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@ In Riemannian geometry, the fundamental object is the metric, gu..
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@ On the other hand, string theory puts gu., Buy and ¢ on an equal footing,

as they form a multiplet of T-duality.
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as they form a multiplet of T-duality.

@ This suggests the existence of a novel unifying geometric description of them,

generalizing the above Riemannian formalism.
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@ In Riemannian geometry, the fundamental object is the metric, gu..

o Diffeomorphism: 0, — V, =0, + T,

@ Vaguw =0, r[);“,] =0 — ri‘/,u = %gAp(a,ugup + OuGup — OpGuv)

e Curvature: [V,,V,] — Ruxpwy — R

@ On the other hand, string theory puts gu., Buy and ¢ on an equal footing,

as they form a multiplet of T-duality.

@ This suggests the existence of a novel unifying geometric description of them,

generalizing the above Riemannian formalism.

@ Basically, Riemannian geometry is for Particle theory. String theory requires a

novel differential geometry which geometrizes the whole NS-NS sector.

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



@ My talk today aims to introduce such a Stringy Geometry which is defined in
doubled-yet-gauged spacetime.
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@ My talk today aims to introduce such a Stringy Geometry which is defined in
doubled-yet-gauged spacetime.

@ In four-dimensional spacetime photon has two physical degrees of freedom, but can be

best described by a four component vector.
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@ My talk today aims to introduce such a Stringy Geometry which is defined in
doubled-yet-gauged spacetime.

@ In four-dimensional spacetime photon has two physical degrees of freedom, but can be

best described by a four component vector.

@ Similarly, D-dimensional spacetime may be better understood in terms of

doubled-yet-gauged (D + D) coordinates.
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Talk based on works with Imtak Jeon & Kanghoon Lee

@ Differential geometry with a projection: Application to double field theory
arXiv:1011.1324 JHEP

@ Double field formulation of Yang-Mills theory arXiv:1102.0419 PLB
@ Stringy differential geometry, beyond Riemann arXiv:1105.6294 PRD
@ Incorporation of fermions into double field theory arXiv:1109.2035 JHEP

@ Supersymmetric Double Field Theory: Stringy Reformulation of Supergravity
arXiv:1112.0069 PRD Rapid Comm.

@ Ramond-Ramond Cohomology and O(D,D) T-duality arXiv:1206.3478 JHEP

@ Stringy Unification of Type IIA and IIB Supergravities under N =2 D = 10
Supersymmetric Double Field Theory arXiv:1210.5078 PLB

@ Comments on double field theory and diffeomorphisms arXiv:1304.5946 JHEP

@ Covariant action for a string in doubled yet gauged spacetime  arXiv:1307.8377 NPB
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Parallel works on U-duality

@ U-geometry: SL(5) with Yoonji Suh arXiv:1302.1652 JHEP

@ M-theory and F-theory from a Duality Manifest Action
with Chris Blair and Emanuel Malek arXiv:1311.5109 JHEP

@ U-gravity: SL(N) with Yoonji Suh arXiv:1402.5027 JHEP
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Supergravity

@ The low energy effective action of guuv, Buv, ¢ is well known in terms of Riemannian

geometry

Sur. = [ /=072 (Ry +40,00"0 — f5Hhu HY).
D
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Supergravity

@ The low energy effective action of guuv, Buv, ¢ is well known in terms of Riemannian

geometry

Sur. = [ /=072 (Ry +40,00"0 — f5Hhu HY).
D

@ Diffeomorphism and B-field gauge symmetry are manifest,

XH — xH 4 5xH Buv = Buy + 0u\y — O\, .
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Supergravity

@ The low energy effective action of guuv, Buv, ¢ is well known in terms of Riemannian

geometry

Sur. = [ /=072 (Ry +40,00"0 — f5Hhu HY).
D

@ Diffeomorphism and B-field gauge symmetry are manifest,

XH — xH 4 5xH Buv = Buy + 0u\y — O\, .

