| if n =2,

where w,, is the volume of the unit ball in R™:

7.(.71/2
wn = |B1(0)] = %

Assume that g € C5°(12), and let G be the Newtonian potential of g:
Gla) = [ T =gl dy (@€,

Then by a straightforward calculation,
GeC®R") and AG=g inQ.

Moreover, by the Calderén-Zygmund theory,
IV 2G| gz < Clm,q. )V ™ gl

for every m € NU {0} and 1 < ¢ < oo, where

IV™gl20 = 3 1D%]%, -

lal=m
Hence the vector field

ua) = [ VTGt ay= [

nwy, |z —y["

g(y) dy (2)



satisfies
u€ C®R"" :=C*R"R"), divu=g inQ,
and
V™" )l grn < C(m,q,n)[|[V™ gl g0

for every m € NU{0} and 1 < ¢ < co. Denote by Wy"?(Q2) the closure of C§°(£2)
in W™4(Q); thus W"9(Q) = L4(Q). Then by a standard continuity argument,
we deduce that for each g € W;%(2) there exists at least one u € WmT14(Q)"
such that
divu=g¢g inQ
and
IVullm.ge < C(m, ¢, 1)|gllm.q:2,

where
m
lglE, g0 = D IV gl
j=0

But for various applications to fluid mechanics, the vector field u should satisfy
the additional property that

ue W),

To find such a vector field u is a fundamental problem in mathematical fluid
mechanics, which has been resolved by many researchers for quite general do-
mains (2 including bounded Lipschitz domains. By a bounded Lipschitz domain
in R™, we mean a bounded, open, and connected subset 2 of R™ such that for
each xg € 90 there exist a number » > 0 and a Lipschitz continuous function
¢ : R~ 1 — R satisfying

QN By (xo) ={x € Br(x0) : p < d(21, .0y Tp—1)}
and
NN B (xg) = {x € Br(x0) : pp = d(T1, .0y Tp—1)}

in some coordinate system {1, ..., 2, } with the origin at zo!. Here B, (x¢) de-
notes the open ball of radius r centered at zg: B(z9) = {z € R" : |z — zo| <1} .

Following a classical approach due to Bogovskii [1], we shall prove the fol-
lowing results.

Theorem 1.1. Let Q be a bounded Lipschitz domain in R™ and ¢ € C°(2) a
fized function with fQ (dx = 1. Then there exists a linear operator

Bq : C5°(Q) = C°(Q)"

1) is said to be of class C¥ if ¢ is a C*-function



such that for each g € C§°(2), the vector field u = Bq|g] satisfies
divu =g — (/gdx)( n
Q

HU||m+1,q;Q < C(m,q,n,Q)HgHm,q;Q

and

for every m € NU {0} and 1 < ¢ < oo. Moreover, by continuity, Bq can be
extended uniquely to a bounded linear operator from W™ (Q) into W H4(Q)",

called the Bogovskiiv operator and denoted again by Bq.

Corollary 1.2. Let Q be a bounded Lipschitz domain in R™ and let m € NU{0}
and 1 < q < oo. Then for each g € Wi*(Q) with [, gdx = 0, there exists
u e Wt 9(Q)" such that

divu=g in

and

||u||m+1,q;ﬂ < C’(m,q,n,Q)HgHm,q;Q.

Remark 1.3. The so-called compatibility condition fQ gdx = 0 is necessary for
the existence of u € Wol’q(Q)” such that divu = g in Q; indeed by the divergence

theorem,

/gd;v: lim divug dzr = lim ug - vdo =0,
Q

where {uy} is any sequence in C§°(Q)"™ with ux, — u in WH4(Q)".

Theorem 1.1 can be proved by using an explicit representation formula due
to Bogovskii [1], if the domain £ is star-shaped with respect to a ball B C ;
that is, Axg + (1 — Az € Q for every xg € B, z € Q, and X € [0,1]. To state his
result, we fix a function n € C§°(B1(0);[0,1]) with fBl(O) ndr = 1 and define
nr(z) = R™"n(z/R). Note that ng € C5°(Br(0)) and fBR(O) nrdxr = 1.

Lemma 1.4 (Bogovskii [1]). Let Q be a bounded domain in R that is star-
shaped with respect to an open ball B = Bgr(0) with B C Q. For each g €
C§°(Q), we define

u(z) = Balg)(z)

:/Qg(y) bf_yyﬁl /:y R <y+r|i_zl)r”—1 dr] dy

for all x € Q. Then

u e Cee()", divuzg—(/gdm)rm in Q,
Q



and
IVullm.ge < C(m, g, n, 6(Q)/R)||gllm,g0
for every m € NU {0} and 1 < ¢ < oo, where 6(2) is the diameter of .
Proof. Step 1. Note first that if y € Q and y # «, then
0o _ R+|y| 1
/ R (y—l—rm y)rnldrﬁ/ —nrnfldr
| |z —yl \ R

z—y| z—y|

< C(n,6(Q)/R)).

Hence u(x) is well-defined for all z € Q. By a change of variables, we have

u(x) = /Qg(y) [(33 - y)/ nr(y+r(x—y)r"! dr] dy
1
for € Q. This implies, in particular, that u is supported in the compact set

E={Xzo+ (1 —Xy:xo€supp(nr), y €supp(g), A€ [0,1]}.

Since supp (nr) C B and Q is star-shaped with respect to B, it follows that
E C Q. Hence u has compact support in 2. Moreover, noting that

u@)/nﬂx@{aémmﬂx+mﬂr+nnlw}ﬁ,

we deduce that u € C§°(Q); for instance,

Dju'(z) = . Djg(z — z) {zz /000 nr(x+rz)(r+1)"1 dr] dz

+ / 9(z = 2) {Zl /OOO Ding (z +rz) (r+1)"" dr] dz

fori,j=1,...,n.
Step 2. Fix 4,5 = 1,...,n. Then for z € ), we have

Dju'(x) = lim o [—g(x — 2)] |z nr (x+72) (r4+1)""tdr| dz
e—0 BE(O)C azj 0
+ lim g(x — 2) [zl/ Ding (z+rz) (r+1)"! dr] dz.
e—0 BE(O)C 0

Using the integration by parts, we thus obtain

Dju'(z) = lim gz —2) |2 nr (x+rz) (r4+1)""tdr Z do(z)
=0 J9B.(0) 0 |2

+ lim gz —2) [62-3- / nr (x+72) (r4+ 1) dr
e—0 BE(O)C 0

+ zl/ Ding (x+rz) (r+1)" dr] dz
0

= I (x) + IY ().



It is easy to compute I (x):

. (o)
I (z) = lim g(z —ez) |eziz; nr (x4erz) (r+1)""tdr| e tdo(z)
€=0JoB,(0) 0
= lim g(x —e2) |:Z7;Zj / nr (x4 7r2) (r+e)" ! dr] do(z)
=098, (0) 0

= g(x) /831(0) 2% [/000 nr (x4 rz)r"? dr] do(2)

Yiy;
=g(w)/ Inr(z+y)dy.
r~ Y

Hence

I (z)] < |g(2)] | nr(@+y)dy = lg()
and

Zlfi(a:) = g(a:)/ nr(x +y)dy = g(z).

n

It is easier to compute Y .| I4(x):

e—=0

Zféz(x) = lim gz —2) {n/ ngr(x+rz) (r+1)" tdr
= B.(0)° 0

+ Awi{nR(x+r2)}(r+l)"dr dz

= lim 9(z = z) [-nr(z)] dz
e—0 BS(O)C

= - </dil‘> NR(T).

Step 3. To complete the proof for the case m = 0, it remains to show that
115 |0 < C(n, q,0(2)/R)llgllg:00-

To show this, we write

I;j(x) = lim g(y)Kij (x,x —y)dy,
=0 Jo\B.(x)
where

o0

K (x, z) = 0ij nr(x +rz)(r+ 1)n_1 dr + z; / Ding (x+rz) (r+1)"dr
0 0

for z # 0. Define

K9 (z,2) = 6;; nr (x+r2)r" " tdr + z / Dinp(x+rz)r™dr
0 0



and
Kgs(mv Z) = Kij(xa Z) - K;j(xv Z)

Note that if z € Q and 0 < |z| < §(€2), then

| (2, 2)] < C/OOO (e (z +7rz) (r+1)" 2+ |2||Dng (z +rz) [(r+ 1)" '] dr
_ Cn.3(@)/R)

- |Z|n71

cL'(Q).

Hence by Young’s convolution inequality, we obtain

On the other hand, the singular kernel K can be written as

<Cllg
q;Q2

|q;Q-

/ 9K (- —y)dy
Q

K (x, 2/|2])

K¥(r,2) = =

)

where k¥ is a smooth function on R™ x dB;(0) defined by

o0 o0
kéj (z,w) = 0;; nr (x + rw) " Ldr + w; / Djng (xz + rw)r™ dr.
0 0
Note that
/ k9 (z,w)do(w) = / [0ijnr(z + 2z) + ziDjn(x + z)] dz = 0.
9B1(0) "

Therefore, by the Calderén-Zygumnd theory (see [3, Theorem 2]),

This completes the proof for the most important case m = 0. The above

< CHqu;Q'
q;2

/g(y)Kij(w —y)dy
Q

argument can be adapted to prove the lemma for the case m > 1 but its details
is omitted. O

Proof of Theorem 1.1. Here we provide only a sketch of the proof. A more
detailed proof is given in Galdi’s book [6].

Step 1. First we recall that the bounded Lipschitz domain 2 can be written
as the union of a finite number of star-shaped domains; more precisely, there
exist a finite number of open sets G, ..., Gy, Gt -y Gtk Such that

(i) Q curtkg,, 09 c U, Gi;

(i) ©Q; = QN G, is star-shaped with respect to an open ball B; with B; C Q;
foreach i =1,...,m;



(iil) Qm+j = Gm+j is an open ball with G,,,4; C Q for each j =1,..., k.
Step 2. We next need to prove that if g € C3°(Q) and [, gdz = 0, then

m-+k

9= Z 9i
i=1

for some functions g; € Cg°(€;) with [, g; dx = 0 given by

gi=Cg+ Y (/ ¢jgdx> 0;,
j=1 V9

where m; € N, (;,0; € C3°(€;), and ¢; € C*°(R™). Note also that

m-+k

Y llgillmge < Clm g n, Dlglnge  (m=0, 1<q< o).
i=1

To show this, we choose functions 1, ..., ¥4 such that

m+k
i €C¥(Gy) for1<i<m+k and Y =1 inQ.

i=1

Then the functions g; may be defined by

g1 =19 — (/ 1/119d90> X1, hi=g-g,
Q

g2 = Yohy — (/ Yahy dx) X2, h2=g1— g2,
Q

Im+k = w'm—i-khnb-i-k—l - </ 1/)7n+khm+k—1 dl‘) Xm+k>
Q

for some suitable functions x; € C§°(;) with [, x; dz = 0.
Step 3. Let g € C§°(2) be given. Suppose first that ngdac = 0. Then

using Lemma 1.4 together with the decomposition

m-+k

9= Z 9i
i=1

from Step 2, we define
m-+k

Balg] = Z Bo, [9:].



