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Motivation

Factorization of sphere partition functions:
3d case: abelian PF on the squashed 3-sphere [Pasquetti '11]
N . - . _ _—
ZS? = Z‘ZEIZ;—IGGPZE" X le—loopZiV
i=1
2d case: PF on the 2-sphere [Benini, Cremonesi '12] [Doroud, Gomis, Floch, Lee '12]
Zyg(w,w)= Y dermEnne 2020 ) 20 )

-loop
I'c C(N,Ny)

A
the vanishing circle limit

3d superconformal index
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Geometric interpretation [Beem, Dimofte, Pasquetti '12]

slo Slo Ogl The partition function:
X,

Xy id X5
O D! L 00 5" O (o0

0 Q= s 2
S LT
el Xu 5 x'} q_e
@ 0 O

Heegaard splitting to Melvin cigars [BDP 12] T

« Nonabelian PF on the squashed 3-sphere [Taki '13]

The superconformal index in 3d

I(z,t) = Tr(=1)7 exp(—B'{Q, S}z“5 [ ] th-



Factorization

N=2 U(N) Chern-Simons-matter theories

dz - L@, T
I(;B? t!w!n) = Z f]:[ 27r?jzj |W ‘ S'ﬂ( ” )Zgauge(mjz,m)HZ@(mj t,z,m)
m o

meZN /Sy
A . N
the CS contribution: e~ Seuleomm) — 3 ms T (—25) ™™,
i=1
the vector multiplet: Zgauge(w, z,m. H poimeml/2 (] = gy ghmemil)

i,j=1

(J)

Ny fundamental and Ny antifundamental chiral multiplets:

H Za (x,t, 1, ’r,z,m-)
&
- N . - X
—p(1—As) (N +Np) 3 [my /2 [H(_zj)—(Nj—Nf)lmjlz’{| NN 3 |y /2 .
§=1

N = ‘Nf 1 — zj_lt;lq—_lzslmjl'F?_&@"'Qk N-f 1— zjf’;l,?.—lm m_;i|+2—x"_‘iq;-|—2k
I T mrsera 1= i aem

a=1
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The factorized index:

I(a;tfrwn)

oo
N‘(Nf - Zfl loop(T, 0 (t), T, 7) X Z n (T, o(t),t,mw, k) x ZZﬂort(m,a(t),f,T; w™!, —k)

=0

t,t : flavor symmetry, 7 :axial symmetry, w : topological symmetry

M - M
I jpop(z,t = "t =€"",7)

N N et e o
|N| 9 sinn "M —1M; ﬂ ﬁ [olypyy L= tita a2\ (T[22 1 — 45 M b2+ 2
N . N 1
i,j=1 2 j=1k=0 Hﬂzfl 1— tj: ta'r%?k Hail(;éj} 1- tj tox2k

(1#35)

T
Zvort

(mz eV, t=eM F=¢M 7= ¢ty f-f,)

=(_1)—[K+(Nf—ﬁf)/2] ENj Ei'.'i 23‘ (Mjﬂj"‘ﬂnj'f‘i"!'n?)

Nl ﬁf : —iﬂa—iMj—Qipq.g-rk
(—w)X™ “ H [ .2, 2sinh z
i} AMi—iM;42y(k—ns 1 iMa—iM;+2y(14k
J=L k=0 ( iy 2sinh e )) (IIa fvpp 2sinh Pt L (1 ))

~ : chemical potential for r+2j, M, M , 4 : mass parameters, w : vortex fugacity
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cf. the vortex partition function of 3d N=4 gauge theories [Kim, Kim, Kim, Lee '12]:

N ki | N . . Ej;—2i(y—') N .1 Bl —2i(v+7')(R+R)+2i(v—'

; s sinh 12(7 7)) ! ginh Fie (v 73(2 )+2i(y—")
(k1skz, k) = H H I I . | | — =
3 g . E! —2i(y++')(R+R
i=1s=1 [j=1 sinh = p=N+1 sinh —2 ( 5 (R+R)

Eij = pi — pj +4iy(kj —s+1), Ej; = pi— pj — 4iy(s — 1)

Yours = 27, i*Mj +ip = Hy + 2y, iMg +ip = pa, iMb +ip = —pi

« A functional property of the vortex partition function:

o (m?tJE?T; w'.' 'H:) = ﬁ: (m_lﬂt_l?f_lﬁq-_l;w? _H;)

Il—!oop = Zl—loop (ﬂ’}, tafa T) Zl—loop (m_lvt_la 5_117_1)

o
N _
N . M —iM; > ! 1—1t;t, p2t+2k
= H 2 sinh 5
1< j i=1k=0 Ha 1 1-— tgtcﬂ'zmmc

("
(




Application to
3d Seiberg-like dualities

The Aharony duality for N=2 U(N) gauge theories:

« U(N) gauge theory with Ny fundamental and antifundamental chiral multiplets @, Q
« U(Ny — N) gauge theory with Ny fundamental and antifundamental chiral multiplets g, g
+ Ny? singlets My, 2 singlets V., V_  and the superpotential:

W =Mqq+ Viv_ +V_vy

The simplest example: U(1) theory with 1 flavor <-> the XYZ model

oo —
) l—77%x =Ns= =Ny=
N=N:=1 __ N=Ng=1 N=N;s=1
1 ! - H 1— T2m2! X Zt.'ar'te:: Zcmti

M- _ PE[fy) x PE(f,] x PELf_| PrLf ()= | 3~ 1107
72 2,2
fu="m
1. _
f++f_=T T Tx(w+w_1)=fv++fv_

1—z2
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An obtained identity:

oo " n rlp—(k=1) _ ppk-1 _ o0 1 n - n)mn
Z(_w) H p—(k—1-n) _ pk—1-n = exp Z ;w ]_ — p2n
n=>0 k=1 n=1

cf. a analytic proof of the index agreement for some mirror pairs [Krattenthaler,
Spiridonov, Vartanov '11]

» General cases

%) = [ S PR [fu], 1-loop <-> 1-loop + singlets M
zitt =z PE(f.], vortex <-> vortex + scalar of V+ + spinor of V-

o} _ Hbs}° , : -
Z," =Z," xPE[[] antivortex <-> antivortex + spinor of V+ + scalar of V-

I{bj} =Il .!oop( {tbla"' :th:"'}:E:T)?

bit ~
Z{ ' Z va‘r‘t {tbw"'!thf"}!t!T;w)a

B -~ _
Z{J}_Z vm-t {tbu"'atbms"'}:tﬂ-;w l)



Relation to the topological string amplitude

M-theory on CY 3-folds

+ M5-branes wrapping Lagrangian submanifolds of CY 3-folds -> 3 dimensional theories

* Open topological strings capture the BPS state degeneracy of M2-branes ending on the

M5-branes. [Ooguri, Vafa '99] [Gukov, Schwarz, Vafa '04]

The simplest example: k=1/2 U(1) CSM theory with one charged chiral

Iz =e",w)
o0 2 7 —1 o0 2 fi -1
:z w'r T (H QSinhfyk) X Z (—w) ip's (H QSinhf}rk)
=0 k=1 n=0 k=1
-1 _ _ 172
wr =z, r—=49q
v
open > 2" b o t 2, 2"
Z . — — Zvor ex R = Zvor ex __
EPS (Z, Q) ; (1 _ q) . (1 _ qﬂ) K—thmry(zi Q) hom T;] ﬂ!hﬂ

[Dimofte, Gukov, Hollands '10]
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N=2 U(1) theory in 5d

oo
losed i—% j—32 d 2
zggs' = [T (1-ai "6 *Qa) i = [ E |z
i,j=1 Qa

+ a 3d defect
| by (1 - Qi_%é_%@a)

Zbrane _ chosedZOpen - S S
17, (1-a %aiz) (1) Pai Quz?)

BPS — “BPS BPS —

dQa 2 2
d+3d 1
s = a\zﬁgsse'l 1Z5ps |
the decoupling limit
s 1
T Zeps =11 ——1+ P = | ZR3
i=14—4 "4 <

« 5d N=2 U(1) theory can have a 3d defect which in the decoupling limit is the 3d CSM
theory of the level 1/2, with one charged chiral.



Another example:

the decoupled 3d defect

5d U(1) theory

with a fundamental chiral multiplet

closed
ZBP‘-}

Z,(q1,92) Z0(g2,q1)

—1
:H (1 _ q?,,(s)ﬂgg.,(s)) (1 _ qgu(s)qfu(s}+1)

sV

-1
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3d U(1) theory with fundamental and

antifundamental chiral mutliplets

11 m—1 _1
Zopen i (1 - Q12 d- sz) (1 — g 2?2 sz) ( 1 )
— A

BPS 1—q)(1—gm) %

m=0

0 1 220 )
Zy = Z (wrz™!) H T
n=0 k=1



In general

« 5d index [Igbal, Vafa '12]:

754 — drzi ‘

chosed d'Ul ‘

top (g1, 42, Us; zj)‘2= U Zpert‘2|2?3;‘2

top o]

cf. 5d index from the localization [Kim, Kim, Lee '12]:

1o, msa) = o] PE [t (5,06, €7) + e (0 6)] 17 (3,06, )

« 5d theory + 3d defect index [Igbal, Vafa '12]:

5 dU{; dV; close 2 open 2
I‘H'dd:f T ﬁ\ztip a1, 0. Ui 25)| | Zm" (a1, 020 Ui, Vs 2|
i Vj

« 3d vortex partition function = the topological open string amplitude [Pasquetti '11] [Taki '13]
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Concluding remarks

- Direct observation of the factorization using the Higgs branch
localization

- Analytic proof of the index agreement

- New information from the index matching
(cf. N=4 Seiberg-like duality [Kim, Kim, Kim, Lee "12])

- Explicit realization of 3d defects for general cases