@ Though not manifest, this enjoys T-duality which mixes {guv, Buv, ¢}.
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T-duality

@ Redefine the dilaton,

e—2d — \/jgefab

@ Set a (D+ D) x (D + D) symmetric matrix,

g -g7'B
Hap =
Bg~' g-Bg~'B
@ Hereafter, A, B, .... : ‘doubled’ (D + D)-dimensional vector indices, with D = 10 for

SUSY.
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T-duality

@ T-duality is realized as an O(D, D) rotation in doubled spacetime

Hag —> MaCMgPHcp, d — d,

where

M e O(D, D).
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T-duality

@ O(D, D) metric,

JaB =

freely raises or lowers the (D + D)-dimensional vector indices.
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Double Field Theory (DFT), 2009 -2010

4] and (later with ) reformulated the effective action under the

name, ‘Double Field Theory’ , in an O(D, D) manifest manner:
Sprr = / e 2 Lppr(H,d),
Zp
where
Lopr(H,d) = HAB (4aAaBd — 49,d0gd + L0aHCPOGH op — ;aAHCDaCHBD)
+46AHA585d - 8,4837‘['45 .

@ Spacetime is formally doubled, yA = (Xu,x*), A=1,2,--- ,D+D.
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@ Yet, Double Field Theory (for NS-NS sector) is a D-dimensional theory written in

terms of (D + D)-dimensional language, i.e. tensors.
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Double Field Theory (DFT), 2009 -2010

4] and (later with ) reformulated the effective action under the

name, ‘Double Field Theory’ , in an O(D, D) manifest manner:
Sprr = / e 2 Lppr(H,d),
Zp
where
Lopr(H,d) = HAB (4aAaBd — 49,d0gd + L0aHCPOGH op — ;aAHCDaCHBD)
+48AHA585d - 8,4837‘['45 .

@ Spacetime is formally doubled, yA = (Xu,x*), A=1,2,--- ,D+D.

@ Yet, Double Field Theory (for NS-NS sector) is a D-dimensional theory written in

terms of (D + D)-dimensional language, i.e. tensors.

@ All the fields MUST live on a D-dimensional null hyperplane or ‘section’, ¥ p.
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Section condition in Double Field Theory

@ By stating DFT lives on a D-dimensional null hyperplane, we mean that, the O(D, D)

d’Alembert operator is trivial, acting on arbitrary fields as well as their products:

52
900 =2—— =0, da®1940, =0 : section condition
0X, OxH
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Section condition in Double Field Theory

@ By stating DFT lives on a D-dimensional null hyperplane, we mean that, the O(D, D)

d’Alembert operator is trivial, acting on arbitrary fields as well as their products:

2
oo —2-2 o

% oxn 0, 991080, =0 : section condition
X, 0X

@ The origin of the section condition may be traced to the ‘level matching condition’ of
the massless sector on the worldsheet,
82

W=0 <« 99%=2——— =0.
P A OXHOXy,

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Section condition in Double Field Theory

@ Up to O(D, D) rotation, we may further choose to set

0

— =0.
X,
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Section condition in Double Field Theory

@ Up to O(D, D) rotation, we may further choose to set

0

— =0.
X,

@ Then DFT reduces to the effective action:

SprT = Sefi. = / V/—ge % (ng + 4(9¢)? — 11—2H2) .
Xp
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Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (48A85d — 4094d0pd + OaHPIgH cp — %6AHCDBCHBD)

+48A’HABBBd - 8A83HAB .

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (48A85d — 4094d0pd + OaHPIgH cp — %6AHCDBCHBD)

+48A’HABBBd - 8A83HAB .

@ But the diffeomorphism and the B-field gauge symmetry are unclear.

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (4aAaBd — 404d0pd + 3OaHPOgH cp — ;BAHCDaCHBD)

+49,HABAgd — 9405H B .
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Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (4aAaBd — 404d0pd + 3OaHPOgH cp — ;BAHCDaCHBD)

+49,HABAgd — 9405H B .

@ This expression may be analogous to the case of writing the Riemannian scalar

curvature, R, in terms of the metric and its derivative.
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Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (46A85d — 4094d0pd + JOAHPIgH cp — %8AHCDBCHBD)

+48A7—[A565d — 8A33HAB .