By Lemma 1.4 and Step 2, we have
Ba[g] € C5° (),

m-+k m-+k
div Balg] = Z div B, [g:] = Z gi=g in€Q,
i=1 i=1

and
m-+k

I1Balglllm+1,a0 < Y 1Ba,1gilm+1,.00.
i=1
m-+tk
<C Z 19 llm.a:2 < Cllgllm.g:0-

i=1
Finally, for general g € C3°(2), we define

wia-sfy- (1) ]

This completes the proof of Theorem 1.1. O

1.2 The Helmholtz-Weyl decomposition

Theorem 1.1 enables us to deduce several important results in fluid mechanics
by some elementary arguments. First of all, we prove a quite general result
which characterizes the gradient in Sobolev spaces of arbitrary orders.

For m > 1 and 1 < ¢ < oo, we denote by W~"4(Q) the dual space of
VV(;”’q/(Q)7 where ¢’ = ¢q/(q — 1) is the Holder conjugate of q. The norm on
W—m14(Q) is denoted by || - || —m,q¢:0

1 ll-mae =sup{< f,6>: 6 € W (), l|$llmy0 <1}

Let CF%,(2) be the space of all divergence-free (or solenoidal) test functions on
€
Cow(Q) = {u e Cg° ()" : divu =0 in Q}.

Theorem 1.5. Let Q be a bounded Lipschitz domain in R™, and let m € Z and
l1<g<oo. If fe W™IQ)" satisfies

(f,®) =0 forall ®c C5,(Q), (3)
then there exists 1 € W™ T14(Q) such that
F=V inQ

and
||w||m+1,q;9 < CHme,q;Q

for some constant C' = C(m, q,).

10



Proof. Assume first that m < —1. Then f is a bounded linear functional on
W, ™9 (Q)". Since the Bogovskii operator B = Bg maps W, ™~ 9 (Q) into
W, ™ ()™ boundedly, it follows that
< [,Blg] > < [[fllm.qg:llBlglll-m.q:0
< Cllfllmgsellgll-m-1,4:0

for all g € Wo_m_l’q/(ﬂ). Hence if we define 1 by
<t,g>= —< f,Blg] > forallge Wo_m_l’q/(Q)7 (4)

then
e WmHLIQ) and  [[¢llmi1g0 < Clfllmgss

if m = —1, then ¢ € L(Q) by the Riesz representation theorem.
Let ® € C§°(Q2)™ be given. Then taking g = div ®, we have

div Blg] = div® — (/ div@dx) ¢ =divd,
Q
which implies that Blg] — ® € C§%,(2). Hence it follows from (4) and (3) that
— <Y, divd >= —<,g>=<f,Blg]>=<f,P>.

This completes the proof for the case that m < —1. We next assume that m > 0.
Then since f € W~19(Q)" in particular, it follows that f = V4 for some scalar
¥ € L1(Q). Tt is obvious that ¢ € W™T14(Q). The proof is complete. O

Corollary 1.6. Let Q) be a bounded Lipschitz domain in R™, and let m € Z and
1< g <oo. Ifv is a distribution on 2 such that Vi € W™1(Q)", then

Y € WmHha(Q).

Moreover, if m = —1, then

1
Hz"‘m/ﬁ“

It can be shown (not so difficult) that any domain in R™ is the union of an

S C(nv q, Q)va"fl,q;ﬁ-
a2

increasing sequence of bounded Lipschitz domains. Hence from Theorem 1.5,
we can deduce the following result.

Theorem 1.7. Let Q be an arbitrary domain in R™ and let 1 < q < oo. If
f e Ll ()" satisfies

/f-q)da?:() for all @ € CF%, (),
Q

then there exists 1) € Wllog(ﬂ) such that

f=Vy inQ.

11



We next prove the so-called Helmholtz- Weyl decomposition of LI(Q2)". For
1 < g < oo, we denote by LZ(2) the closure of C§, (2) in LY(Q)". We also
denote by D'7(Q) the homogeneous Sobolev space consisting of all ¢ € Li, ()
such that Vi € LI(Q)™.

Lemma 1.8. Let Q be an arbitrary domain in R™ and let 1 < g < co. Then

LI(Q) = {u e LI(Q)" : /

w-Vipdr =0 for all € DM’(Q)}.
Q

Hence LL(QY) consists of all u € L1(Q)™ such that
divu=0 mQ and uw-v=0 ondfd
in some weak sense.

Proof. By a density argument, we easily deduce that if u € LZ(2), then
/ w-Vipde =0 for all ¢ € DM (Q),
Q

which proves one inclusion. To prove the reverse inclusion, we argue by contra-
position. Let w € LI(Q2)™ \ LL(£2) be given. Then since LI(2) is a closed sub-
space of LI(Q)", it follows from the hyperplane separation theorem in Banach
spaces (a consequence of the Hahn-Banach theorem) that there is v € L9 (Q)"
such that

/u-vdz;é() and /w-vdsz for all w € LL(Q).
Q Q

By Theorem 1.7, there is ¢ € DY7 (Q) such that v = V1 in Q. But this implies

that
/u~V¢)dw=/u-vdx7éO.
Q Q

The proof is complete. O
Theorem 1.9. Let 2 be an arbitrary domain in R™. Then
L2(Q)" = L2(Q) & V [D*2(Q)]
that is, for each u € L?(2)™ there exists a unique pair (v, Vp) such that
u=v+Vp, wvelLi(Q) and pe D“3(Q).
Moreover, by the orthogonality, we have

lvli3.0 + VP

%;Q = HUH;Q

Therefore, the mapping u — v defines a bounded linear operator P from L?(Q)"
onto L2(Q), called the Helmholtz projection.

12



Proof. By Theorem 1.7 and Lemma 1.8, we have
[L2@)]" =V [D(@)].

Hence the theorem follows immediately from the projection theorem in Hilbert
space theory. O

Let u € L?(Q)" be given. Then by Theorem 1.9, there exists p € DV2(Q),
unique up to additive constants, such that

u— Vp € L2().
By Lemma 1.8, we have

/(Vp —u)-Vepdr =0 for all ip € D*(9Q);
Q

that is, p is a weak solution of the Neumann problem

Ap=divu in Q
™ |

%:u-y on 0f).
17

Conversely, if p € DY2(Q) is a weak solution of (N), then u — Vp € L2(Q). We

have proved

Corollary 1.10. Let Q be an arbitrary domain in R™. Then for each u €
L2(Q)™ there exists a weak solution p € DV2(2) of the Neumann problem (N),
unique up to additive constants. Moreover, we have

Vp

2.0 < [lufl2:0

The Helmholtz-Weyl decomposition of L?(Q2)™ also holds for 1 < ¢ < oo, if
Q) is sufficiently smooth.

Theorem 1.11. Let Q be a bounded smooth (say, C'-) domain in R™ and let
1< qg<oo. Then
LYQ)" = LL(Q) & V [DY1(Q)] ;

that is, for each uw € L1(Q)™ there exists a unique pair (v, Vp) such that
u=v+Vp, veL(Q) and pe DHYQ).

Moreover, the mapping w — v defines a bounded linear operator P, from LI(Q2)™
onto LL(R2), called the Helmholtz projection.

Proof. Let u € LI(2)™ be given. Then by a classical elliptic PDE theory, there
exists a weak solution p in D19(Q) (called a g-weak solution) of (N), unique up
to additive constants. This p satisfies

Vpllgo < Cn,q,Q)|ullg0-

13



Moreover, it follows from Lemma 1.8 that
v=Pu=u—VpeLl(Q).

This proves the existence of a decomposition of u. To prove the uniqueness,
suppose that u = v1 + Vp; is another decomposition of u. Then since u —Vp; €
L1(Q), it follows from Lemma 1.8 again that p; is a ¢-weak solution of (N).
Hence by the uniqueness of g-weak solutions of (V)

Vp1 =Vp andso v=uv.

The linearity of P, follows easily from the uniqueness of the Helmholtz-Weyl
decomposition. This completes the proof. O

1.3 The stationary Stokes equations

Let 2 be a bounded domain in R®,n > 2. Consider the following Dirichlet
problem for the stationary Stokes equations:

—Au+Vp=f inQ
(S) divu=g in
u=0 on 0.

Suppose that f € W=12(Q)", g € L*(Q) and [, gdz = 0. Then a vector field
u: Q — R" is called a weak solution of (S) if

we Wy ()", divu=g ae inQ,

and
/Vu:V@dx: < f,®> forall ® € g, ().
Q

To prove the uniqueness of weak solutions of (.5), we need a density result.
For 1 < g < oo, we denote by Wolg(Q) the closure of C§%,(Q) in Whe(Q).

Lemma 1.12. Let Q be a bounded Lipschitz domain in R™. Then
W&ﬁ(ﬂ) = {U € Wol’q(Q)” sdive =0 in Q} )

Proof. Suppose that u € W, 9(Q)" and divu = 0 in Q. Let {v,} be a sequence
in C§°(2)™ such that vy — u in WH9(Q)". For each k, define

U, = U + BQ[—diV ’Uk].
Then since v, € C°(2)™ and [, (—divv) dz = 0, we have

up € C5P(Q)" and divup =0 in Q.

14



Moreover since divo, — dive =0 in L?(2), we have

ur — ull1,g:0 < [[Bal=divog]l[1,g0 + [[ve — ull1,40

< C”divvk“q;ﬁ + [Jug — U”Lq;ﬂ — 0.

