
ver. 17 Jan 2014

Project: A flavor model in extra dimensions

Seongchan Park∗

I. INTRODUCTION

A model of flavor hierarchy can be built based on a simple 5D spacetime.

• First, you can build a model where each fermion field has different wave function profile along extra dimension.
Here, you only need to keep the zero mode if the size of extra dimension is small enough.

• Second, taking a localized Higgs field on a brane, you can obtain effective Yukawa couplings by taking the wave
function overlaps.

The gamma matrices in 5D are given by ΓM = (γµ, iγ5) which satisfy the extended Clifford algebra{
ΓM ,ΓN

}
= 2ηMN = 2diag(1,−1,−1,−1,−1). (1)

In Weyl basis, gamma matrices are given by Pauli matrices:

γµ =

(
0 σµ

σµ 0

)
, γ5 =

(
−1 0
0 1

)
, (2)

where σµ = (1, ~σ), σµ = (1,−~σ).

II. PROJECT

We start from the action involves a single real scalar field Φ(xµ, y) and Dirac spinors Ψi(x
µ, y) in a flat 5D:

S5 =

∫
d4x

∫ L

−L
dy
∑
i

Ψ̄i(iΓ
M∂M − fiΦ)Ψi + 1

2η
MN∂MΦ∂NΦ− λ

4 (Φ2 − v2)2. (3)

The flavor index runs i = 1, 2, · · ·Nf . The couplings fi and λ are real. Here gauge interactions are irrelevant so that
we will neglect them.

1. Check the mass-dimensions of f , λ and v parameters.

2. Find the Hamiltonian of the scalar field,

HΦ =

∫
dy (π∂tΦ− LΦ) (4)

where the canonical momentum is π(xµ, y) = ∂L
∂∂tΦ

.

3. Show that the static vacuum configuration of the scalar field Φ(xµ, y) = h(y), which minimize the energy
(Hamilotonian) satisfies the following condition

∂2
5h(y) = λ(h(y)2 − v2)h(y). (5)

(Note: As it is in vacuum state, it is independent of xµ.)
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4. When
√
λvL � 1, show that the solution to the Eq.(5) subject to the following boundary conditions h(−L) =

−h(L) is of the form of

h(y) = v tanh(µy). (6)

Discuss the physical condition allowing that we may regard the mass of Ψi as a kink

mi
5(y) = fih(y) (7)

??−→ µisgn(y) =

{
−µi if y < 0

+µi if y > 0
. (8)

5. (Here, for simplicity, the flavor indices are suppressed) Derive the Euler-Lagrange equations for ΨL(xµ, y) = PLΨ
and ΨR(xµ, y) = PRΨ by respectively taking variations δΨL and δΨR. In general, when the fermion belongs
to a complex representation of the symmetry group, the KK modes can only acquire Dirac masses. Take the
Kaluza-Klein decomposition

ΨL/R =
∑
n

ψnL/R(x)fnL/R(y) , (9)

where ψnL/R are 4D spinors which satisfy the Dirac equations:

iγµ∂µψ
n
L/R = mnψ

n
R/L . (10)

By plugging the expansion into the bulk equations obtained above, obtain the following set of coupled first order
differential equations for the zero mode, n = 0, the massless solution (m0 = 0):

(∓∂5 −m5) f0
R/L = 0 . (11)

Assuming µΨ > 0, find the normalized solutions f0
L and f0

R satisfying
∫ L
−L dy|f

0
R/L|

2 = 1. Draw the wave

function profile of zero modes (which can be regarded as the Standard model fermions).

6. Assume that the Higgs field H is localized on a brane at the middle of the extra dimension (y = 0) thus the
Yukawa interaction is of the form

S 3
∫
d4x

∫
dy δ(y)yijH(Ψ0

i L(xµ)Ψ0
jR

(xµ)f iLf
j
R + c.c.). (12)

From the above expression, derive the 4D effective Yukawa coupling:

yeff
ij = yij

∫ L

−L
dyf iL(y)f jR(y) (13)

where i and j could have different couplings fi so as µi. Discuss how the hierarchal Yukawa structure can be
obtained. Can you make a realistic Yukawa matrix?
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