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REGULAR AND IRREGULAR
CONFORMAL STATE
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Virasoro primary states

C
Ly, Lyl = (m —n)Lpan + Em(fn’b2 — 1)0m+n.0

Primary state:
Lo|lA >= A|A >, Lg|]A >=0when k£ > 0

A >= lim V,(2)]0 >
z—0

Descendent state:
Lo (L_nlL_nQ Lo |A )

= (n1 +no + - - Tbk) (L—nlL—ng c e L—nk‘A >)
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AGT conjecture (2009)

* Nekrasov partition function of ¥/=2, su(2),
Nf=4 gauge theory with Coulomb branch
parameter a, masses m of hypermultiplet
and (2-background parameter €1 and €2
introduced for regulation.

* Liouville conformal block with vertex
operator with dimension A = a(Q-a) and
background charge Q=b + 1/b.



Regular conformal block

<Vaoo—|—% (OO)Voq (1)VO:2 (Q)Va0+% (O)>Liouville

2

Q2/4_Aﬁ2_A 2

75U (2) ( _ tion f on - 1
* ZNoreasov @, 1015 €;) Nekrasov partition function : 1-loop and

Instanton contribution

p1 =M1+ Moo, H2 =M1 — Moo, [3 = M2+ Mo, [g = M2 — Mo
€c1=0>=, 62:1/5, Q:(El-l-ﬁg), a; = My, , OKICL—I—Q/Q

* Vo (z) = e2*?) Liouville conformal block of primary fields



Super-conformal quivers

* Energy momentum tensor and Virasoro generator

1) =Y s

k

* In-state or out-state as the primary state
« The poles has degree 2 or smaller
Ly

T(z)|in) = o
k<0

in)



Asymptotically free quivers

According to AGT conjecture, one can try
to find a new conformal theory by taking
the colliding limit of primary fields to
obtain ‘irregular conformal block’
associated with Argyres-Douglas type
gauge theory



Irreqular module

« What about degree greater than 2 ?

. Ly ..
T(z)|in) = Z o in); m>0
kE<m

* Irregular conformal block, Gaiotto (0908.0307)

« Seiberg-Witten curve shows the singularity structure
_ A2 2u  A?

¢2 =< out|in >= — + —

Z Z Z
in >=|A,A* >, <out| =< A, A?

Li|A, A% >= A2|A A% >




Case n=1 with Nf=1

1 ? 2

= 1/b
c=1+46Q%, Q=b+1/

20
A A7) =D A,

(c+8A)L?%, — 12AL_2A)
"2 T UA(2A + ¢ + 16A2 — 10
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Case n=1 with Nf=2

LA A, m) = —A%|A,A,m),  La|A,A,m) = —2mA|A, A, m)

c=1+6Q% Q=0b+1/b
A A% =D A,
14

wo = |A)
m
w1 — —KL_l‘A>

(em? + A(3 4+ 8m?))L? ; — 2A(1 + 2A + 6m?)L_o
IA(2A T ¢ + 16A2 — 10A)

Wwo —

A)

Gaiotto (2009), Marshak, Mironov, Morozov (2009)



Irregular module

Consider simultaneous eigenstate of positive Virasoro
generators but is not the eigenstate of Lo

Lilin) =0 for 2n <k
Lk|1n> = Ak|1n> for n § k S 2n

Lk‘ll’l> = (Ak —I—Uk)‘ll’l> for 1<k<n-1
Lolin) = (a(Q — a) + vo)lin)

Vk IS an appropriate operator



Coherent state representation

ap|in) = cilin) for 1 <k <n
a|in) = 0 for k> n

ck is the coherent coordinates of bosonic annihilation
operator (Gaiotto&Teschner,2012)

Lilin) = Aglin) for n <k <2n

A = (/{ + I)Q Cl — chck_g
14
Lk‘il’l> = (Ak —I—Uk)|in> for 1<k<n-1

Lolin) = (a(Q — «) + vg)|in)

%,

Vg = E Cotk
oc
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IRREGULAR CONFORMAL BLOCK,
THE COLLIDING LIMIT
AND
PENNER-TYPE MATRIX MODEL
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Colliding limit

* Vertex operators at the same point with
Infinite virasoro charge so that appropriate

finiteness is maintained
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Penner-type matrix model

<(H /d)\]dX[ e2b<b()\1)) VO{OO—I—CQQ(OO)Val(l)VQ{Q(Q)VaO+§(O)>

_2(m0—|—e_|_/2)m2 2mqmo 2

m‘q SO -

14_/|:Hd)\[:| H()\]—)\J)_Qb2 €xXp (—%bzI:V()\]))

I<J

v
(2) = (ao + —) log z + aq log(z — 1) + as log(z — q).