Hence it follows that u € Wg;’(Q) This proves one inclusion, but the reverse
one is trivial. O

Theorem 1.13. Let © be a bounded Lipschitz domain in R™. Then for each
f e W=t2(Q)" and g € L*(Q) with ngdx = 0, there exists a unique weak
solution u of (S). Moreover, there exists a unique p € L?(Q) with fﬂpd:c =0
such that

/ Vu:Vodr — / pdiv®dr =< f, &> for all ® € CF°()".
Q Q
Finally, we have

lulli2:0 + [Pl < C(n, Q) ([[fl-12:2 + llgll2:2) -

Proof. To prove the uniqueness assertion, suppose that i, us are weak solutions
of (S). Then u = uy; — uy satisfies

ue Wy (Q)", divu=0 ae. inQ

and
/ Vu:Vodr=0 foral ®e C5,(Q).
Q

It follows from Lemma 1.12 that u € Wolf (€2). Hence choosing ®; € C§%,(9)
with @5 — u in W12(Q)", we have

/|Vu|2d:17: lim [ Vu:V®,dr =0,
Q k— oo Q

which implies that v = 0 in .
To prove the existence assertion, let us consider the Hilbert space

H= {u e Wy Q)" : divu =0 in Q}
equipped with the inner product?

(u,v)g = / Vu : Vude.
Q

2(-, ) being a complete inner product is an easy consequence of the Poincaré inequality.

15



Suppose now that f € W=12(Q)", g € L*) and Jogdr = 0. Then the
functional
P < f0> —/ VBalg] - VO dx
Q

is linear and bounded on H. Hence by the Riesz representation theorem, there
exists a unique v € H such that

/VU:V(IDdx:<f,<I>>7/VBQ[g]~V<I>dx
Q Q

for all ® € H. Obviously, u = v + Bg[g] is a weak solution of (S). Moreover,
taking ® = v, we have

[ulliz0 < l[vll20 + [Balglllh, 20
< Cn, Q) (1f1-1,2:0 + 1Balglll1,2:0)

< C(n, Q) (1 fll=1,2:0 + llgllz:a) -

Finally, the existence and estimate of p follow from Theorem 1.5. O

Let © be a bounded Lipschitz domain in R™. Then since LZ(Q) — W~12(Q)",
it follows from Theorem 1.13 that for each f € LZ(Q) there exists a unique
u=_Sf¢€ W(}UQ(Q) such that

(Vu, V&) = (f, @) for all & € CF, ().
where (-,-) = (-,-)q denotes the inner product on L?(2)" or Lz(Q)"2 (or some-
times L2(Q)):
(f, @) = / [ ®de.
Q
The solution operator S : L2(Q2) — Wolj () is linear, bounded, and injective.

The inverse of S is called the Stokes operator (in L2()) and denoted by A. The
domain D(A) of A is dense in L2(Q) because

g5, (92) € D(4) € Wy 7(9);

indeed, if u € C§%, (), then f = —Au € L2(Q2) and u = Sf € D(A). Hence
the Stokes operator A is an unbounded operator in L2(Q2) with dense domain.
Let I : Wh2(Q) — L2(2) be the natural embedding, which is compact by the
Rellich-Kondrachov compactness theorem (see [5] e.g.). Then the composition
K = I0S is a compact linear operator on L2(Q). Moreover, K is symmetric
and positive: for every f,g € L2(Q), we have

(Kfvg) = (vu7vv) = (.faKg)
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and
(Kf, ) =IVul3.0 >0 if f #0,
where v = Sf and v = Sg. Therefore, by the spectral theory of symmetric
compact operators (see [5, Appendix D] or [9, Chapter 5]), we conclude that
(1) the spectrum o (A) of the Stokes operator A consists entirely of its positive
eigenvalues with finite multiplicity;
(ii) if we repeat each eigenvalue of A according to its multiplicity, then

o(A) = { ke,

where 0 < Ay < Ay < A3 < -+ and)\k—>oo;
(iii) there exists an orthonormal basis {wy}$2, of LZ(2), where each wy €
D(A) is an eigenfunction of A corresponding to A;. Hence for each u € L2(1Q),

we have

(o) o0
Z Gpwy,  in L*(Q)"  and ||uH§Q = Z g |* < oo,
k=1 k=1

where
iy = (u,wy) (E=1,2,..);
(iv) 3 {)\]:1/21%}]?;1 is an orthonormal basis of the Hilbert space Wolf (9
equipped with the inner production (Vu,Vv) L2 Hence, for each u €
Wolj (2), we have

[ee) (o)
u= Zﬁkwk in WhH2(Q)" and [|Vulj3.q = Z [ |2 A < 005
k=1 k=1

I
(v) 4 for each f € {Wolf(ﬁ)} , we have

||f|| Wl 2 Q) Z '];7, where fk- =< f,wk > .

Assume in addition that € is sufficiently smooth (say, of class C?). Then
it can be shown by a standard method of difference quotients (see [16, Section
I11.1.5] for a detailed proof) that S : L2(2) — Wolj(Q) N W22(Q)" and so
D(A) C Wol,’f(ﬂ) NW22(Q)". Let u € Woly’f(Q) NW22(Q)" be given. Then for
all @ € C§,(2), we have

(Vu,V®) = — (Au, @) = (—PAu, ®),

3(iv) is deduced easily from (iii) by observing that (Vu, Vwk)LQ(Q)nz = A (u, wi) L2 (yn

for all u € WO1 UZ(Q)
4(v) follows from (iv) by using the Riesz representation theorem.
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where P is the Helmholtz projection of L?(Q)" onto L2(f2). Hence by the
definition of A, we conclude that

D(A) =Wo2( QN W?**(Q)" and Au=—PAu, u € D(A).
In addition to (i)-(v), there holds the following property for {wy}32 ;:

(vi) for each u € Wolf(Q) NW?22(Q)", we have

oo oo
w=Ydgwe in W(Q)" and [Aullg = 3 ax2A] < oo,
k=1 k=1

Theorem 1.13 was extended to g-weak solutions for 1 < ¢ < oo by Cattabriga
[2]. By a q-weak solution, we mean a vector field u : Q — R™ such that

we Wyl ()", divu=g ae. inQ,

and
/ Vu-Vodr =< f,&> forall ®c C5,(Q),
Q

provided that f € W~14(Q)", g € LI(Q) and [, gdz = 0. A complete proof of
the following result can be found in Galdi’s book [6].

Theorem 1.14. Let Q be a bounded smooth (say, C*-) domain in R"™ and let
1 < q < oo. Then for each f € W=L4(Q)" and g € L1() with Jogdx =0,
there exists a unique g-weak solution u of (S). Moreover, we have

[ull1.g:0 < C(n, ¢, Q) (11,60 + llgllgs) -
In addition, if f € LY(Q)™ and g € WH4(Q), then
ue WHI(Q)" and ulz,g0 < Cn,q,2) (Ifllge + ll9llige) -

Let © be a bounded smooth domain in R™. For 1 < ¢ < oo, the Stokes
operator Ag (in L2(Q)) is an unbounded operator in LZ(§) defined by

Agu=—P,Au for all u € D(A,) = Wyd(Q) N WH(Q)",

where P, is the Helmholtz projection of L(€2)™ onto LZ(€2).
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2 Existence of weak solutions

Let Q be a bounded Lipschitz domain of R?® and 0 < T < oo a finite time.
Consider the following initial boundary value problem for the Navier-Stokes

equations:
u+(u-ViIu—Au+Vp=f in (0,7) x Q
divu=0 in (0,7) x Q
(NS) w=0 on (0,T) x 09
u=wug on {t=0}xQ,

where u = (u', u?,u?) and p are unknown velocity and pressure, respectively, of

a viscous incompressible fluid (with viscosity equal to 1, only for simplicity).

We first derive basic a priori estimates for solutions of (N.S). For simplicity,
we write ||¢|l; = ||¢||q:0 for the norm of ¢ in LY(Q) or LI(2)™ or even La()””*
Let (u,p) be a smooth solution of (NS). Then multiplying the first equation in
(NS) by u and integrating over €2, we obtain

d
/ |u\2dx+/[(u-V)u~u—Au~u+Vp~u]dx:/f-udx. (5)

dt Q Q
Recall that dive = 0 and w = 0 on (0,7) x Q. Hence by the divergence
theorem,

/Au ud:c—/ |Vu|? d,
/Vp udr = —/pdivuclac:O7
Q

and

/Q(u-V)u-udx:/Qu-V<;|u2> dz = 0.

Hence from (5), we derive the (differential) energy equality

d

u2d13+ Vu2d£E— f udz. 6
dt

Integrating this over [0,¢], we also derive the (integral) energy equality
1 2 ! 2 1 2 !
gl + [ IV dt = ghuli+ [ G.una @)

for all ¢ € [0,T]. Moreover, by the Cauchy-Schwartz inequality, we deduce from
(6) that

d
Z1e@®I3 + 2[Vu@liz < £ O3 + @3,
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This differential inequality can be solved by the method of integrating factors.

t

That is, multiplying by e™", we obtain

d

= (€M u@IZ) + 27 [Vu@)llz < e @3

and so
t t
lu(t)|2 +2 / e | Vu(s)||2 ds < e'lJuo3 + / e £(3)]3 ds

for all t € [0,7]. Since 1 < ef=* < el forall 0 < s <t < T, we finally derive
the following a priori estimate:

t t
ol +2 [ 19uCe3ds < e (ol + [ 1) ds )
for all ¢ € [0,T]. This motivates us to introduce the function space
L(0,T; L3(2)) N L*(0, T3 Wy 7())

for weak solutions of (NS). Here, for a Banach space X and 1 < r < oo,
L"(0,T;X) denotes the Banach space of all Bochner-integrable functions u :
[0,7] — X such that

T 1/r )
Jy Tl dt) i1 < < oo

sup |lu(t)|lx if r =00
0<t<T

[l L™(0,T;X) =

is finite. We also denote by W (0, T; X) the Banach space of all u € L"(0,T; X)
having weak derivatives in L"(0,T; X); that is, u € Wb (0, T; X) if and only if

we L"(0,T; X)

and there exists v € L"(0,T; X) such that

/ n'(t) < fu(t) > dt = —/ n(t) < f,v(t) > dt
0 0

for all n € C§°(0,T) and all f € X’; hence for each f € X’ the scalar function
< f,u(-) > is weakly differentiable on [0, T'] and its weak derivative is < f,v(:) >
Such a function v, which is unique a.e. on [0,7], is called the weak derivative
of u and denoted by ' or du/dt. It can be shown (see [5, Chapter 5] e.g.) that
every u € WH(0,T; X) can be redefined on a subset of [0, 7] with measure zero
so that

we CO.TEX) and  max [u(®)llx < Cllulws o,
which verifies the continuous embedding

W0, T; X) < C([0,T]; X).
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2.1 Definitions of weak solutions

Suppose that f € L?(0,7; L*(Q)3) and ug € L2(Q2). Then by a weak solution of
(NS), we mean a vector field

we L(0,T5 L2(Q)) N L2(0,T; Wy 2(2))
such that
/O [= (u(®), ve(t) + (Vu(t), Vo(t)) + ((u(t) - V)u(t),v(t))] dt

, (®)
=<umvan>+3£ (1), 0(t)) dt

for all v € C§°([0,T) x Q) with dive = 0. It should be noted that each term
in (8) makes sense due to Holder’s inequality: for instance,

T

T
/0 [((u(t) - V)u(t), v(t))] dtﬁ/o ([u@)|2l|Vu(®)ll2]lv ()| dt
< Hu||iz(07T;W01,=a2(Q))||U||L°°((0,T)><Q)3~

A refined estimate can be derived by using Sobolev’s inequality. Since u(t) €
Wolj (Q) for a.e. t, it follows from the Hélder and Sobolev inequalities that

|((ult) - V)u(t), v()] < [[ul®)lls[|Vut)ll2 o))
< )l a1V ult) 2]l 6
< Cllu)lly?IVu) |3 Vo (t)l2

for a.e. t € [0,T]. Using Holder’s inequality again, we derive a basic estimate

T
lA ((ult) - Vyut), v(t))] dt

1/2
< Cllull 2 0 722 Il

" (9)
L2(O,T;W01)’§(Q)) HU”L“(O,T;W&’UQ)’

where C is an absolute constant. From now on, we will use the following nota-

tions
H=I2(Q) and V=W;2(Q)

for the sake of simplicity. Hence weak solutions of (NS) belong to
L>=(0,T; H)NL*(0,T; V).