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Double Field Theory (DFT), 2009 -2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest,

Lppr(H,d) = HAB (46A85d — 4094d0pd + JOAHPIgH cp — %8AHCDBCHBD)

+48A7—[A565d — 8A33HAB .

@ The underlying differential geometry is missing here.
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In the remaining of this talk, | will try to explain our proposal for

The Stringy Differential Geometry of DFT
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In the remaining of this talk, | will try to explain our proposal for

The Stringy Differential Geometry of DFT

@ Key concepts are

Projector

o Semi-covariant derivative

o Semi-covariant curvature

o And their complete covariantization via ‘projection’
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Geometric Constitution of Double Field Theory
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Geometric Constitution of Double Field Theory

@ Notation

Capital Latin alphabet letters denote the O(D, D) vector indices, i.e.

AB,C,---=1,2,--- ,D+D, which can be freely raised or lowered by the O(D, D)
invariant constant metric,
0o 1
Jag =
1 0
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Geometric Constitution of Double Field Theory

@ Doubled-yet-gauged spacetime

The spacetime is formally doubled, being (D+ D)-dimensional.
However, the doubled spacetime is gauged : the coordinate space is equipped with an
equivalence relation,

x4~ XA+ 0%,

which we call ‘coordinate gauge symmetry’.

Note that ¢ and ¢ are arbitrary functions in DFT.
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Geometric Constitution of Double Field Theory

@ Doubled-yet-gauged spacetime

The spacetime is formally doubled, being (D+ D)-dimensional.
However, the doubled spacetime is gauged : the coordinate space is equipped with an
equivalence relation,

XA~ XA 4 0P,

which we call ‘coordinate gauge symmetry’.
Note that ¢ and ¢ are arbitrary functions in DFT.
Each equivalence class, or gauge orbit, represents a single physical point, and

diffeomorphism symmetry means an invariance under arbitrary reparametrizations of

the gauge orbits.
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Geometric Constitution of Double Field Theory

@ Realization of the coordinate gauge symmetry.

The equivalence relation is realized in DFT by enforcing that, arbitrary functions and
their arbitrary derivatives, denoted here collectively by ®, are invariant under the

coordinate gauge symmetry shift,

O(x + A) = d(x), AA = ¢y
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Geometric Constitution of Double Field Theory

@ Section condition.
The invariance under the coordinate gauge symmetry can be shown to be equivalent to

the section condition ,
040" =0.
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Geometric Constitution of Double Field Theory

@ Section condition.

The invariance under the coordinate gauge symmetry can be shown to be equivalent to

the section condition ,
9,07 =0.

Explicitly, acting on arbitrary functions, ®, ®’, and their products, we have
a0 =0 (weak constraint),

a4’ =0 (strong constraint).
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Geometric Constitution of Double Field Theory

@ Diffeomorphism.

Diffeomorphism symmetry in O(D, D) DFT is generated by a generalized Lie derivative

n
CA)(7-A1...A,7 = XB(?BTA1...A,, + wr (9,9)(37-,41.../\,7 + Z(aA,»XB — BBXA,)TAV-A,IA BA/+1"'An s
i=1

where wr denotes the weight.

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Geometric Constitution of Double Field Theory

@ Diffeomorphism.

Diffeomorphism symmetry in O(D, D) DFT is generated by a generalized Lie derivative

n
EA)(TA1...A” = XB(()BTAVUA” + wr (9,:5;)(37-,41...,4,7 + Z(aA,»XB - BBXA,)TA1-»-A,',1 BA/+1-"An ,
i=1

where wr denotes the weight.

In particular, the generalized Lie derivative of the O(D, D) invariant metric is trivial,

LxTas=0.

The commutator of the generalized Lie derivatives is closed by C-bracket,

[ﬁx, ﬁy] = Lixvio s [X, Y]A = XBag YA — YBOgXA + L YBOAXg — 1XBoAY.
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Geometric Constitution of Double Field Theory

@ Dilaton and a pair of two-index projectors.