Penner-type matrix model

Zp—penner = Z({Ni}; {ar; 20}, 9, )

= H/d)\[j| A%P exp (%BZV()\I))
V(z) :Zarlog(z—zr) A = H (A1 — Ay)



Colliding limit  a, @ apy ap

l-l-_l-‘-\—l—__

Eguchi& Maruyoshi (2010), Bonelli, Maruyoshi, Tanzini (2011),

Gaiotto & Teschner (2012),
Q. — OO

V(z) - Zr — 0 - Ck
= ;arlog(z — Zr) — 5 alog z — 2 ok
a = Zar = ¢

n k

ST SIEED SR |

r=0 0<s1<---<sp<n (s;#r) =1
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RECENT RESULTS AND
SOME REMARKS

oooooooooooo



Inner product of irregular states

* Inner product of irreqgular states is obtained
from the Partition function = ZM= <in | out>

» The colliding limit has the finite limit of the
Nekrasov partition function.

 Penner-type matrix model provides the partition
with the coherent state parameters



Inner product <R|I2>

__bN(bN+2a—Q)

Zj(\i)(clacZ;NlaNQ) = (c2) 2
(02 ) —b{ Ny (b +20-Q) —Ng(bN2+a—Q)+bN1N2}
>< -

2
&

bNoc2 c
_#JFO(C%)
X € 1/




<I1|I2>

(1.2) hl/hz
Z " (c-1,¢0,c1,c2; N1, No, N3) = (6—1/60)

(no) —b(N1+N2)(b(N1+N2)+252) (?71

) b2 (3bN2+452)

bN2co/ﬁ

e +0O(n0,m1)

hl p— th(th —|— 200); N = Ck—le_|_1
Ck
V() .
h :Cologz—k:_mw
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<I2|I2>

. hi/h?
ZJ(\?’2)(C,,5;Ni) = (6_1/60) 1

—b(N1+N2)(b(N1+N2)—|—QCO/h)
(m)

bN_ 1

L)

__bNg

(7
( 5 (3bN2+4CO/h) _bNch/h+bN_1co/ﬁ
771)

(—3bN_1+4(co/h+bN))

e 1 n_1 +O(T]—1an03771)

Ck—1Ck+1
Ck

h1 = hbIN (RN + 2¢), M =
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Further directions

* Inner product (partition function)

— Extension to SU(N) quivers (Kanno&Taki2012,
Kanno,Maruyoshi, Shiba &Maruyoshi 2013)
— Multi-component matrix model
— W-algebra or SH algebra
* One point function = <out| O(zL|iQ>\
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Thank you



Loop equation

D =We)?+ V()W) +g (\f— %) W'(z) + g*W(z, 2)

W(le...,z8)=ﬁ(%)28<zz _1)\1 ;z _1/\IS>

1
conmn

f(z) _— — V' )\I 2 1 0 10g ZB—Penner
o \/_Z< Z— Ar > Zz—zk 02},

Filling fr'ac‘rion Ni is given as the contour integral

fW )dz = g\/B N;

i



Reinterpretation of Loop equation

f(2)
4

::[4/(2)2 %—‘/,(Z)LLIQZ)—+ ﬁéglﬂff(z)‘_ ii—92147(2,2)

b=iVB, h=—2g, Q=b+1/b

Vi BQ VR

f(z) + V72 4+ hrQV” B 5
- P+ W) + ) — Wz, 2)

4

(W(z) +

Use the definition of f(z) and V' to get

AL 1 0
LHS = ¢° log Z.,
e (;(zzk)ﬁzzkazk - H)

—20 40
Zeff — Z,B—Penner H (Za — Zb) ’
0<a<b<n




Reinterpretation of Loop equation

A 1 0
9 k

log Z,
g (Z(zzk)2+zzk8zk 5 H)

k
o (out|T'|in)
(out|in)

A
]

= g if Zeff = (0ut|in> .

/ A / hQ
Solve ® = (W(2) + 12+ "oy + Ly - Mz o)
2 2 2 4
. . PQTL(Z)
using ¢ = T — 5 and o ]{ W (z)dz = gv/B N;