Equivalent definitions of weak solutions are provided by the following result.
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Lemma 2.1. Let u € L*(0,T;H) N L?*(0,T;V). Then the following three
statements are all equivalent:

(i) u is a weak solution of (NS).

(ii) The identity (8) holds for allv € L*(0,T; V)NW (0, T; H) with v(T) =
0.

(i4i) u satisfies the identity

T T
- / () (u(t), ®) dt + / 0(t) [(Vu(t), V) + ((u(t) - V)u(t), @)] dt

(10)
— 1(0) (uo, B) + / n(t) (f(t), ®) dt

[}

for all ® € V and all n € WH1([0,T)) with n(T) = 0.

Proof. The implications (i7) = (i) and (it) = (4i) are trivial.

To prove (i) = (4ii), let u be a weak solution of (NVS). Fix any ® € C§%, ().
Then taking v = n(t)®(z), we deduce that (10) holds for all n € C5°([0,T)).
Since C§°([0,T)) is dense in {¢p € WH1([0,T]) : ¢(T) = 0}, we also deduce that
(10) also holds for all n € W1(]0, T]) with n(T") = 0.

Now, fix any n € W11([0,T]) with n(T) = 0. Given ® € V, let {®)} be a
sequence in C§%, () such that ®; — ® in V. Then by (9), we have

T
/0 ()] (u(t) - V)u(t), x) = (u(t) - V)u(t), )| dt

T
< [ [ ol vulie, - ol dear
0

< C(Q,um)H(I)k — (I)HLQ — 0.
Hence by a standard density argument, we deduce that (10) also holds for all
ocV.

Next, to prove (ii¢) = (ii), assume that (10) holds for all & € V and

n € WH([0,T]) with n(T) = 0. Fix v € L*0,T;V) N WhH(0,T; H) with
v(T) = 0. Let {wg} be an orthonormal basis of H consisting of eigenvectors of
the Stokes operator A in H. For each k € N, define

k
o= 0ult) = om0

where
n;(t) = (v(t), wy).
Since

n; € WHH[0,T]),  nj(t) = (dv(t),w;) and  n;(T) =0,
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it follows, by linearity, that (8) holds for v = v;. Moreover, since {wy} is an
orthonormal basis of H, we have

18eor(@)ll2 < [|Bev(®) |2 and  lim [|Byoy(t) — v (t)ll2 =0

for a.a. t € [0,T]. Recall that {/\,:1/2wk} is an orthonormal basis of V', where
Ak is the eigenvalue corresponding to wy. Hence for a.a. ¢ € [0,T], we have

IVor@®)]lz < [Vo(@)ll2 and  lim [[Vor(t) = Vo(t)]l2 = 0.

Hence by the dominated convergence theorem, we deduce that
T
lim ([[Vr(t) — Vo(t)||5 + [|0svk(t) — Bro(t)|2) dt = 0.

k—o0 Jq

Using Holder’s inequality and the estimate (9), we have

T

160, 0100(0) = (), Du0)] e < [ @) 210w 6) - Dro(e) e
0 0

T
< C(u) / 18,0k (1) — Byo(t)]|2 dt

and

T
/O [(u(t) - V)u(t), vx(t)) = (w(t) - V)u(t),v(t))] dt

- 1/4
< C(u) (/0 vk(t)—v(t)lli‘,zdt> ;

where C(u) is a constant depending only on the norm of u. Therefore, passing
to the limit as k — oo, we easily obtain (8). This proves (#ii) = (i4). The proof
is complete. O

We provide another equivalent definition of weak solutions of (V.S), which
indeed establishes the important regularity property of weak solutions - the
weak continuity in H.

Lemma 2.2. Letu € L>=(0,T; H) N L?(0,T;V). Then u is a weak solution of
(NS) if and only if u can be redefined on a subset of [0,T] with measure zero so
that

(i) u(t) € H for all t € [0,T];

(ii) u satisfies the identity

(u(t), ) + / (Vu(s), V) + ((u(s) - V)u(s), )] ds

— (40, ®) + / (f(s), ®) ds
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forall® € V and all t € [0,T);
(ii) u is weakly continuous in L*(Q)3 on [0,T), that is,

lim (u(t),®) = (u(to),®) (P € L*Q)%)

t—to
for all ty € [0,T].

Proof. Let u be a weak solution of (NS). For each ¢t € [0,T], let us define
F(t): Wy (Q)* = R by

<F(@),®>=(f(t),®) — (Vu(t), V®) — ((u(t) - V)u(t), ®).
Then it follows from (9) that
F e LY3(0,T; W—12(Q)®). (12)

By Lemma 2.1, we have

T T
= [ @ @0, ®) dt=00) (w0, ®) + [ 0t < P> de (13)
0 0
for all ® € V and n € WL1([0,T]) with n(T) = 0. Given 0 < ¢t < T and
0<h<T—t, wetake n = in (13), where
1 ifo<s<t
mn(s) = 1—5t ift<s<t+h
0 ift+h<s<T.
Then since F € L*/3(0,T; V"), we deduce that

t+h t
m 1/t (u(s), ) ds=(u0,<1>)+/0 < F(s),® > ds (14)

ho+ h
for all ® € V and t € [0,T). Taking n = nrp in (13), where

1 if0<s<T—h
mals) =\ Tos T p<s<T,

we also deduce that
1 (T T
lim 7/ (u(s), @) ds = (ug, P) +/ < F(s),® > ds (15)
0

for all ® € V.
Given t € [0,T], let g¢ : V — R be defined by

t
<gt,<I>>=(uo,<I>)+/ < F(s),® > ds
0
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for all ® € V. Then by (14) and (15), we have
< g6, @ >[ < Jull o< 0,7 | 2|2

for all ® € V. Since V is dense in H, g; can be extended uniquely to a bounded
linear functional on H. Hence by the Riesz representation theorem, there exists
a unique u*(t) € H such that

[ ()2 < llull Lo 0,7:m0) (16)

and
¢
(u*(t),®) = (ug, D) +/ < F(s),®>ds forall®eV. (17)
0

We now show that u* is weakly continuous in L2(2)3 on [0, T]. Let ¢y € [0, 7]
and ® € H be fixed. Given € > 0, we choose ¥ € V such that

2[ull Lo 0,1 [V — @[]2 < e
Then by (16) and (17), we have
|(u? () = u(to), @)| < [(u™(t) = " (to), V)| + |(u"(t) = u*(to), @ — )]

t
S/m<ﬂﬂﬂ>ds+wﬂﬂ—W%Mﬂ¢—Wz
t
:
<\ [ IF@vds| [0l -+
to

for all ¢ € [0,T). Since F' € L*/3(0,T; V"), we deduce that

lim (u*(t),®) = (u*(to), ®).

t—to

More generally, using the Helmholtz projection P, we have

lim (u*(t),®) = lim (u*(t), PD) = (u*(to), PD) = (u*(to), @)

t—to t—to

for all ® € L?(Q)3.

Finally, to show that u = u* a.e. on [0,7], observe that u € L'(0,T; H).
Hence by the Lebesgue differentiation theorem (see [4, Section II.2] for a simple
proof), there is a subset N C (0,7) with measure zero such that

1 t+h
Jim g [ () — ) fads =0

forallt € (0,7)\ N. Let t € (0,T) \ N be fixed. Then by (14), (15), and (17),
we obtain
(u(t),®) = (u*(t),®) foral ® eV, (18)
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which implies that u(¢) = u*(¢). This completes the proof of (i), (ii), and (iii).
Suppose conversely that w satisfies (i), (ii), and (iii). Given ® € V, let
¢ :10,T] — R be defined by

Then since
o(t) = (ug, ) + /Ot < F(s),® > ds foralltel0,T],
it follows that
¢ € WHY3([0,T]), ¢(0) = (up,®), and ¢'(t) =< F(t),® > .

Hence using the integration by parts, we deduce that

T T
- / 7 (£) (u(t), B) dt = (0) (ug, @) + / n(t) < F(t),® > dt
0 0

for all n € W1([0,T]) with n(T) = 0. Since ® € V is arbitrary, it follows from
Lemma 2.1 that u is a weak solution of (NS). The proof is complete. O

Remark 2.3 (the time-derivative and pressure). Let u be a weak solution of
(NS). Then it follows from (12) and (13) that

we WHY3 0,7,V and ' = F’V.
But this does mot imply the better regularity of w:
ue WH3 (0,7, W=H2(Q)%)
which is in fact wrong! It should be noted here that
V=Wo2(Q) ¢ Wy 3(Q)? and WH2(QP ¢V
Nezxt, for each t € [0,T), we define l; : Wol’z(Q)?’ — R by
t
<y, ® > = (u(t) — ug, @) f/ < F(s),® > ds
0
for all ® € W) 2(Q)3. Then I, belongs to W—12(Q)3 and satisfies

<l,®> =0 forall ® € C5,(Q).