The geometric objects in DFT consist of a dilation, d, and a pair of symmetric

projection operators,

Pas = Pga, Pas = Pea, PABPgC =56,C, PaBPgC =5,°.

Further, the projectors are orthogonal and complementary,

PaBPgC =0, Pag + Pag = a5 -
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Geometric Constitution of Double Field Theory

@ Dilaton and a pair of two-index projectors.

The geometric objects in DFT consist of a dilation, d, and a pair of symmetric

projection operators,

Pag = Pga, Pag = Pga, PaBPgC =5,C, PsBPgC =4,C.

Further, the projectors are orthogonal and complementary,

PsBPg¢ =0, Pag + Pag = Jas -
Remark: The difference of the two projectors, Pag — Pag = Hag, corresponds to the
“generalized metric" which can be also independently defined as a symmetric O(D, D)

element, i.e. Hag = Hpa, HaPHgC = §,C. However, in supersymmetric double field
theories it appears that the projectors are more fundamental than the “generalized metric".
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Geometric Constitution of Double Field Theory

@ Integral measure.

While the projectors are weightless, the dilation gives rise to the O(D, D) invariant

integral measure with weight one, after exponentiation,

e 2,
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Geometric Constitution of Double Field Theory

@ Semi-covariant derivative and semi-covariant Riemann curvature.

We define a semi-covariant derivative,
n
- B B
VeTa it Ay = 00Ta ppety — WT TPBCTa Aoty + D ToAPTAy A 1BALy Ay »
i=1

and
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Geometric Constitution of Double Field Theory

@ Semi-covariant derivative and semi-covariant Riemann curvature.

We define a semi-covariant derivative,

n
- B B
VeTany Ay =0cTan A, —wrTscTa . A, + Z ca; TA1'“A:‘71BAI+1'“An s
i=1
and a semi-covariant Riemann curvature,
1 E
Sasep = 3 (HABCD + Repag — T ABrECD) .

Here Ragcp denotes the ordinary “field strength" of a connection,

Repag = 0T sep — 98T acp + TacETeD — TcET agD -
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Geometric Constitution of Double Field Theory

@ Semi-covariant derivative and semi-covariant Riemann curvature.

We define a semi-covariant derivative,

n
VeTanp Ay =0 Ta npety — wT TPa0Ta, Ay + > caBTa, o Ai_1BAq - An s

i=1

and a semi-covariant Riemann curvature,

Snsco = 3 (HABCD + Rcpas — rEABrECD) .
Here Ragcp denotes the ordinary “field strength" of a connection,
Ropas = 0aTsop — 98T aco + TacETeep — Tac T aeD -
We may choose the (torsionless) connection to be
Feas= 2 (PaCPF’)[AB] + 2 (PaPPgE — PuPPgE) 0pPec

7% (f_DC[APB]D + PC[APB]D) (8Dd + (PaEPP)[ED]) .
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Geometric Constitution of Double Field Theory

The semi-covariant derivative then obeys the Leibniz rule and annihilates the O(D, D)
invariant constant metric,
Vadeec =0.
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Geometric Constitution of Double Field Theory

The semi-covariant derivative then obeys the Leibniz rule and annihilates the O(D, D)
invariant constant metric,

Vadec =0.
A crucial defining property of the semi-covariant Riemann curvature is that, under

arbitrary transformation of the connection, it transforms as total derivative,

3Sascp = Viadlgico + Vicol pjas -
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Geometric Constitution of Double Field Theory

The semi-covariant derivative then obeys the Leibniz rule and annihilates the O(D, D)
invariant constant metric,

Vadec =0.

A crucial defining property of the semi-covariant Riemann curvature is that, under

arbitrary transformation of the connection, it transforms as total derivative,

3Sagcp = Viadlgco + Vicol pjas -

Further, the semi-covariant Riemann curvature satisfies precisely the same symmetric

properties as the ordinary Riemann curvature,
Sasco = Siag)ico) = Scpas Siascip =0,
as well as additional identities concerning the projectors,
PAP,BPCP.PSppcp=0, PAP,BPkCP.LSpgcp = 0.

It follows that

S8 5=0.

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Geometric Constitution of Double Field Theory

@ The uniqueness of the torsionless connection.

The connection is the unique solution to the following five constraints:
VaPgc =0, VaPgc =0,
Vad = — 3629V a(e29) = 9pd + 3MBpa =0,
Fagc +Tacs =0,
Fagc +Teca+Tcag =0,

PascPE Tper =0, PascPE Tper = 0.
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Geometric Constitution of Double Field Theory

@ The uniqueness of the torsionless connection.

The connection is the unique solution to the following five constraints:
VaPgc =0, VaPge =0,
Vad = — 3629V a(e729) = 9pd + 3TBpa =0,
Fagc +Tacs =0,
Fagc +Teca+Tcag =0,
PascPF Tper =0, PascPFF Tper = 0.

@ The first two relations are the compatibility conditions with all the geometric
objects —or NS-NS sector— in DFT.

@ The third constraint is the compatibility condition with the O(D, D) invariant
constant metric, i.e. VaJge = 0.
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Geometric Constitution of Double Field Theory

@ The uniqueness of the torsionless connection.

The connection is the unique solution to the following five constraints:
VaPgc =0, VaPsc =0,
Vad = —3629Va(6729) = 9pd + TBpa =0,
Fagc +Tace =0,
Fasc +Tsca+Tcag =0,

PascPE Tper =0, PascPE Tper = 0.
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Geometric Constitution of Double Field Theory

@ The uniqueness of the torsionless connection.

The connection is the unique solution to the following five constraints:
VaPgc =0, VaPsc =0,
Vad = —3629Va(6729) = 9pd + TBpa =0,
Fagc +Tace =0,
Fasc +Tsca+Tcag =0,
Pasc EF Tper =0, PascPEF Tper = 0.
@ The next cyclic property makes the semi-covariant derivative compatible with the
generalized Lie derivative as well as with the C-bracket,

Lx(9) = Lx(V), [X, Ylc(9) = [X, Y]c(V).
@ The last formulae are projection conditions which we impose intentionally in

order to ensure the uniqueness.
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Geometric Constitution of Double Field Theory

@ Six-index projection operators.

The six-index projection operators are explicitly,
PeasEr = PcPPlE Pyl + 525 PoiaPgE PRI,
PcasPEF = PcPPulE Pyl + 525 PojaPyEPAID,

which satisfy the ‘projection’ properties,

Pasc 5 Poer ' = Pagc PascPEF Poer ' = Papc B!

Further, they are symmetric and traceless,

_ _ AB _
Pascoer = PDEFABC s Pascoer = PaBcIpEF] » P**Pagcper =0,

Pascoer = PDEFABC » Pascoer = PABCIDIEF] » PABPapcper = 0.
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Geometric Constitution of Double Field Theory

Crucially, the projection operator dictates the anomalous terms in the diffeomorphic

transformations of the semi-covariant derivative and the semi-covariant Riemann curvature,

n
(5)(—LA)()VC Ta, “'A":Z 2(P+75)CA1‘ BDEFBDQEXF Tay-A_4 BAi1+An>
=

(0x — £x)SaBco=2V 4 ((7’+75)B][co] EFG@EaFXG) +2Y(¢ ((P+75)D][AB] EFeaEaFXG>~
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Geometric Constitution of Double Field Theory

@ Complete covariantizations.

Both the semi-covariant derivative and the semi-covariant Riemann curvature can be

fully covariantized, through appropriate contractions with the projectors:

PCDF’A1 Bi... .‘_;‘,4”"3"VDTB1MB,7 , :’_:’(;D.‘:'A1 Bi... PAHB”VDTB1 By >

F"AB,‘E’C1 Dy ... PCn AV TBD,..-D, » ,‘_DABPC1 Dy... F’CND”VA Tep, ..., (divergences) ,

PABPg D1 ... Pg,Onv 4V Tp,...0,,  PABPg D1 ... Pg PV aVgTp,...p, (Laplacians),
and
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Geometric Constitution of Double Field Theory

@ Complete covariantizations.