Hence by Theorem 1.5, there exists a unique Q(t) € L*(Q) with [, Q(t)dz =0
such that

(Q(t), div &) = (u(t) — ug, ®) —/O < F(s),® > ds (19)
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for all ® € W, 2(Q)3. We shall show that the function
Q:[0,T] — L*(Q)
is weakly continuous and bounded. For all t,ty € [0,T], we have

(Q(t) — Q(to),div®) = (u(t) — u(ty), P) —/ < F(s),® > ds

to
Jor all ® € W) (Q)3. Given g € L2(Q), we take ® = Bq [g], where
1
9=9— 157 | gdz.
€2 Jo

Then since [, (Q(t) — Q(to)) dx =0, we have

(Q(t) = Q(to), 9) = (u(t) — ulto), Ba [g]) —/ < F(s),Ba[g] > ds,

to

which proves the weak continuity of Q. The boundedness of @ is proved in the
same way. Hence using the integration by parts, we deduce from (19) that

T T
- [ o wo.e) a [ @o.dive) d
' ’ . (20)
=1(0) (uo, @) +/O n(t) < F(t),® > dt

Jor all ® € Wy (Q)3 and n € WH([0,T)) with n(T) = 0. Adapting the proof of

Lemma 2.1, we also obtain

T
/ [— (u,v¢) + (Vu, Vo) + ((u - V)u,v) + (Q,div vy)] dt
0 . (21)
= (ug,v(0)) +/O (f,v) dt

for all v € WHH(0,T; Wy *(Q)) with v(T) = 0. This proves the existence of an
pressure p = —dQ /dt which is the distributional derivative of Q with respect to

time. Moreover, given w € W, ((0,T); L*(2)), we can take v = Bg [w] in (21)
to obtain

T
<p,w > =/ (Q,wy) dt
0

T T
= / [(u,vt) — (Vu, Vo) — ((u- V)u,v)] dt Jr/ (f,v) dt.
0 0

Hence it follows that
p € Wh(0,T; L*(Q)).
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2.2 Compactness results in L"(0,7; X)

Existence questions for nonlinear problems can be very often resolved by means
of suitable compactness results. In this subsection, we prove the so-called Aubin-
Lions lemma, which is one of the simplest but still useful compactness results
for nonlinear evolution problems.

Let us first recall some definitions and facts from Functional Analysis. For
two Banach spaces X and Y, the intersection X NY is a Banach space equipped
with the norm |lu||xny = [|ul|x + [Jully. Suppose further that X C Y. Then we
say that X is continuously embedded into Y and write X — Y if the embedding
u + u is bounded, that is, there is a constant C' > 0 such that [Jully < Cllu|lx
for all w € X. In addition, if the embedding u +— u is compact, that is, every
bounded sequence {ui} in X has a subsequence which converges in Y, then
we say that X is compactly embedded into Y and write X << Y. Recall the
following familiar results for weak/weak-star convergence and compactness (see
[11] e.g.):

(i) Every weakly convergent sequence in X is bounded.

(ii) Every weakly-star convergent sequence in X’ is bounded.

(iii) Every bounded sequence in X’ has a weakly-star convergent subse-
quence.

(iv) Every bounded sequence in X has a weakly convergent sequence if X is
reflexive.’

Hence X << Y holds for a reflexive space X if and only if u; — u weakly in
X implies up — u strongly in Y; we may assume further that v = 0.

Next, we briefly review the theory of Bochner integrals. Let X be a Banach
space with norm ||-|| = ||-||x, X’ its dual space, and T' > 0 a finite number. The
dual pairing of f € X’ and u € X is denoted by (f,u)x/ x or simply (f,u). We
say that a function w : [0,7] — X is (Bochner-) integrable if there is a sequence
{ux} of simple functions on [0, 7] such that

lim [Jug(t) —u(t)]| =0 for a.e. te[0,T]
k—o00

and
T

lim |l (t) — u(t)|| dt = 0.

k—oo Jq

In this case, the (Bochner) integral of u is defined by

k—oo Jq

T T
/ w(t)dt = tim [ we(t) dt.
0

5X is reflexive if for every F' € X"’ there is u € X such that (F, f) = (f,u) for all f € X'.
Typical examples are Hilbert spaces and Lebesgue spaces L? for 1 < ¢ < oco.
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It is quite standard to check that the limit indeed exists in X and is independent
of the sequence {uy}. It is also easy to show that

‘/OTu(t)dt §/0T|u(t)|dt.

T T
<f,/O u(t)dt> :/0 (fyu(t))dt forall fe X'.

For 1 <r < oo, let L"(0,T; X) be the Banach space of all integrable functions
u:[0,7] — X such that

and

1/r
(S e ar) " i1 <r <o

lull 2ro,75x) = sup ||u(®)] if r = 0o
0<t<T

is finite. Obviously there holds the duality inequality

T
/O ), u®)) dt < ool o roxe)

for all w € L"(0,T; X) and f € LT,(O, T; X'). However, the familiar equality
[L7(0,T: X)) = L7 (0,T; X") (1 <7< o0)

holds only if X has some additional property, for instance, the reflexivity. Hence
L™(0,T; X) is reflexive if X is reflexive and 1 < r < oo; see [4, Chapter IV]) for
more details. Given u,v € L*(0,T; X), we say that v is the weak derivative of
u and write v = v’ or v = du/dt, if

T T
/ o (B)u(t) dt = — / () dt for all n € C22(0,T),
0 0

or equivalently

/ n'(t) < fyu(t) > dt = —/ n(t) < f,v(t) > dt
0 0

for all n € C§°(0,T) and all f € X'. For 1 < r < oo, WH"(0,T; X) denotes
the Banach space of all v € L"(0,T;X) such that « exists and belongs to
L"(0,T;X). By a standard method of mollification, we easily prove the con-
tinuous embedding W (0,T; X) < C([0,T); X) (see [5] e.g.). Note also that
WhT(0,T; X) is reflexive if X is reflexive and 1 < r < oo.

We are now ready to state and prove the Aubin-Lions compactness lemma.
We first prove a preliminary result.
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Lemma 2.4. Let Xg, X and X1 be three Banach spaces with
Xg == X — X;.
Then for each € > 0 there is a constant C. > 0 such that
lullx < ellullx, +Cellullx, for allu € Xo.

Proof. We argue by contradiction. If the statement were not true, then there
would be a number € > 0 and a sequence {uy} in Xy such that

lurllx > ellugllx, + Elluellx, for all k € N.

Note that uy # 0 for each k. Defining vy, = uy/||uk | x,, we have

||UkHX0 =1 and |Uk||X >e+ k||vk||X1 for all £ € N.

Since Xy << X, we may assume that vy — v in X for some v € X. Moreover,
since X <« X1, it follows that vy — v in X;. Note however that

loxllx > ¢ and %Hvknx > llogllx, for all k € N,
Hence letting k£ — oo, we obtain
lollx == and [ollx, =0,
which is a contradiction. O
Theorem 2.5 (Aubin-Lions). Let X, X and X1 be three Banach spaces with
Xg == X — X;.

Suppose that Xo, X1 are reflexive. Then for 0 < T < oo and 1 < r,s < 0o, we
have
L"(0,T; Xo) N WH5(0,T; X;) << L"(0,T; X).

Proof. Since L™(0,T; Xo) and W1(0,T; X;) are reflexive, it suffices to show
that if ux — 0 weakly both in L"(0,T; Xo) and in W1(0,T; X1), then ug — 0
strongly in L"(0,7T; X). By Lemma 2.4, it suffices to show that uy — 0 strongly
in L"(0,T; X1). ¢

6Indeed, if ug, — 0 strongly in L"(0,T; X1), then for each ¢ > 0, we have

T T T
/uuk(wn;{dty/ ||uk(t>us((,dt+ce/ lux (&) 1%, dt
0 0 0

and so

T
limsup/ [Juk (®) || dt < eM,
k—oco JO

where M = sup,, fOT |k (t)||§(O dt is finite due to the weak convergence of {uy}.
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Suppose thus that
ur — 0 weakly both in L"(0,T; Xo) and in W5(0,T; X).
Then since uy, — 0 weakly in W1(0, T; X1), {ux} is bounded in Wt(0, T; X1):

M= Sllip ||uk||W1vs(O,T;X1) < 0. (22)

By the continuous embedding W*(0,T; X;) — C([0,T]; X1), we thus deduce
that {ug} is bounded in C([0,T7]; X1). Hence to prove that

T
| lusto)ix, de o,
0
it suffices, by the dominated convergence theorem, to prove that
lim |Jug(t)]|lx, =0 for a.a.te[0,7T].
k—o0

Let 0 < tg < T be fixed. Then for all ¢ € [tg,T], we have
t
ug(to) = ug(t) —/ uy (1) dr.
to
Integrating this over [tg, ¢1], we also have
t1 t1 t
(t1 — to)uk(to) = / ug(t) dt — / / uy(7) dr dt
to to to

and so

ug(ty) = 1 /1uk(t) dt — 1 /tl(tlf’r)u;c(’r) dr (23)

t1 —to Jy, t1 —to

for all t; € (to,T). By (22), we obtain
th , 1/5/
| <([t-ntar)
X1 to

< M(tl _ t0)1+1/5/.
Hence given € > 0, we can choose t; € (t9,T") such that

/t1 (t1 — T)up () dr

to

L#(0.T:X))

< E.
X1

sup
K

/tl(tl — T)up(7)dr

to

t1 —to

For each k, define

1 f1
P, = / ug(t) dt.
T —to to (f)
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Then since up — 0 weakly in L"(0,T; Xy), it follows that ®; — 0 weakly in
Xo. By the compact embedding of X into X7, we thus deduce that ®;, — 0
strongly in X;. Therefore, letting k& — oo in (23), we obtain

lim sup ||u(to) || x, < e.
k—o00

The proof is complete. U

2.3 Global existence of weak solutions

We are now ready to state and prove the fundamental existence result due to
Leray [12] and Hopf [10].

Theorem 2.6. Suppose that f € L?(0,T; L?(Q)3) and ug € H. Then there ex-
ists at least one weak solution u of (N.S) which satisfies the following additional
properties:

(i) u is weakly continuous in L?(Q)® on [0,T);

(ii) u satisfies the energy inequality

Sl + [ 19u(s)3ds < Gl + [ (7(6).u(s) s

for allt € [0,T];
(#i) u satisfies even the strong energy inequality, that is, there is a subset N
of (0,T] with measure zero such that

Sl + [ Ivu@lEds < S0l + [ (7(5),uts) d

to

for allto € [0,T]\ N and t € [to, T);
(iv) finally, u is strongly right-continuous in L?(Q)® on [0,T]\ N:

lim [lw(t) — u(to)|la =0 for allty € [0,T]\ N.
t

—ty

Such a weak solution uw will be called a Leray-Hopf weak solution of (NS).
We first prove a simple lemma.

Lemma 2.7. For all u € L3 () and v,w € Wy (Q)?, we have
((u-V)v,w) =—(u-V)w,v).
In particular, taking v = w, we have

((uw-V)v,v) =0.
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Proof. If u € C§%,(€2) and v,w € C§°(Q)?, then

3 Ovd
. = v J
((u- V)v,w) Z /Qu oz, w’ dx

i,j=1
5 out . o Owd
:—Z/ ( vjwj—i-u%]) dx
1,7=1
=—((u-V)w,v).

The general case is proved by a simple density argument, because
((u- V)v,w) < Cllulls][Voll2[[ V2.

O
Proof. We prove the theorem, by applying the so-called Faedo-Galerkin method.
Step 1. Let {wy} be an orthonormal basis of H consisting of eigenvectors

of the Stokes operator A in H. Recall from Subsection 1.3 that

w €V and  (Vwg, VO) = Mg (wg, @) forall ® €V,

where A\ is the eigenvalue of S corresponding to wy. For each k € N, let Hy,
be the k-dimensional subspace of H spanned by {wq,...,w;} and let Py be the
projection of H onto Hj, defined by

k
P,® = Z(i)jwj’ where <i>j = (®,w;) forj=1,.. k.
j=1

Then it follows from the results in Subsection 1.3 that

2@ < [|@]2, |Ps® — @, =0 forall® e H (24)

lim
k—o0
and

IVP.®|2 < ||VP|2, klim IVP.® —V®|a=0 forall ®eV. (25)
—00
Step 2. For a fixed k € N, the Faedo-Galerkin scheme seeks for a function

Up € C([O,T]; Hk)
satisfying the identity
(ug(t), @) +/O [(Vug(s), V®) + ((ur(s) - V)ug(s), ®)] ds

. (26)
= (10, ®) + / (f(s), ®) ds
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for all ® € Hy, and all t € [0,T]. Such a function uy, if it exists, should satisfy
U € Wl’Q(O,T; Hk), uk(O) = PkUQ,

and
(up (1), @) + (Vug(t), VO) + ((ur(t) - V)ux(t), ®) = (f(t), ®) (27)

for all ® € Hj, and almost all ¢ € [0,T]. Furthermore, taking ® = w, for each
j, we derive the ODE system

k
() + At (1) + D (wi - V)wg, w;) tiggting = Pfy(t) (1<j<k) (28)

il=1

for a.a. ¢t € [0,T], where the coefficients 1y ; and ijj are defined, as usual, by

k
t) =Y ik (Hw; and  Pfi(t) := Py[Pf(1) ZPf
=1

Since the system (28) has a smooth but quadratic nonlinearity, it follows from
the standard ODE theory that there exist a time 0 < T, < T and a unique
function uy € W12(0, Ty; Hy,) with ug(0) = Pyug satisfying the identity (27) for
all ® € H, and a.a. t € [0, T,]. In fact, the solution uy exists globally up to T'.
To show this, we take ® = uy(¢) in (27). Then by Lemma 2.7, we obtain the
energy equality

1d

5 g lun(t Mz + IVue )3 = (£(8),ur(t))  for aa. t € [0,T.).  (29)

Hence by the method of integrating factors, we derive the estimate

(B2 +2 / IVui(s)|2ds < e g (O)]3 + €7 / Fe)Eds  (30)

for all ¢ € [0, 7], which is independent of T,. By the standard ODE theory, the
solution uy of (28) exists globally up to time T, i.e., T, = T.

Step 3. Since uy(0) = Pyug, it follows from (24) and (30) that the sequence
{uy} is bounded in L>(0,T; H) N L?*(0,T;V). We can show that {u} is also
bounded in W4/3(0,T;V’). Let ® € V be given. Then since u}(t) € Hy, for
a.a. t, it follows from (27), (25), and (24) that

(ui (1), @) = (u, (1), Pi®)
= (f(t), Pu®) = (Vug(t), VELP) — ((uk(t) - V)ur(t), Pp®)

< C (IOl + IV uells + (@) 151 Vuell3)
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Hence {uy} is bounded in W4/3(0, T; V'). Therefore, by the Aubin-Lions com-
pactness lemma, we may assume that ug — u strongly in L2(0,T; H). Moreover,
it follows form the weak/weak-star compactness results that ui — u weakly in
L2(0,T;V) and uj, — u weakly-star in L°°(0,T; H). To perform the limiting
process, we observe that uy also satisfies

T T
7/0 7' (t) (ue(t), @) dt+/0 (@) [(Vug(t), VO) + ((uk(t) - V)ur(t), ®)] di

— 1(0) (Pyuo, ) + / n(t) (f(1), @) dt

for all ® € Hy, and all n € WH1([0,7]) with n(T) = 0. Then by viture of the
weak and strong convergence up — u, we easily show that for each k € N, the
limit u satisfies (10) for all ® € Hy and all n € WH([0,T]) with n(T) = 0.
Then the regularity of u allows us to prove that (10) holds even for all & € V.
By Lemmas 2.1 and 2.2, we conclude that u is a weak solution of (N.S) and
weakly continuous in L?(Q)3 on [0,7]. On the other hand, by (29), we obtain

eI+ [ 1) ds = Sl + [ (£, et s

forall 0 < s <t < T. Since ux — u strongly in L?(0,T; H) and uy(0) = Pyug —
up in H, there is a subset N of (0, 7] with measure zero such that uy(t) — u(t)
in H for all t € [0,7]\ N. Moreover, since uy — u weakly in L?(0,T;V), we
obtain

SO+ [ 19u)lds < Fluteo)+ [ (7(0).u(e) ds

to

for all ty € [0,7] \ N and for a.a. ¢ € [to,T]. This inequality indeed holds for
all t € [to, T, due to the weak continuity of u in L?(Q2)2. Finally, since

lut) = u(to)ll3 = llu(t)ll3 — 2 (u(t), u(to)) + [lu(to) 13,
it follows from the strong energy inequality and weak continuity of u that

lim sup |lu(t) — u(to)||3 = 0.

+
t—t]

The proof is complete. O
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3 Uniqueness and regularity of weak solutions

One of the main results in this section is the famous structure theorem due to
Leray and Scheffer for Leray-Hope weak solutions of (N.S). We shall first show
that every weak solution of (NS) should coincide with a strong solution if the
latter exists. We shall also prove local and global existence results for strong

solutions.

3.1 Weak-strong uniqueness results

In this subsection, by a weak solution of (N.S), we always mean a weak solution
of (NS) that is weakly continuous in L?(£2)3.

Lemma 3.1. Let u be a weak solution of (NS). Then
/O [= (u(s), ve(5)) + (Vuls), Vu(s)) + ((uls) - V)u(s), v(s))] ds
= — (u(t),v(t)) + (uo, v(0)) +/ (f(s),v(s)) ds.
0

for allt € [0,T] and all v € L*(0,T;V)NWYL(0,T; H) with v(T) = 0.
Proof. Fix t € [0,T) and all v € L*(0,T;V) N WH1(0,T; H) with v(T) = 0.
Then taking 1. 5,(s)v(s, z) as a test function in (8), where

1 ifo<s<t
ma(s) = 1—5t ift<s<t+h
0 ift+h<s<T,

we obtain
t+h
/O e (s) [= (u(s), ve(s)) + (Vuls), Vo(s)) + ((u(s) - V)u(s), v(s))] ds
1 [tth t+h
=), (u(s),v(s)) ds + (anU(O))Jr/O nen(s) (f(s),v(s)) ds.
The lemma follows by letting h — 07, due to the strong regularity of v and
weak continuity of w. O

Theorem 3.2 (Energy equality). Assume that f € L*(0,T; L?(Q)3) and ug €
H. Letu be a weak solution of (NS) satisfying the additional property

u € L*0,T; LY(Q)*).
Then u satisfies the energy equality

Sl + [ 19u(s)13ds = Sl + [ (7). u(s) ds

for all t € [0,T]. Moreover, u is strongly continuous in L*(Q)3 on [0,T].
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Proof. Let t € (0,T] be fixed.
Step 1. Let p € C§°((—1,1);[0,1]) be an even function with f_ll p(s)ds =1.
For 0 < € < t, we define

ug(s):/otlp<s_7—>u(7)d7' (—00 < 5 < 00).

S 9

Then by a standard argument(see [5] e.g.), we can deduce that
u. € C([0,t;V) and wu. —u in L*(0,£;V).
Moreover, by the weak continuity of u on [0, T,

1

t/e
(welt).®) = [ ot (ult = ), B) dr = 3 (ult), 9)

and
t/e
(1 (0), @) = /0 o(7) (u(er), ®) dr — % (g, )

as e — 07T, for all ® € L?(Q)3.
Step 2. Then by Step 1 and Lemma 3.1, we have

/0 [= (u(s), (ue)'(s)) + (Vu(s), Vue(s)) + ((u(s) - V)u(s), uc(s))] ds
= — (u(t), uc(t)) + (uo, uc(0)) +/O (f(5),ue(s)) ds.

Since 7 is even, it follows by a change of variables that

[ @y ds= [ [ atts =) o) utsy astas <o

Hence using the results in Step 1, we obtain a general identity
t t
[ IVt ds + tim [ (@) Dyu(s).uas) ds
0 e—0t+ 0

=~ I + hwld + [ (7). u(s) ds

Moreover, by Lemma 2.7 and Step 1 again,

A«MﬁVW@w&»@

=}/«M@VM$ww»w+/«m&vm@mst
0 0
< / lu(s)]|al|Vue(s) — Vu(s)|2]|u(s)||lads = 0 as e — 0.

0

This completes the proof. O

37



Theorem 3.3 (Weak-strong uniqueness). Assume that f € L*(0,T; L*(Q)?)
and ug € H. Let u and v be weak solutions of (NS) satisfying the energy
inequality. Suppose in addition that

v e LT(0,T; LY(N)%)
for some q and r satisfying
2 3

- 4+-=1, 3<¢q¢<o0, and 2<r<o0.
roq

Then
u(t) =v(t) a.e. in§ forallt e [0,T].