Both the semi-covariant derivative and the semi-covariant Riemann curvature can be

fully covariantized, through appropriate contractions with the projectors:

PcPPy Bt - Py BrVp T, .5, PcPPa B - Py BovpTg, .8,
PABI_DC1 Dy... I_Dcn Doz 4 TBD,-.-Dp » I_DABPC1 Dy... PCND"VA Tep,...0, (divergences),
PABPQ Do /_DCN AV Tp,---Dp > /_:’ABPC1 by... Pan”VAVB Tp,...0, (Laplacians),
and
PACPgPScepE (Ricci curvature) ,
(F’ACPBD — ,E’AC,E’BD)SABCD (scalar curvature).
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Geometric Constitution of Double Field Theory

@ Action.

The action of O(D, D) DFT is given by the fully covariant scalar curvature,

/ e~20(PACPED _ pACHBDYg,
p

where the integral is taken over a section, X p.
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Geometric Constitution of Double Field Theory

@ Action.

The action of O(D, D) DFT is given by the fully covariant scalar curvature,

—2d ( pAC pBD pAC pBD
/ e =P P> — PA“P*%)Sapcp
p
where the integral is taken over a section, X p.

The dilation and the projector equations of motion correspond to the vanishing of the

scalar curvature and the Ricci curvature respectively.
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Geometric Constitution of Double Field Theory

@ Action.

The action of O(D, D) DFT is given by the fully covariant scalar curvature,

—2d(pAC pBD _ PACE
[ e 2(pIOPR0 — PAOPED) S0,
Xp
where the integral is taken over a section, ¥ p.

The dilation and the projector equations of motion correspond to the vanishing of the

scalar curvature and the Ricci curvature respectively.

Note: It is precisely the above expression that allows the ‘1.5 formalism’ to work in the full
order supersymmetric extensions of N =1,2, D =10
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Geometric Constitution of Double Field Theory

@ Section.

Up to O(D, D) duality rotations, the solution to the section condition is unique. It is a
D-dimensional section, ¥ p, characterized by the independence of the dual coordinates,

i.e.

1o}
X,
while the whole doubled coordinates are given by

=0,

XA:(;(M,X"),

where p, v are now D-dimensional indices.
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Geometric Constitution of Double Field Theory

@ Riemannian reduction.

To perform the Riemannian reduction to the D-dimensional section, ¥ p, we
parametrize the dilation and the projectors in terms of D-dimensional Riemannian

metric, Gy, ordinary dilaton, ¢, and a Kalb-Ramond two-form potential, By,
G -G 'B

Pag — Pag = ; e 2 = /|Gle=2¢.
BG1 G-BG'B
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Geometric Constitution of Double Field Theory

@ Riemannian reduction.

To perform the Riemannian reduction to the D-dimensional section, ¥ p, we
parametrize the dilation and the projectors in terms of D-dimensional Riemannian

metric, Gy, ordinary dilaton, ¢, and a Kalb-Ramond two-form potential, By,
_ G -G 'B
Pag — Pag = , e2d = /|Gle~2¢.
BG—! G-BG'B

The DFT scalar curvature then reduces upon the section to
(PACPBD — PACPED)S p0p g, = Fo+ 40— 49,006 - 5 Hapw HAY

where as usual, Hy,, = 30[\B,,-
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Geometric Constitution of Double Field Theory

@ Riemannian reduction.

To perform the Riemannian reduction to the D-dimensional section, ¥ p, we
parametrize the dilation and the projectors in terms of D-dimensional Riemannian

metric, Gy, ordinary dilaton, ¢, and a Kalb-Ramond two-form potential, B,

_ G -G 'B o
Pag — Pag = , e 29 = /|Gle 2% .

BG' G-BG'B
The DFT scalar curvature then reduces upon the section to
(PACPBD — PACPED) S pch g, = ot 406 — 40,0046 - 15 Hap HAY

where as usual, Hy,, = 38[ABH,,].
Up to field redefinitions, the above is the most general parametrization of the
“generalized metric", Hag = Pag — Pag, when the upper left D x D block of it is

non-degenerate.
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Geometric Constitution of Double Field Theory

@ Non-Riemannian backgrounds.