Proof. Let 0 <t < T be fixed. Then by the hypotheses,

gl + [ Ivu(s)3ds < Gl + [ (ehu) as 6D

and
SO+ [ 190 s < Sl + [ (Fe)0) a5 G2

In fact, the second inequality becomes equality because v € L*(0,T; L*(Q)?) by
the additional condition v. Adapting the proof of Theorem 3.2, we deduce from
Lemma 3.1 that

téPW@W%D+WM&WHm+Ww%WM%%@H%
:fwwww»+wwaw+[ﬂﬂ$%@»@

By the symmetry of p again,

AW@Ww»m+Aw@ww»m=o

Hence summing the last two equalities and letting e — 0, we obtain
2 [ (Vuls), Vos)) de+ [ [((u(s) - D)uls), o) + (0(5) - Vol u(s))] ds
0 0
:—wwmm+wm+Aammm»w+AU@w@w&
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Combining this with (31) and (32), we have
@)~ ol + [ 1vuts) - velo) 3 as
S/ [((u(s) - V)u(s), v(s)) + ((v(s) - V)v(s), u(s))] ds.
0

Let w = u — v. Then using Lemma 2.7 several times, we obtain

Sl + [ IVulEds < [ () Du.e) ds 63

On the other hand, by the Holder and Sobolev inequalities, one can show that

/0 (w(s) - VYuw(s), v(s))

<o ([ 1vues ds)“/r ([ 1w o)

1 t t
<5 [ IVulids+c [ o el ds

T

Substituting this into (33) and using Gronwall’s inequlaity, we deduce

(015 < lw)Fexp (© [ lots)15s)

for all ¢ € [0, T]. This complete the proof. O
Remark 3.4. Let u be a weak solution of (NS). Then since
1/4 3/4 1/4 3/4
lu(@)lla < Ju@lls lu) 13 < Cllut) 5" [Vu@)ll,
we have
T 8/3 2/3
11 de < Ol g el ) <

Hence u does not satisfy the additional integrability for the energy equality and
uniqueness. In fact, it remains still open to prove the energy equality and unique-
ness of weak solutions of (NS), which are closed related to the famous Navier-
Stokes global regularity problem.

3.2 Existence of strong solutions

Throughout this subsection, let Q be a bounded domain in R3 with smooth (say
C?-) boundary.
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Theorem 3.5 (Local existence). Suppose that f € L?(0,T; L*(Q)3) and uy €
V. Then there exist a time T, € (0,T] and a unique vector field u : [0, Ty] x Q —
R? such that

u € C([0,T.]; V)N L0, T; W2(Q)*) N WH2(0,T,; H)

and
u+ (u-Viu—Au+Vp=f ae in(0,T.) xQ

for some p € L?(0,T,; W12(2)). Moreover, the time T, is bounded from below

as follows:

—2
T
0

where ¢(2) > 0 is a constant depending only on the domain Q. The vector field
u or pair (u,p) will be called a strong solution of (NS) in [0,T,] x Q.

Proof. Step 1. For each k € N, let u, € WH2(0,T; Hy,) be the unique solution
of (27) with uy(0) = Pyuo. Recall from the results in Subsection 1.3 that

D(A) =V nN W2’2(Q)3, Av=—PAv for all v € D(A),

c(Q)||V20]l2 < ||Av|l2 < ||[V20llz  for all v € D(A), (34)

and
Wi ED(A), Awk:)\kwk, A:H, — Hg.

This enables us to deduce from (27) that

(ug(t), @) + (Aur(t), @) + ((ur(t) - V)ur(t), ®) = (f(t),®) (35)
for all @ € Hy, and a.a. t € [0,T]. Taking ® = Auy(t), we thus obtain
1d

IVur (B3 + || Aur (t)13
< [ F @) N2l Avr () [l2 + [ (ur(t) - V)ur ()2 Aug () |2

2dt

and so
%HVuk(t)II% + [ Aun()[153 < 20 F O3 + 20 (un(t) - V)ur(t)]3 (36)

for a.a. t € [0,T]. Using the Holder and Sobolev inequalities together with (34),
we can estimate the nonlinear term as follows:

2/|(ur(t) - V)ur ()3 < 2lur ()11 Vur (®)]3
< 2fuk ()51 Vur () |2l Vur (8 llo
< COQ)|Vur @)1 Aur (t)]]2-
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Substituting this into (36), we obtain
d 2 2 2 6
Va2 + [Aur @)z < 6LF )]z + CQ)Vur(t)ll2

and so

t
V)2 + / | Au(s) 13 ds

. . (37)
< IVl +6 [ 17 ds+C@) [ 19uct)lds
for all ¢ € [0,T].
Step 2. Now, we prove the (local) uniform bound
T
2 o 2 2
s (Va0 < M o= 20 Tuol+12 [ 0) 3
for all £ > 1, where 0 < T, < T is any time such that
1
C(Q)MT, < 5M. (38)

Suppose that the bound were not true. Then by the continuity of ||Vug(-)||2,
there should be a time ¢¢ € (0,7%] such that

[Vur(to)l|a =M and ||Vur(t)||3 < M for all t € [0,t0).

But this would imply

to tO
/ Vg (t)]|S dt < M3 dt < M3T,.
0 0

Hence by (37) and (38), we would obtain

T
| Vux(to) |2 < || Vo2 + 6 / 1F(1)3 dt + C@QMPT, < M,
0

which is a contradiction. This proves the uniform bound. Using this bound, we
deduce from (37) that

T
2 2
s Va0l + [ 4w < (39)

for all k£ > 1. Furthermore, taking ® = ) (¢) in (35), we easily obtain

T,
/0 I (0) 2 dt < CM (40)
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for all k > 1. Therefore, by the Aubin-Lions lemma, we may assume that u, — u
strongly in L?(0,7,; V) and weakly in L2(0,T*; W22(Q)3), and uj, — v/ weakly
in L%(0, T.; L?(2)3). Using this convergence, we easily deduce from (35) that

o' (t) + Pl(u(t) - V)u(t)] + Au(t) = Pf(t) € H
for a.a. t € [0,T]. Hence by Theorem 1.9, there is p(t) € W12(Q) such that
u'(8) + (u(t) - V)u(t) — Au(t) - f(t) = =Vp(t) € L*(Q)°

for a.a. t € [0,T]. From the regularity of w, it follows immediately that p €
L2(0,T; W12(€)). Finally, since

W —Au=f—Vp—(u-Vuc L*0,T,; L*(Q)3),
it follows from the regularity theory of the heat equation that
u e C([0,Tu]; V).

This proves the existence part of the theorem. The uniqueness proof is quite
standard and omitted. O

Theorem 3.6 (Global existence when f = 0). Assume that f = 0. Then there
is a constant ¢(2) > 0, depending only on Q, such that if ug € V satisfies

l[uoll2IVuoll2 < ¢(£2),

then there exists a unique strong solution u of (N.S) in [0,00) x Q. Moreover,
we have
(IVu()|l2 < [Vuoll2exp (—Mt)  for all 0 < t < oo,

where M > 0 is a constant depending only on ).
Proof. Since f =0, it follows from (29) that
up € WH2(0,T; Hy,) for any 0 < T < o0

and .
[Jur (t)13 +2/0 IVu(s)|l5 ds < [lux(0)[13 < [luoll3 (41)

for all 0 <t < co. Hence the nonlinear term in (36) can be estimated as follows:

2| (ur (t) - V)ur(®)[|5 < 2w (03] V()13
< 2| (8) |2 fluw (8) |6 Vur (8)]15
< C(Q)|Juoll2 | Vur (8)]|2]| Au (£) 13-
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Substituting this into (36), we obtain

%IIVuk(t)H% + (1= C(Q)Juoll2l| Vur () [12) | Aur (t) 3 < O

and so

IV (t)13 +/t (1 = Clluoll2lVur(s)l2) |Aur(s)l3 ds < [|[Vur(to)[3 (42)

forall 0 <ty <t < oo.
Now, assuming that the initial data ug satisfies

1
C)luoll2lVuollz < 3,

we prove the global uniform bound
1
C(D))|uoll2|Vur(t)]l2 < 3 (0<t<oo, keN).

Suppose that this bound were not true. Then by the continuity of || Vug(-)||2,
there should be a time #; € (0, 00) such that

1
C( Q) luoll2[|Vug (t1) |2 = 5

and 1
C(D))uoll2l|Vur(t)]2 < 3 for all ¢t € [0,11).

But this would imply, by virtue of (42) and (25), that

1 [
\IVuk(t1)||§+§/O (| Aug(t)]13 ds < [[Vur(0)[13 < |Vuo3,

which is a contradiction. This proves the uniform bound. Hence from (42), we
derive

[Vur ()13 + /IlAuk $)[I3 ds < [|Vur(to) 3

for all 0 <ty < t < co. Therefore, passing to the limit as k¥ — oo, we deduce
the existence of a global strong solution of (NS) satisfying

IVu(®)l3 + /I\Au 3 dt < [[Vu(to)|3

for all 0 <ty < t < oo. The exponential decay of u follows easily from these
inequalities, by using the Poincaré inequality. The proof is complete. O
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3.3 The structure theorem

Throughout this subsection, let Q be a bounded domain in R3 with smooth (say
C?-) boundary. Assume further that f =0 and 0 # ug € H.

Let u be a Leray-Hopf weak solution of (INV.S) in (0, 00) x Q. Then u satisfies
the strong energy inequality:

1 ¢ 1
(SEI)y, §IIU(t)II§+/t [Vu(s)||3 ds < §||u(to)||§ (t > o)

for all tg € [0,00) \ N, where N is a subset of (0,00) with measure zero.
Denote by R = R(u) the set of all times ¢y € (0, 00) such that

u€ C((tg—e,t1 +¢); V) for some € > 0.

Then R is obviously open. The structure of the set R of regular times of a
Leray-Hopf weak solution « has been studied by Leray [12] and Scheffer [14].

Theorem 3.7 (The Leray structure theorem). The complement (0,00)\R of R
has Lebesgue measure zero and there is a positive time T such that (T*,00) C
R. Moreover, if ug € V in addition, then there is a positive time T, such that
(0,T.) C R.

Proof. Denote by R4 = R4 (u) the set of all times ¢y € (0,00) such that
u(to) €V and (SEI) holds.

The complement (0,00) \ R4 has Lebesgue measure zero. Moreover, it is quite
obvious that R C R4. On the other hand, recalling the energy inequality

1 i 1
§IIU(t)II§ +/0 [Vu(s)||3 ds < 5||Uo|\§ (t>0),

we deduce that
tgg [Vu(t)ll2 =0

and there exists T* € Ry such that
[(T) 2 Va(T™)]l2 < ().