When the upper left D x D block of Hag = (P— IE’)AB is degenerate ~where G~' might

be positioned — the Riemannian metric ceases to exist upon the section, ¥ p.

Nevertheless, the O(D, D) DFT and a doubled sigma model —which I will discuss later—

have no problem with describing such a non-Riemannian background.

An extreme example of such a non-Riemannian background is the flat background

where

Hag = (P—P)ag = Jas -

This is a vacuum solution to the bosonic O(D, D) DFT and the corresponding doubled

sigma model reduces to a certain ‘chiral’ sigma model.
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Geometric Constitution of Double Field Theory

@ Non-Riemannian backgrounds.

When the upper left D x D block of Hag = (P— /_:’)AB is degenerate —where G~ might

be positioned — the Riemannian metric ceases to exist upon the section, ¥p.

Nevertheless, the O(D, D) DFT and a doubled sigma model —which I will discuss later—

have no problem with describing such a non-Riemannian background.

An extreme example of such a non-Riemannian background is the flat background

where
Hag = (P—P)ag = Jns-
This is a vacuum solution to the bosonic O(D, D) DFT and the corresponding doubled

sigma model reduces to a certain ‘chiral’ sigma model.

Allowing non-Riemannian backgrounds, DFT is NOT a mere reformulation of SUGRA.
c.f. ‘global aspects’
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Further Remarks
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Based on the differential geometry | just described,

after incorporating fermions and R-R sector,

it is possible to construct, to the full order in fermions,

Type ll, or N = 2, D = 10 Supersymmetric Double Field Theory
of which the Lagrangian reads

Lrypert = €29 {%(PABPCD — PABPC)Sycep + 3 Te(FF) — ipFp' + idpraFiPy'

+i3p1PDjp — iBPDsp — iYIPyIDyp — i35 PDY o + i PD o + i3 EPIDE |
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Symmetries of N =2 D =10 SDFT

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
© A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g

© local V' = 2 SUSY with 32 supercharges.
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Symmetries of N =2 D =10 SDFT

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g

© local V' = 2 SUSY with 32 supercharges.

@ All the bosonic symmetries are realized manifestly and simultaneously.
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Symmetries of N =2 D =10 SDFT

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g

© local V' = 2 SUSY with 32 supercharges.

@ All the bosonic symmetries are realized manifestly and simultaneously.

@ For this, it is crucial to have the right field variables:

1/ /X /. INze
d, Vap, Vap, C%, p%, 0%, v5, ¥

which are O(D, D) covariant genuine DFT-field-variables, and a priori they are NOT
Riemannian, such as metric, B-field, R-R p-forms.
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Unification of IIA and |IB

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g

© local \V = 2 SUSY with 32 supercharges.

Jeong-Hyuck Park Stringy Differential Geometry and Double Field Theory



Unification of IIA and |IB

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g
© local \V = 2 SUSY with 32 supercharges.

@ The theory is chiral with respect to both Local Lorentz groups: Spin(1, D—1), and
Spin(D—1,1)g.
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Unification of IIA and |IB

@ O(D, D) T-duality
@ Gauge symmetries
@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g
© local \V = 2 SUSY with 32 supercharges.
@ The theory is chiral with respect to both Local Lorentz groups: Spin(1, D—1), and

Spin(D—1,1)g.

@ Consequently, there is no distinction of llIA and IIB —> Unificaiton of llA and IIB
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Unification of IIA and |IB

@ O(D, D) T-duality
@ Gauge symmetries

@ DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1,1)g
© local \V = 2 SUSY with 32 supercharges.

@ The theory is chiral with respect to both Local Lorentz groups: Spin(1, D—1), and
Spin(D—1,1)g.

@ Consequently, there is no distinction of llIA and IIB —> Unificaiton of llA and IIB

@ While the theory is unique, it contains type IIA and 1IB SUGRA backgrounds as
different kind of solutions.
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Comment 1: String propagates in doubled-yet-gauged spacetime

@ The section condition is equivalent to the ‘coordinate gauge symmetry’,
Moo XM My

A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in coordinat