By Theorem 3.6, there exists a strong solution u* of (N.S) in [T%, 00) x £ with
the initial data u(T*). Then by the weak-strong uniqueness theorem, Theorem
3.3, we deduce that u(t) = u*(¢) for all t € [T, 00). This implies that

u€C([IT*,00);V) andso (T%,00) CRCR4.
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We next show that (0,00) \ R has Lebesgue measure zero. To show this, we
write the open set R N (0,7*) as the union of an at most countable collection
of disjoint open intervals:

RO(O,T*) = U (Sk,Tk),
keA

where A is some subset of N. Let ¢y € R4+ N (0,7%) be fixed. Then by Theorem
3.5, there exists a strong solution @ of (N.S) in [to, 1] X € with the initial data
u(to), where ¢ is a time with to < ¢; < T™. Moreover, since (SEI);, holds, it
follows from the weak-strong uniqueness theorem, Theorem 3.3, that

u(t) =u(t) for all t € [tg, t1].
This implies that
u € C([to,tlLV) and (to,t]) CRO(O,T*)

Hence there is one and only one k € A such that (¢o,t1) C (sg, %), that is,
sk < tp < t1 < 7. Note that if s < tg, then tg € R. Therefore, if ty ¢ R, then
we must have tg = s;. This proves that

0, T")N(RL\R) C{sk: k€ A}.
Recalling that A C N, we deduce that
RyAR=(0,T]N(R+\R)

is at most countable. Moreover, since (0,00) \ R4 has Lebesgue measure zero
and R C R, it follows that (0,00) \ R has Lebesgue measure zero too.

To complete the proof, suppose that ug € V. Then by Theorems 3.5 and
3.3, there exists a time T, > 0 such that u € C([0,T%]; V'); hence it follows that
(0,T,) C R. The proof is complete. O

To analyze R further, we need an important result for blow-up times of u,
due to Leray as well. Following Leray [12], we call a finite time ¢; > 0 an epoch
of irregularity of u if

(i) there is tg € (0,t1) such that u € C((to,t1); V'), but

(ii) there is no to > t1 such that u € C((to,t2); V).

Theorem 3.8 (Leray). Let t1 be an epoch of irregularity of u such that

u e C((to,tl); V)
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for some ty € (0,t1). Then

Q
V()]s > tC( )t for allt € (to,t1).
L —
Consequently,
t1
tim |Vu(®)s = [ [Va(®)dt = oc
t—t] to
and

(hh — to)/? < C(9) / IVu(t) 2 d.

to
Proof. Suppose to the contrary that

()
th—t,

IVu(t.)ll; <

for some t, € (to,t1). Then by Theorem 3.5, there is a time T} with

T c(9)

> =g > 1
T Va3 ’

such that there exists a strong solution @ of (N.S) in [t., t. + T4 x Q with the
initial data w(t.). By the continuity of Vu on [tg,t1), we may assume that u
satisfies the strong energy inequality at time t,, that is, (SET);, holds. Hence
by the weak-strong uniqueness theorem, Theorem 3.3, we deduce that © = @ on
[t«,t« + Ti]. This contradicts that ¢; is an epoch of irregularity of u. We have
thus shown that

«(®)
S < V()

for all ¢ € (to,t1). Integrating over (tg,t1), we have

t1 Q [e'e]
oo:/ (&) dtg/ Va4 dt.
to 0

t1 — 1

Taking the square-root and integrating over (to,t1), we also have

t1 CQ 1/2 ty
20(9)1/2(t1_t0)1/2:/ (t()tl/zdtg/ V()| dt.
to 1= ) to

This completes the proof. O

The Leray structure theorem was refined by a partial regularity theorem due
to Scheffer (1976) in terms of the Hausdorff measure. Let E be a subset of R™
and « a positive number. The a-dimensional Hausdorff measure H*(E) of E is
defined by

HY(E) = lim HS(E),

6—0
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where

H§(E) =inf ) _ (diam B;)*,
the infimum being taken over all at most countable coverings {B;} of E con-
stituted by closed balls B; with diam B; < d. Note that if H*(E) < oo, then
HA(F) =0 for all 3 > a. The number

inf {8 >0:H(E) =0} =inf {a>0:H*(E) < o}
is called the Hausdorff dimension of E.

Theorem 3.9. The 1/2-dimensional Hausdorff measure of (0,00) \ R is equal
to zero. Therefore, the Hausdorff dimension of (0,00) \ R is less than or equal
to one half.

Proof. From the proof of Theorem 3.7, we recall that
(0,00)\ R = (0, T* ]\ R

and
RN(0,Ty) = U (Sk, k) (disjoint union),
keA
where A is some subset of N. By the definition of R, we have

u € C((sg,7x); V) for each k.

Moreover, since 7 ¢ R, there can not be 7;, > 73 such that v € C((sg, 77,); V).
Hence each 7 is an epoch of irregularity of u. Hence by Theorem 3.8, we have

Sm—s)2<o@)Y " T 2 dt

keA keA " Sk
<c@ [ Ivutar < @ lul
Given § > 0, let A% be a finite subset of A such that
Z(T;g—sk) <4 and Z(Tk—sk)l/Q <d
kgAd kgAS

Then the closed set

0,71\ J (s 70)

kEAS
consists of a finite number of disjoint closed intervals By, ..., By. Note that

0.7 \Rc O NRY [ U (s1m) UB

kg AS
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and for each k ¢ A° there is one and only one j such that (sg,7;) C B;. For
each j, let A; be the set of all k € A such that (si,7%) C Bj. Then

N
A\ A = U A;j (disjoint union)
j=1

and
B; = (0. T N\ROB U | U (s
keA;
Since (0,7*) \ R has Lebesgue measure zero, we have

diam B; = Z (16 — sk) for each j.
keA;

Note finally that
diam B; < Z (T —s1) <0

k¢AS
and
N N 1/2
Z (diam B;)'/? < Z Z (& — 5k)
j=1 j=1 \keA;
N
<22 (me—s)
j=1keA,;
= Z (Tk —Sk)l/2 < 6.
k¢As
This completes the proof. O

3.4 Further regularity of weak solutions

Further regularity of Leray-Hopf solutions of (NS) can be deduced from the
classical maximal regularity results for the linear Stokes equations. Let € be a
bounded smooth domain of R? and T > 0 a finite time.

The following fundamental result was established by Giga and Sohr [8] ap-
plying an abstract perturbation theorem (see Maremonti and Solonnikov [13]
for a more elementary approach).

Theorem 3.10. Let 1 < q,s < oo. Then for each f € L*(0,T;L1(2)3) there
exists a unique pair (u,p) such that

u € L*(0, T Wo 3 (2) n W2(Q)°) nWH(0,T; LE()),  u(0) =0,
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p € L*(0,T; Wh1(Q)), /Qp(t,ac) dx =0 for a.a.t€ (0,T),

and
u—Au+Vp=f ae in(0,T)x Q.

Moreover, we have

[[ul

Lo0,7sw2a(@)3) + utllL20,7500)3) + 1IVPl Lo 0,750 (02)3)
< C(g, 5 Q)| f]

Ls(0,T;L1(Q)3) -

As a consequence of Theorem 3.10, we can obtain further regularity results
for weak solutions of (N.S). To do this, we need to prove two preliminary lem-
mas. The first one is easily proved by using the Holder and Sobolev inequalities;
we omit its details.

Lemma 3.11. Let u € L>(0,T; H) N L*(0,T; V).
(i) For all (s,q) satisfying

2 3
2432 9cscoo, and 2<q<6,
s q 2

we have
u € L*(0,T; LY(Q)3).

(ii) For all (s,q) satisfying

2 3 3
—+-=4, 1<s<2, and 1<qg<~—,
s q 2

we have
(u-V)u € L5(0,T; LY(Q)*).

Secondly, following Seregin [15], we prove a uniqueness result.

Lemma 3.12. Suppose that u € L*(0,T; L2()) satisfies

T
/ /u~(vt—|—Av)dxdt:0
o Jo

for all v € C§°([0,T) x Q)3 with divv = 0. Then
u=0 1n(0,T)x Q.

Proof. By a simple density argument, we have

T
/0 [0 (t) (u(t), ®) = n(t) (u(t), A®)] dt =0 (44)
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for all ® € VN W?22(Q)3 and n € WH1([0,T]) with n(T) = 0, where A is the
Stokes operator in H. Let {wy} be an orthonormal basis of H consisting of
eigenvectors of A. Then

u(t) = Zﬂkwk in H,
k=1

where
g (t) = (u(t), wk) .
Let k € N be fixed. Then taking ® = wy, in (44), we have
T
| @)~ Mawton(e) e = 0
0
for all n € W11([0,T]) with n(T) = 0. Hence it follows that
ar € WHL([0,T)), ax(0) =0 and @} (t) + Min(t) =0 (0<t<T).

Multiplying the ODE by e**?, we derive

d N
% [eAkt’U/k;(t)] =0
and so
Gy (t) = 4 (0)e™** =0 for all ¢ € [0, 7).
This completes the proof. O

Theorem 3.13. Suppose that f € L*(0,T; L*()3) and ug € H. Let u be
a weak solution of (NS) with p being an associated pressure. Then for every
0<d0<T, we have

u € L*(8,T; Wy 7 () N W4(2)*) n W*(8, T; LE(92))

and
p € L*(8, T;WH(Q)) N L* (6, T; L/ G~ (Q))
for all (s,q) satisfying

2 3 3
—+-=4, 1<s<2, and 1<g<-=.
s q 2

Proof. Fixing n =n(t) € C5°((0,T7]), we define

u(t,z) = n(t)u(t, ).
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Then from the weak formulation (8) of (N.S), we easily deduce that

T T
- / (@(t), vi(t) + Ao(t)) dt = / (F(t).o(t)) dt
0 0
for all v € C§°([0,T) x Q) with divv = 0, where
F(6) = n(6) F() + o (Byult) — n(t)(u(t) - V)ut).

Let (s, q) be any pair satisfying

2 3 3
-—4+-=4, 1<s<2, and 1<¢g<-.
s q 2

Then by Lemma 3.11,

7)€ (0,5 19(9)%).
Hence it follows from Theorem 3.10 that there exists a pair (u*,p*) such that
u* € L0, T3 Wy d(Q) N W29(Q)%) n Wh*(0,T; LL(Q)),
p* € L2(0,T; Wh1(Q)),
and
T T T
—/O (u* (L), ve(t) + Av(t)) dt—/o (p*(¢),divo(t)) dt:/o (f(t),v(t)) dt
for all v € C§°([0,T) x Q)3. Note that
w—u* € LY 0,T; L2(Q)).
Hence by Lemma 3.12, we conclude that
w=u" 1in (0,T) x Q.

This competes the proof. O
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